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CONTROLLED STRESS RHEOMETRY 
KEVIN GOLDEN 
Abstract 
The work i n t h i s t h e s i s i s concerned w i t h a t h e o r e t i c a l and 
experimental i n v e s t i g a t i o n o f c e r t a i n time dependent simple f l o w 
s i t u a t i o n s on a c o n t r o l l e d s t r e s s rheometer. 
We begin by c a r r y i n g out a v i s c o e l a s t i c a n a l y s i s o f 
u n i d i r e c t i o n a l combined steady and o s c i l l a t o r y shear f l o w , t h a t i s 
v a l i d f o r large o s c i l l a t o r y shear amplitudes. The theory uses a 
c o r o t a t i o n a l Goddard-Mi1ler model t o desc r i b e the n o n - l i n e a r 
r e l a t i o n s h i p between the shear s t r e s s and shear r a t e i n the f l u i d . 
Our main I n t e r e s t i n t h i s work i s the d e s c r i p t i o n o f the r e d u c t i o n i n 
mean shear s t r e s s In the f l u i d due t o the f l u c t u a t i o n o f the shear 
r a t e about a non-zero mean. The e f f e c t o f e l a s t i c i t y i n t h i s f l o w 
s i t u a t i o n i s examined by comparing mean shear s t r e s s r e d u c t i o n w i t h 
that p r e d i c t e d by an i n e l a s t i c model. A comparison i s al s o made w i t h 
data o b t a i n e d on a c o n t r o l l e d s t r e s s rheometer. 
A l i n e a r v i s c o e l a s t i c theory which i s able t o i n t e r p r e t the 
e f f e c t o f f l u i d i n e r t i a on pure o s c i l l a t o r y complex v i s c o s i t y data, 
i s developed f o r the c o n t r o l l e d s t r e s s Instrument. The r e l e v a n t 
equations o f motion are solved by numerical methods. A f i r s t and 
second order p e r t u r b a t i o n technique i s used t o o b t a i n t h e o r e t i c a l 
expressions f o r the complex v i s c o s i t y f u n c t i o n f o r a number o f 
geometries, commonly used-to measure dynamic data. The theory i s 
then used t o i n t e r p r e t the e f f e c t o f f l u i d i n e r t i a on experimental 
dynamic data. 
F i n a l l y , we c a r r y out a t h e o r e t i c a l i n v e s t i g a t i o n o f the dynamic 
behaviour o f a ' y i e l d s t r e s s ' m a t e r i a l . The g e n e r a l i s e d Maxwell 
model i s m o d i f i e d , and then used t o describe the n o n - l i n e a r 
v i s c o e l a s t i c dynamic behaviour o f ' y i e l d s t r e s s ' m a t e r i a l s . 
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Chapter 1 
IntroductIon 
Rheology i s the study o f the deformation and f l o w o f matter. 
The term was invented by E. C. Bingham i n 1929, and i s d e r i v e d from 
the Creek, word 'rheos' meaning 'flow ' . The d i s c i p l i n e i s concerned 
w i t h the study o f m a t e r i a l behaviour under a v a r i e t y o f f l o w 
c o n d i t i o n s . I n c l a s s i c a l mechanics, the d i s t i n c t i o n between the f l o w 
behaviour o f s o l i d s and l i q u i d s was considered t o be q u i t e sharp. 
The deformation o f s o l i d s were governed by Hooke's Law d e s c r i b i n g 
e l a s t i c d eformation, and the flow o f f l u i d s governed by Newton's Law 
d e s c r i b i n g viscous flow. However, i t i s now w e l l known, t h a t the 
f l o w behaviour o f many m a t e r i a l s do not obey e i t h e r o f these 
c l a s s i c a l laws, but can e x h i b i t both s o l i d - l i k e and f l u i d - l i k e 
p r o p e r t i e s depending on the flow c o n d i t i o n s . These m a t e r i a l s may be 
c l a s s i f i e d as v i s c o e l a s t i c s o l i d s i f they do not change shape 
c o n t i n u a l l y when sub j e c t e d to a constant s t r e s s , and as 
e l a s t i c o - v i s c o u s f l u i d s i f they do change shape c o n t i n u a l l y under 
c o n d i t i o n s o f constant s t r e s s . 
The f i r s t , s o c i e t y dedicated t o the study o f rheology was the-
(American) S o c i e t y o f Rheology formed i n 1929. This o r g a n i s a t i o n 
provided an i n t e r n a t i o n a l forum f o r workers from the f i e l d s o f 
p h y s i c s , e n g i n e e r i n g , mathematics, and c o l l o i d a l c h e m i s t r y . Since 
t h i s time, i n t e r e s t i n the subject has grown to an extent t h a t 
rheology can j u s t i f i a b l y c l a i m to be o f fundamental importance t o 
many types o f i n d u s t r y , such as the p l a s t i c s , petroleum, china c l a y , 
food, rubber, and t e x t i l e i n d u s t r i e s to name but a few. Rheology i s 
a l s o o f i n t e r e s t t o the c l i n i c a l sciences w i t h s t u d i e s i n t o the f l o w 
behaviour o f body f l u i d s such as blood, mucous, and s y n o v i a l f l u i d . 
An important area o f r h e o l o g i c a l study i s concerned w i t h the 
measurement o f m a t e r i a l p r o p e r t i e s i n simple shear f l o w s i t u a t i o n s , 
and i s known as rheometry. These measurements may be used d i r e c t l y 
i n the design o f e f f i c i e n t f l o w processes or i n q u a l i t y c o n t r o l 
assessments. The r h e o l o g i c a l i n f o r m a t i o n o b t a i n e d from simple 
r h e o m e t r i c a l f l o w s i t u a t i o n s can be o f use i n the development o f 
c o n s t i t u t i v e equations. These c o n s t i t u t i v e equations may then be 
used i n c o n j u n c t i o n w i t h the s t r e s s equations o f motion and 
c o n t i n u i t y to p r e d i c t m a t e r i a l behaviour i n complex f l o w s i t u a t i o n s . 
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Another important area o f r h e o l o g i c a l study concerns the r e l a t i o n s h i p 
between observed m a t e r i a l behaviour and the m i c r o s t r u c t u r e o f 
m a t e r i a l s . I t i s t h e r e f o r e important t o be able t o c o n s i d e r 
r h e o m e t r i c a l f l o w s i t u a t i o n s i n which the s t r u c t u r e o f the m a t e r i a l 
i s not destroyed. 
A rheometer i s a v e r s a t i l e instrument capable o f measuring 
m a t e r i a l p r o p e r t i e s i n simple r h e o m e t r i c a l flow s i t u a t i o n s . These 
instruments are designed so t h a t , e i t h e r , a d e f o r m a t i o n i s a p p l i e d t o 
the m a t e r i a l and the subsequent forces t h a t are generated measured, 
or a fo r c e i s exerted on the m a t e r i a l and the subsequent d e f o r m a t i o n 
measured. 
This t h e s i s i s concerned w i t h an experimental and t h e o r e t i c a l 
i n v e s t i g a t i o n o f c e r t a i n time dependent simple f l o w s i t u a t i o n s , 
i n v o l v i n g e l a s t i c o - v i s c o u s f l u i d s . These flow s i t u a t i o n s can be 
generated on a Carri-Med c o n t r o l l e d s t r e s s rheometer. 
In Chapter 2, we describe the f o r m u l a t i o n o f v a r i o u s equations 
o f s t a t e f o r e l a s t i c o - v i s c o u s f l u i d s . P a r t i c u l a r emphasis i s gi v e n 
to those models that are relevant t o the s t u d i e s c a r r i e d out i n t h i s 
t h e s i s . We al s o b r i e f l y consider the simple r h e o m e t r i c a l f l o w 
s i t u a t i o n s o f steady, o s c i l l a t o r y , and combined steady and 
o s c i l l a t o r y shear flow. The m a t e r i a l p r o p e r t i e s used t o c h a r a c t e r i s e 
the flow behaviour o f e1astico-viscous f l u i d s i n the aforementioned 
flow s i t u a t i o n s are discussed. 
In Chapter 3, we introduce the subject o f c o n t r o l l e d s t r e s s 
rheometry. A b r i e f h i s t o r i c a l account o f the development o f the 
c o n t r o l l e d s t r e s s technique is given, before d e s c r i b i n g the Carri-Med 
c o n t r o l l e d s t r e s s rheometer i n d e t a i l . We consider the a n a l y s i s 
i n v o l v e d i n the measurement o f the shear v i s c o s i t y f u n c t i o n i n steady 
shear and the complex v i s c o s i t y f u n c t i o n i n small amplitude 
o s c i l l a t o r y shear f o r t h i s instrument. The a n a l y s i s i s presented f o r 
the cone and p l a t e , p a r a l l e l p l a t e , and c o n c e n t r i c c y l i n d e r 
geomet r i e s . 
I n Chapter 4, we c a r r y out a t h e o r e t i c a l a n a l y s i s o f the 
u n i d i r e c t i o n a l shear flow o f an e l a s t i c o - v i s c o u s f l u i d i n which the 
shear r a t e f l u c t u a t e s s i n u s o i d a l l y about a non zero mean. One o f the 
aims o f t h i s a n a l y s i s , i s to determine the e f f e c t o f the o s c i l l a t o r y 
shear component on the mean shear s t r e s s produced i n the f l u i d . 
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A Goddard-Mi1ler model i s used t o describe the n o n - l i n e a r 
r e l a t i o n s h i p between the shear s t r e s s and the shear r a t e i n the 
f l u i d . This c o r o t a t i o n a l model i s able t o describe l a r g e 
deformations and hence, the a n a l y s i s i s able t o cons i d e r a f l o w 
s i t u a t i o n i n which the r a t i o between the o s c i l l a t o r y shear component 
and the steady shear component i s l a r g e . T h e o r e t i c a l expressions are 
al s o d e r i v e d t o p r e d i c t the e f f e c t o f the o s c i l l a t o r y shear r a t e on 
the fundamental o s c i l l a t o r y shear s t r e s s amplitude and phase. I t 
should be noted, that due t o the complexity o f the equations 
i n v o l v e d , mechanical i n e r t i a and f l u i d i n e r t i a e f f e c t s have been 
ignored i n the a n a l y s i s . 
A g e n e r a l i s e d Newtonian model Is used t o determine the e f f e c t o f 
a combined steady and o s c i l l a t o r y shear r a t e on the mean shear s t r e s s 
f o r an i n e l a s t i c f l u i d . By comparing p r e d i c t i o n s from the 
Goddard-Mi1ler model w i t h p r e d i c t i o n s from the g e n e r a l i s e d Newtonian 
model, we are able t o comment on the importance o f e l a s t i c i t y i n t h i s 
f l o w s i t u a t i o n . 
In Chapter 5, we c a r r y out an experimental programme on the 
Carri-Med c o n t r o l l e d s t r e s s rheometer to consider the combined steady 
and o s c i l l a t o r y shear flow o f a 2% s o l u t i o n o f p o l y i s o b u t y l e n e i n 
d e k a l i n . I t i s p o s s i b l e , v i a the instrument s o f t w a r e t o _ c a l c u l a t e 
the a p p l i e d torque r e q u i r e d t o produce a gi v e n mean shear r a t e and 
fundamental o s c i l l a t o r y shear r a t e amplitude i n the f l u i d . I n t h i s 
manner, we may determine the r e d u c t i o n i n the mean shear s t r e s s , 
fundamental o s c i l l a t o r y shear s t r e s s amplitude and phase produced i n 
the f l u i d , due to the presence o f the o s c i l l a t o r y component i n the 
shear f l o w . The experiments w i l l be c a r r i e d out f o r la r g e values o f 
the r a t i o between the o s c i l l a t o r y shear and steady shear components. 
A comparison w i l l be made between experimental mean shear s t r e s s 
r e d u c t i o n data and t h e o r e t i c a l p r e d i c t i o n s o b t a i n e d from the 
Goddard-MlIler and gen e r a l i s e d Newtonian models. 
I n Chapter 6, a l i n e a r v i s c o e l a s t i c a n a l y s i s o f o s c i l l a t o r y 
shear f l o w on the c o n t r o l l e d s t r e s s rheometer i s c a r r i e d o u t . The 
r e l e v a n t equations o f motion are solved e x a c t l y u s i n g a numerical 
technique. This a n a l y s i s Is t h e r e f o r e capable o f i n t e r p r e t i n g the 
e f f e c t o f f l u i d i n e r t i a on dynamic data. A p e r t u r b a t i o n a n a l y s i s 
which assumes small values o f a non-dimensional f l u i d i n e r t i a 
parameter i s also c a r r i e d out f o r the l i n e a r v i s c o e l a s t i c f l o w 
s i t u a t i o n t o second order accuracy. T h e o r e t i c a l expressions from 
both the exact and p e r t u r b a t i o n a n a l y s i s are used t o i n v e s t i g a t e the 
e f f e c t o f f l u i d i n e r t i a on the complex v i s c o s i t y f u n c t i o n f o r a 
v a r i e t y o f flow c o n d i t i o n s . 
In Chapter 7 an experimental programme i s c a r r i e d out t o measure 
dynamic data f o r three d i f f e r e n t e l a s t i c o - v i s c o u s f l u i d s over a 
frequency range o f 0-40 Hz. The t h e o r e t i c a l expressions d e r i v e d i n 
Chapter 6 are used t o i n t e r p r e t the e f f e c t o f f l u i d i n e r t i a on t h i s 
dynamic data. 
In the f i n a l chapter, we consider the e f f e c t o f y i e l d s t r e s s on 
dynamic data. This non-linear v i s c o e l a s t i c behaviour i s d e s c r i b e d i n 
terms o f a m o d i f i e d g e n e r a l i s e d Maxwell model. This model c o n s i s t s 
o f n Maxwell elements connected i n p a r a l l e l w i t h a y i e l d s t r e s s 
component. The t h e o r e t i c a l model i s then used t o i n v e s t i g a t e the 
e f f e c t o f y i e l d s t r e s s on the dynamic data. Some of the Issues 
i n v o l v e d i n such a comparison are discussed. 
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Chapter 2 
Rheological Equations of State 
2.1. O i a r a c t e r l s a t i o n of e l a s t i c o - v i s c o u s f l u i d s . 
The work presented i n Chapters 4 t o 7, i s concerned w i t h the 
c h a r a c t e r i s a t i o n o f e l a s t i c o - v i s c o u s f l u i d s i n small amplitude 
o s c i l l a t o r y and combined steady and o s c i l l a t o r y shear f l o w . To 
f a c i l i t a t e the understanding of these s t u d i e s , we r e q u i r e a 
d e s c r i p t i o n o f the m a t e r i a l f u n c t i o n s normally a s s o c i a t e d w i t h the 
c h a r a c t e r i s a t i o n o f e l a s t i c o - v i s c o u s f l u i d s i n these f l o w s i t u a t i o n s . 
The s t r e s s f i e l d i n the f l u i d may be represented by a symmetric 
c o v a r i a n t tensor <T\\^^ d e f i n e d i n a s p a t i a l c o o r d i n a t e system. The 
s t r e s s i n the f l u i d may be c o n v e n i e n t l y expressed as 
<^ik - ' ^ I k - PSik • (2.1.1) 
where p i s an a r b i t r a r y i s o t r o p i c pressure, is the m e t r i c tensor 
a s s o c i a t e d w i t h the s p a t i a l coordinate system, and crji^ i s the e x t r a 
s t r e s s tensor. 
In order to r e l a t e the deformation i n an a r b i t r a r y _ f l u i d element, 
to the forces producing that deformation, we r e q u i r e an e q u a t i o n o f 
s t a t e ( o r c o n s t i t u t i v e e q u a t i o n ) . This e q u a t i o n i s used i n 
c o n j u n c t i o n w i t h the equations of motion and c o n t i n u i t y i n the 
s o l u t i o n o f flow problems. The equation o f motion i s o b t a i n e d by 
a p p l y i n g Newton's Law of motion to an a r b i t r a r y f l u i d element 
(Walters [ 4 5 ] ) , r e s u l t i n g i n the d e r i v a t i o n o f the f o l l o w i n g e q u a t i o n , 
d<T DV. 
— ! i + pf - p !- . (2.1.2) 
ax^ 
where f i s the t o t a l body force v e c t o r , V i s the v e l o c i t y v e c t o r and 
p i s the d e n s i t y o f the f l u i d . The d i f f e r e n t i a l o p e r a t o r 
a ..a 
Fx. DT =^  ^ ^ • (2.1.3) k 
i s known as the m a t e r i a l d e r i v a t i v e . 
t We use a standard tensor n o t a t i o n , c o v a r i a n t s u f f i c e s are w r i t t e n 
below, and c o n t r a v a r i a n t above. Repeated s u f f i c e s i n d i c a t e summation. 
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For incompressible m a t e r i a l s , the e q u a t i o n o f c o n t i n u i t y i s 
given by, 
— = 0 (2.1.4) 
^\ 
The f l o w behaviour of Newtonian l i q u i d s i n any g i v e n f l o w 
s i t u a t i o n i s c h a r a c t e r i z e d by the d e t e r m i n a t i o n o f the constant 
c o e f f i c i e n t o f v i s c o s i t y IJQ. However, f o r an e 1 ast i c o - v i scous f l u i d , 
the v i s c o s i t y w i l l i n general be a f u n c t i o n o f the shear r a t e . This 
v i s c o s i t y f u n c t i o n w i l l be a m o n o t o n i c a l l y decreasing f u n c t i o n o f 
shear r a t e f o r a shear t h i n n i n g f l u i d , and a m o n o t o n i c a l l y i n c r e a s i n g 
f u n c t i o n o f shear r a t e f o r a shear t h i c k e n i n g m a t e r i a l . I n a d d i t i o n 
to t h i s , we must al s o consider normal s t r e s s e f f e c t s . 
( a ) . Steady shear flow. 
Consider the simple steady flow s i t u a t i o n d e f i n e d by the 
f o l l o w i n g v e l o c i t y d i s t r i b u t i o n V. i n C a r t e s i a n c o o r d i n a t e s x.. 
= 7 x^ ; - 0 ; - 0 , (2.1.5) 
where 7 i s the shear r a t e . The corresponding s t r e s s d i s t r i b u t i o n f o r 
an e l a s t i c o - v i s c o u s f l u i d i s given by Coleman et a l [ 9 ] to be 
0- - a - p (7) (2.1.6) 
1 1 3 3 1 ' 
<T - a = f (7) 
2 2 3 3 2 ' 
p , and c 2 are known as the f i r s t and second normal s t r e s s d i f f e r e n c e s 
r e s p e c t i v e l y . The behaviour of an e l a s t i c o - v i s c o u s f l u i d i n such a 
f l o w s i t u a t i o n i s c h a r a c t e r i z e d by the three m a t e r i a l f u n c t i o n s 17, 
p^, and 2 . These q u a n t i t i e s are a l l even f u n c t i o n s o f 7. As 7 
tends to zero, the normal s t r e s s d i f f e r e n c e s and both tend to 
zero, and the shear v i s c o s i t y 17 tends to a constant value 77^. T h i s 
i s an i n d i c a t i o n t h a t e1astico-viscous f l u i d s e x h i b i t Newtonian 
behaviour at low shear r a t e s . 
Experimental evidence suggests that f i r s t and second normal 
s t r e s s d i f f e r e n c e s are both g r e a t e r than zero. However, the f i r s t 
normal s t r e s s d i f f e r e n c e is much l a r g e r i n magnitude than the second 
normal s t r e s s d i f f e r e n c e (Walters [ 4 5 ] ) . The presence o f the f i r s t 
normal s t r e s s d i f f e r e n c e i n the flow o f e l a s t i c o - v i s c o u s f l u i d s , i s 
res p o n s i b l e f o r some i n t e r e s t i n g phenomena. One example i s the 
Weissenberg rod c l i m b i n g e f f e c t which i s important i n m i x i n g 
problems, (Walters [ 4 5 ] ) . The f i r s t normal s t r e s s d i f f e r e n c e a l s o 
plays an important r o l e i n the d i e swell e f f e c t , (Tanner [ 3 5 ] ) . This 
phenomenum i s observed when an e l a s t i c l i q u i d emerges from an 
o r i f i c e . The diameter o f the j e t o f f l u i d i s seen t o increase by 
several times the s i z e o f the o r i f i c e diameter. 
I t should be noted that the m a t e r i a l f u n c t i o n s 77(7) and 1^,(7) 
are r e s t r i c t e d by the f o l l o w i n g r e l a t i o n s . For 17(7) we have t h a t , 
t;(7) > 0 f o r a l 1 7 , (2.1.7) 
and t h a t 717(7) i s a monotonical l y i n c r e a s i n g f u n c t i o n o f 7, 
For 1^,(7) we have t h a t , 
( i ) 
. 2 
7 
> 0 (2.1.8) 
7-»0 
( b ) . Small amplitude o s c i l l a t o r y shear flow. 
I f we now consider the o s c i l l a t o r y shear f l o w d e f i n e d by the 
f o l l o w i n g v e l o c i t y d i s t r i b u t i o n , 
- ex^coe*^^ ; - 0 ; - 0 (2.1.9) 
The corresponding s t r e s s d i s t r i b u t i o n when e i s small i s given by 
(Walters [ 4 5 ] ) . 
- r}*eoi e*^' , (2.1.10) 
where t;* i s known as the complex v i s c o s i t y f u n c t i o n . The r e a l and 
imaginary p a r t s o f the complex v i s c o s i t y f u n c t i o n are known as the 
dynamic v i s c o s i t y f u n c t i o n t j ' and the dynamic r i g i d i t y f u n c t i o n G' 
r e s p e c t i v e l y . We note t h a t i n the l i m i t o f low shear r a t e s and low 
freq u e n c i e s , the apparent v i s c o s i t y i s r e l a t e d t o the dynamic 
v i s c o s i t y by the equation (Walters [ 4 5 ] ) . 
'>W|^^0 - '''('*'>la«0 (2.1.11) 
We al s o note t h a t the f i r s t normal s t r e s s d i f f e r e n c e i s r e l a t e d t o 




( c ) . Combined steady and o s c i l l a t o r y shear flow. 
Let us consider the p a r a l l e l s u p e r p o s i t i o n o f an o s c i l l a t o r y 
shear component on to the steady shear f l o w o f an e l a s t i c o - v i s c o u s 
f l u i d . The v e l o c i t y d i s t r i b u t i o n f o r such a f l o w s i t u a t i o n i s g i v e n 
by 
- 7 + fx^oje*'^^ ; - 0 ; - 0 (2.1.13) 
When € i s s m a l l , the corresponding s t r e s s d i s t r i b u t i o n i s g i v e n by 
Walters [ 4 5 ] . 
a « f o j i j * e*'^ ^ (2.1.14) 1 2 'm 
We can s t i l l c h a r a c t e r i z e the flow behaviour by a complex v i s c o s i t y 
f u n c t i o n (i?*) » but t h i s q u a n t i t y i s now a f u n c t i o n o f both o) and 7. 
For a simple f l u i d , i t can be shown that (Jones and Walters 
[ 2 2 ] ) , 
"^L^^^y^^o " — b ^ w ] ' (2.1.15) 
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and t h a t 
"^'J^-^Uo^O - 0 • (2.1.16) 
2.2. Formulation of rheological equations of s t a t e . 
( a ) . Linear v i s c o e l a s t i c models. 
The c h a r a c t e r i s a t i o n o f the time dependent f l o w behaviour o f 
e l a s t i c o - v i s c o u s f l u i d s i s g r e a t l y s i m p l i f i e d i f we i n s i s t t h a t an 
a r b i t r a r y f l u i d element can on l y experience a small d e f o r m a t i o n from 
i t s i n i t i a l p o s i t i o n . Under these c o n d i t i o n s we may ignore 
n o n - l i n e a r e f f e c t s . 
The simplest l i n e a r v i s c o e l a s t i c model i s the s i n g l e element 
Maxwell model (Maxwell [ 2 7 ] ) , which may be obt a i n e d by w r i t i n g down 
the r e l a t i o n s h i p between the s t r e s s and the r a t e o f s t r a i n f o r a 
s p r i n g and dashpot^ i n s e r i e s . The use o f mechanical a n a l o g i e s was a 
f e a t u r e o f e a r l y attempts t o model v i s c o e l a s t i c phenomena ( B i r d et a l 
[ 5 ] , F e r r y [ 1 6 ] ) . Examples o f t h i s type o f model are the J e f f r i e s 
model ( B i r d et a l [ 5 ] ) , and the Voigt model ( F e r r y [ 1 6 ] ) . 
A dashpot has the same s t r e s s / s t r a i n r a t e r e l a t i o n s h i p as a 
Newtonian f l u i d . i . e . 
k " ''o^ik (2.2.1) 
where the i k ^ ^ component o f the r a t e o f s t r a i n tensor ^ *s g i v e n by 
(2.2.2) 
L ax. ax k 1 
A s p r i n g has the same s t r e s s / s t r a i n r e l a t i o n as an e l a s t i c s o l i d 
I . e . 
i k " ^ ^ i k 
where the i k ' ^ component o f the s t r a i n tensor y i s g i v e n by 
(2.2.3) 
r au 




and Uj describes the displacement, i n the i ' ^ d i r e c t i o n o f an element 
of a s o l i d r e l a t i v e t o the unstressed c o n f i g e r a t i o n . G i s known as 
the r i g i d i t y modulus o f the s o l i d . 
The s i n g l e element Maxwell model may be expressed as. 
acr'. 
a. i k i k 
where 
' at 
X - T, /G 
(2.2.5) 
(2.2.6) 
i s a time constant known as the r e l a x a t i o n time. I t can e a s i l y be 
seen t h a t i n steady shear, equation (2.2.5) reduces t o the model f o r 
a Newtonian f l u i d . For r a p i d l y changing s t r e s s e s , as i n h i g h 
frequency o s c i l l a t o r y shear, the time d e r i v a t i v e term dominates the 
l e f t hand side o f the equation. I n t e g r a t i o n w i t h respect t o time 
t The dashpot c o n s i s t s o f a p i s t o n moving i n a c y l i n d e r c o n t a i n i n g a 
f l u i d o f constant v i s c o s i t y . 
y i e l d s Hooke's Law. Assuming t h a t i s f i n i t e at time t«=-






The f u n c t i o n contained w i t h i n the brackets i s known as the 
r e l a x a t i o n modulus and i s denoted by G ( t - t ' ) . T h i s f u n c t i o n enables 
past events t o i n f l u e n c e the s t r e s s i n the f l u i d at the present time 
t . The ex p o n e n t i a l f u n c t i o n ensures t h a t events o c c u r r i n g i n the 
recent past have a g r e a t e r I n f l u e n c e on the f l o w behaviour o f the 
f l u i d than events that occurred i n the d i s t a n t past. T h e r e f o r e , the 
equation o f s t a t e d e f i n e d by equation (2.2.7) c o n t a i n s the n o t i o n o f 
a f a d i n g memory. 
C l e a r l y such a simple arrangement as a s p r i n g and dashpot i n 
s e r i e s cannot be expected t o describe the complex r h e o l o g i c a l 
response o f an e1astico-viscous f l u i d . Consequently, more complicated 
mechanical networks were considered. The most popular o f t h i s type 
o f model was the ge n e r a l i s e d Maxwell model (see f i g u r e ( 2 . 1 ) ) which 
may be expressed i n both d i f f e r e n t i a l and i n t e g r a l forms as f o l l o w s , 
8t 
where a i k i s the s t r e s s i n the r 
t h 
\ ^ i k 
Maxwell element 
(2.2.8) 
CO ( r ) 
k (2.2.9) 
r=i 




7 i i , ( t ' ) dt (2.2.10) 
This model can be thought o f as the l i n e a r s u p e r p o s i t i o n o f an 
i n f i n i t e number o f Maxwell elements and has been found t o de s c r i b e 
the l i n e a r behaviour o f e l a s t i c o - v i s c o u s l i q u i d s reasonably w e l l 
( B i r d et a l [ 5 ] ) . Both o f the e m p i r i c a l models represented by 
equations (2.2.7) and (2.2.10) are contained w i t h i n a more general 
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equation o f s t a t e , namely the general l i n e a r v i s c o e l a s t i c model. 
t 
<T\^it) - I C ( t - t ' ) 7 . j ^ ( f ) d f (2.2.11) 
-00 
An important example o f a l i n e a r v i s c o e l a s t i c f l o w s i t u a t i o n i s 
one i n which a m a t e r i a l i s subjected t o a small amplitude o s c i l l a t o r y 
shear deformation, (e.g. Walters and Kemp [ 4 3 ] ) . The shear s t r e s s 
and shear r a t e waveforms produced i n t h i s f l o w s i t u a t i o n are both 
s i n u s o i d a l but d i f f e r i n amplitude and phase. The shear s t r e s s i s 
given by 
crj^ C t ) = Re ( < T ° e " ^ ' } . (2.2.12) 
and the shear r a t e waveform i s given by 
T j ^ ( t ) - Re { -^"e""'} . (2.2.13) 
where and 7^ are the complex shear s t r e s s and shear r a t e 
amplitudes, and o) is the angular frequency o f o s c i l l a t i o n . Re[ ) 
denotes the r e a l part o f the q u a n t i t y c o n t a i n e d w i t h i n the b r a c k e t s . 
From ( B i r d et a l [ 5 ] , we see that the complex v i s c o s i t y f u n c t i o n i s 
d e f i n e d as the r a t i o between the complex shear s t r e s s and shear r a t e 
ampli tudes. i . e . 
^0 
T,* - — ^ (2.2.14) 
^a 
I f we w r i t e t h i s f u n c t i o n i n terms o f i t s r e a l and imaginary p a r t s , 
we d e f i n e the dynamic v i s c o s i t y 17' and the dynamic r i g i d i t y G* 
respect i v e l y . 
T/* 3 77' - iCVw (2.2.15) 
The dynamic v i s c o s i t y and dynamic r i g i d i t y f u n c t i o n s p r o v i d e 
i n f o r m a t i o n about the energy d i s s i p a t e d and energy s t o r e d i n a 
c y c l i c deformation. We can see from e q u a t i o n (2.2.14) that a 
knowledge o f the complex v i s c o s i t y provides a complete 
c h a r a c t e r i s a t i o n o f the l i n e a r time dependent behaviour o f 
e l a s t ico-viscous f l u i d s . 
The measurement o f the complex v i s c o s i t y f u n c t i o n i s r e l a t i v e l y 
s t r a i g h t f o r w a r d . Consistent t h e o r i e s f o r d e t e r m i n i n g 77* e x i s t f o r 
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c o n t r o l l e d shear s t r a i n instruments (e.g. Walters [ 4 1 ] , Walters and 
Kemp [ 4 3 ] , Oldroyd [ 3 0 ] , N a l l y [ 2 8 ] , and M a r k o v i t z [ 2 5 ] ) . and f o r 
c o n t r o l l e d s t r e s s instruments (e.g. Jones et a l [23,24] and 
Holder [ 2 0 ] ) . 
( b ) . Codeformatlonal formulation. 
We now t u r n our a t t e n t i o n t o the development o f r h e o l o g i c a l 
equations o f s t a t e that are v a l i d f o r a l l types o f f l o w . I n 1950, 
Oldroyd set out c e r t a i n i n t u i t i v e p r i n c i p l e s which r h e o l o g i c a l 
equations o f s t a t e must s a t i s f y [ 2 9 ] . These were t h a t 
( i ) the behaviour o f a m a t e r i a l element depends o n l y on i t s 
r h e o l o g i c a l h i s t o r y and not on th a t o f i t s n e i g h b o u r i n g elements. 
( i i ) The behaviour o f a m a t e r i a l element does not depend on any 
r i g i d - b o d y motion o f the m a t e r i a l as a whole i n space. 
( i i i ) The equation must describe p r o p e r t i e s independent o f the frame 
of r eference. 
Oldroyd was able t o s a t i s f y p r i n c i p l e ( i i i ) by w r i t i n g the 
equations i n t e n s o r i a l form. P r i n c i p l e s ( i ) and ( i i ) were s a t i s f i e d 
by the use o f a convected c o o r d i n a t e system ^ J . The convected 
c o o r d i n a t e system i s drawn i n the f l u i d and deforms c o n t i n u o u s l y w i t h 
i t . Hence, an observer i n t h i s convected frame o f referen c e 
experiences no r i g i d - b o d y motion o f the m a t e r i a l . Also, t h i s system 
has the p r o p e r t y that a m a t e r i a l element at time t w i l l be i n the 
same p o s i t i o n at a l l other times. This i m p l i e s t h a t the r h e o l o g i c a l 
h i s t o r y o f a m a t e r i a l element ^ j . i n a convected r e f e r e n c e frame i s 
independent o f s p a t i a l c o o r d i n a t e s , and i s t h e r e f o r e independent o f 
the r h e o l o g i c a l behaviour o f any neighbouring elements. 
The equations o f motion and c o n t i n u i t y are both w r i t t e n i n terms 
o f a f i x e d reference frame. Hence, a c o n s t i t u t i v e e q u a t i o n , 
formulated i n a convected coordinate system, must be expressed i n 
terms o f t h i s f i x e d reference frame. The kinematic and dynamic 
v a r i a b l e s are transformed from one frame t o the othe r u s i n g the usual 
t r a n s f o r m a t i o n r u l e s f o r c o v a r i a n t and c o n t r a v a r i a n t tensors [ 1 9 ] . 
A s u i t a b l e kinematic v a r i a b l e which i s a measure o f the 
deformation o f a f l u i d element at i s , 
' i k ° ' i ' i k ^ ^ ^ ' ' ' ^ • ' I ' i k ^ ^ ' ' ' ' ^ • (2.2.18) 
where y^y^ is the m e t r i c tensor associated w i t h the convected s p a t i a l 
c o o r d i n a t e system. When we tra n s f o r m the kinematic tensor t o the 
-12 
f i x e d frame, we o b t a i n the r i g h t Cauchy-Green s t r a i n t e n s o r Cjj^^. 
Cik - l ^ " " U^gmsCx'-*) - gik(''-') . (2.2.19) 
where -^^ ^ i s the m e t r i c tensor o f the f i x e d c o o r d i n a t e system x J, and 
x ' j i s the p o s i t i o n at time t ' o f the element t h a t i s i n s t a n t a n e o u s l y 
at the p o i n t x* at time t . When there i s no d e f o r m a t i o n i n the 
m a t e r i a l , 
^ 0 (2.2.20) 
Hence, t h i s v a r i a b l e i s u s e f u l because small values o f Cjj^^ correspond 
to small deformations o f the f l u i d element. 
Since the behaviour o f a simple f l u i d depends upon i t s 
r h e o l o g i c a l h i s t o r y , we would i n t u i t i v e l y expect the c o n s t i t u t i v e 
e q u a t i o n t o c o n t a i n d i f f e r e n t i a l and i n t e g r a l o p e r a t o r s w i t h respect 
to time. A d i f f e r e n t i a l operator that i s independent o f any 
r i g i d - b o d y motion i n space was d e f i n e d by Oldroyd (29] t o be, 
— - — — + V — — + — ^ E , + —T- E. , (2.2.21) 
J i t at ax'- ax> f"!^  a^k im » 
where Ejj^^ i s a symmetric c o v a r i a n t tensor. I f we a p p l y t h i s 
d i f f e r e n t i a l operator t o the m e t r i c tensor g i ^ . *® o b t a i n the r a t e o f 
s t r a i n tensor y^^. 
^ g i k 
7 i k = - 3 — (2.2.22) 
. 1/ t 
For the dynamic v a r i a b l e , we see that the e x t r a s t r e s s tensor 
irjj ^ ^ i n the convected coordinate system i s simply transformed t o a\]^ 
i n the f i x e d c o ordinate system. 
The Oldroyd c o n s t i t u t i v e equation i s able t o d e s c r i b e observed 
v i s c o e l a s t i c behaviour q u a l i t a t i v e l y . The model may be expressed i n 
the form 
^ ^ 1 1 r 1 
0 
where 1 7 ^ , X j , /x^, fi^ , and /i^ are m a t e r i a l c o n s t a n t s . 
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When = Mo " /^i " M2 ~ *® o b t a i n the model 
<^ik ^ ' ' J T ' ^ S ' ^ " """^ik • (2.2.24) 
which i s an i n v a r i a n t form o f Maxwell's l i n e a r e q u a t i o n o f s t a t e . 
( c ) . Corotational formulation. 
An a l t e r n a t i v e approach t o s a t i s f y i n g the p r i n c i p l e s set down by 
Oldroyd, i s by f o r m u l a t i n g r h e o l o g i c a l equations o f s t a t e i n a 
c o r o t a t i o n a l reference frame. Such a frame i s d e s c r i b e d by the 
V 
orthogonal u n i t vectors which t r a n s l a t e w i t h a f l u i d p a r t i c l e P 
w h i l e r o t a t i n g w i t h the l o c a l angular v e l o c i t y o f the p a r t i c l e . 
Hence, equations w r i t t e n i n t h i s frame w i l l be independent o f any 
r i g i d - b o d y motion o f the f l u i d . The c o r o t a t i o n a l dynamic and 
kinematic v a r i a b l e s are formulated as f u n c t i o n s o f time o n l y . This 
ensures t h a t the behaviour o f the f l u i d p a r t i c l e depends o n l y on i t s 
r h e o l o g i c a l h i s t o r y and not on th a t o f i t s neighbouring p a r t i c l e s . 
We again have to transform the dynamic and k i n e m a t i c v a r i a b l e s 
t o a f i x e d reference frame. This frame i s descri b e d by the 
orthogonal u n i t vectors e.. I t i s convenient t o choose the c o r o t a t i n g 
frame such that at time t - t ' , the two frames c o i n c i d e . At a l l 
previous times t ' < t , the o r i e n t a t i o n o f t h e " c o r o t a t i n g frame w i t h 
respect t o the f i x e d frame i s described by the r o t a t i o n m a t r i x A j j . 
i .e. 
e . ( f ) - J n ( t . f ) e . ( t ) (2.2.25) 
j 
C l e a r l y , when t ' = t , 
n i j ( t , t ) - 6 i j . (2.2.26) 
where fijj i s the Kronecker d e l t a 
6 i j - 1 when i = j 
- 0 when i ^  j (2.2.27) 
The c o r o t a t i o n a l shear r a t e tensor 7 1 j and the shear s t r e s s 
tensor <T\J may be w r i t t e n i n terms o f the f i x e d frame by u s i n g the 
t r a n s f o r m a t i o n r u l e s defined i n ( B i r d et a l [ 5 ] ) . 
For a l l times t * < t , the f i x e d frame shear r a t e tensor i s g i v e n by 
r i j ( f ) - ^ ^ n i m ( t . t ' ) i ^ m n ( t ' ) n j n ( t - f ) , (2.2.28) 
m n 
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and the f i x e d frame shear s t r e s s tensor i s g i v e n by 
V 
T i j ( f ) = J J n i n , ( t , t ' ) a n , n ( f ) f i j n ( t . f ) . (2.2.29) 
m n 
At time t * - t , we may w r i t e 
T j j = T j j . (2.2.30) 
and 
( ^ i j - c ^ i j (2.2.31) 
A c o r o t a t i o n a l d e r i v a t i v e which i s independent o f any r i g i d body 
r o t a t i o n i s the Jaumann d e r i v a t i v e ( B i r d et a l [ 5 ] ) . 
^ E ( t ) E ( t ) + H [ 0) ( t ) E ( t ) - E (t)a) ( t ) 1. (2.2.32) 
ft ^ I J Dt J 2 L i n n j i n n j J 
The Jaumann d e r i v a t i v e i s made up o f the m a t e r i a l d e r i v a t i v e D/Dt , 
and a v o r t i c i t y term. 
The simplest v i s c o e l a s t i c c o r o t a t i o n a l model i s o b t a i n e d by 
f o r m u l a t i n g a s i n g l e element Maxwell model i n a c o r o t a t i o n a l frame 
( B i r d et a l [ 4 , 5 ] ) . i . e . 
+ ^ ^ " ^ " "^ '^ '^  (2.2,33) 
Transforming the above equation t o the f i x e d frame, we o b t a i n 
<^lj + ^ - ^ r — ° ''-'^ U (2.2.34) 
The c o n s t i t u t i v e equation described by e q u a t i o n (2.2.34) 
(Zaremba), and two other constant q u a s i - l i n e a r c o r o t a t i o n a l models 
(Fromm and DeWitt) are described i n d e t a i l by B i r d et a l [ 4 , 5 ] . 
These equations o f s t a t e are termed q u a s i - l i n e a r because they 
describe n o n - l i n e a r r e l a t i o n s between the s t r e s s and r a t e o f s t r a i n 
tensors i n the .fixed reference frame. However when these equations 
are w r i t t e n i n terms o f the analagous q u a n t i t i e s i n the c o r o t a t i o n a l 
reference frame, these r e l a t i o n s are l i n e a r . 
The most general q u a s i - l i n e a r c o r o t a t i o n a l v i s c o e l a s t i c 
c o n s t i t u t i v e equation is given by the Goddard-Mi11er model [ 1 7 ] . 
This model can be thought o f as f o r m u l a t i n g the general l i n e a r 




' ^ i k ^ ' ^ " I C < t - t * > r i i ^ ( t ' ) dt» (2.2.35) 
-00 
The i n t e g r a l d e f i n e d by equation (2.2.35) i s the f i r s t term o f a 
memory i n t e g r a l expansion d e r i v e d by Coddard [ 1 8 ] . The 
Coddard-Mi1ler model can describe r e a l i s t i c shear v i s c o s i t y behaviour 
( B i r d et a l [ 4 , 5 ] ) . The model i s a l s o capable o f d e s c r i b i n g , 
q u a l i t a t i v e l y at l e a s t , many e l a s t i c e f f e c t s such as s t r e s s 
overshoot, complex v i s c o s i t y , e l a s t i c r e c o i l , and normal s t r e s s e s 
d i f f e r e n c e s ( B i r d et a l [ 4 , 5 ] ) . 
The eq u a t i o n o f s t a t e described by eq u a t i o n (2.2.35) w i l l be 
used t o i n v e s t i g a t e the r e d u c t i o n i n mean shear s t r e s s caused by the 
p a r a l l e l s u p e r p o s i t i o n o f an o s c i l l a t o r y component on t o the steady 
shear flow o f an e l a s t i c o - v i s c o u s f l u i d . 
2.3. The generalized Newtonian model. 
An equation o f s t a t e that i s able t o p r e d i c t the same v i s c o s i t y 
behaviour as the Coddard-Mi1ler model, but i s not capable o f 
d e s c r i b i n g any e l a s t i c e f f e c t s i s given by the genera 1ised_Newtonian 
model. This model i s obtained by m o d i f y i n g the eq u a t i o n o f s t a t e f o r 
a Newtonian l i q u i d to include a shear r a t e dependent v i s c o s i t y 
funct i o n . i . e . 
<r;, = -,(7)7,, (2.3.1) 
The non-Newtonian v i s c o s i t y i s a s c a l a r q u a n t i t y and t h e r e f o r e 
must o n l y depend on a s c a l a r q u a n t i t y . I t can be shown ( B i r d et a l 
[ 5 ] ) that i n shear flow, the non-Newtonian v i s c o s i t y i s dependent on 
the second i n v a r i a n t o f the shear r a t e tensor 7j|^. i . e . 
7 - [ i n ^ J • (2-3.2) 
where 
Many e m p i r i c a l formulae have been proposed t o desc r i b e the 
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dependence of the shear v i s c o s i t y f u n c t i o n on the shear r a t e . Some 
of those that are r e l e v a n t to t h i s t h e s i s are d e s c r i b e d below. 
( 1 ) . Power law model (Bird et a l [ 5 ] ) . 
77(7) = m I 7 (2.3.4) 
where m i s known as the consistency index and n i s known as the power 
law index. C l e a r l y , n equal to 1 represents Newtonian behaviour. 
For n < 1, the f l u i d i s shear t h i n n i n g , i n c r e a s i n g l y so as n 
approaches zero. Values of n > 1, represent shear t h i c k e n i n g 
behaviour. The consistency index may be determined from the 
i n t e r c e p t on the v i s c o s i t y a x i s . 
In f i g u r e (2.2) we compare d i f f e r e n t v i s c o s i t y models. The 
l i n e a r r e g i o n o f the l o g - l o g p l o t i s known as the power law r e g i o n 
and i s described by equation (2.3.4). The slope o f the power law 
curve i s given by ( n - 1 ) . 
The above model i s not able to p r e d i c t the presence o f a 
Newtonian p l a t e a u at low shear r a t e s . T herefore, a r e s t r i c t i o n must 
be placed on the shear r a t e range when using a Power Law model. 
( i i ) . Segalman model (Bird et a l [ 5 ] ) . 
Y}^ COS [ ( l - n ) t a n - ^ (X 7) ] 
: (71^777 (2.3.5) 
( 1 + (X^7)^ ) ^ 
The Segalman model i s able to describe v i s c o s i t y data over a 
wide shear r a t e range. The constant 77^ i s the constant Newtonian 
v i s c o s i t y and i s obtained from low shear r a t e v i s c o s i t y data. The 
Power Law index i s again given by n. Xg i s a time constant known as 
a r e l a x a t i o n time. This parameter determines the shear r a t e range 
over which the f l u i d e x h i b i t s Newtonian behaviour b e f o r e e n t e r i n g the 
Power Law r e g i o n . The shear r a t e at which t h i s occurs i s given by 
I / X 5 . One drawback o f t h i s model i s shown i n Figure ( 2 . 2 ) . The 
Segalman shear v i s c o s i t y curve 'overshoots' the shear v i s c o s i t y curve 
p r e d i c t e d by the power law model. This i s not a r e a l i s t i c shear 
v i s c o s i t y behaviour (Davies et a l [ 1 0 ] ) . We f i n a l l y note t h a t at 
higher shear r a t e s , the Segalman model shows s i m i l a r behaviour t o the 
power 1 aw mode 1. 
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( i l l ) . Carreau model (Bird et a l [ 5 ] ) . 
^7(7) - TIo (1 + ( X 7 ) ' ) ^ " " ' ^ / ' (2.3.6) 
This v i s c o s i t y model i s able to describe v i s c o s i t y data over a 
wide shear r a t e range, but has the advantage o f not e x h i b i t i n g any 
u n r e a l i s t i c ^overshoot' behaviour. Figure (2.2) shows a comparison 
o f Power Law, Segalman, and Carreau v i s c o s i t y p r e d i c t i o n based on 
experimental data taken from a 2% s o l u t i o n o f po1yisobuty1ene i n 
d e k a l i n . 
For some polymeric l i q u i d s , a second Newtonian r e g i o n i s 
observed at high shear r a t e s . Both the Segalman and Carreau models 
are capable o f p r e d i c t i n g t h i s second Newtonian r e g i o n by 
i n c o r p o r a t i n g a f o u r t h constant TJCO i n t o the model. e.g. f o r the -
Carreau Mode I , 
^ ^ ^ J ^ = ( 1 . ( X ^ ) ^ ) < " - > / ^ ( 2 . 3 . 7 ) 
( i v ) . Oldroyd four constant model (Walters and Townsend [ 4 4 ] ) . 
This model p r e d i c t s a shear r a t e dependent v i s c o s i t y o f the 
f o l l o w i n g form, 
(1 + ^2 Mo 7') 
V(y) - 'Jo ' (2.3.8) 
(1 + Mo 7^) 
where X,, X j , and are time constants. 
The Oldroyd four constant model can q u a l i t a t i v e l y d e s c r i b e 
v i s c o s i t y data over a wide shear r a t e range. The model p r e d i c t s a 
f i r s t Newtonian v i s c o s i t y at low shear r a t e s and a second Newtonian 
r e g i o n at high shear r a t e s . At intermediate values o f 7, shear 
t h i n n i n g behaviour i s p r e d i c t e d . The constants X, and \^ are 
r e s t r i c t e d by the r e l a t i o n , 
Xj < X, < 9Xj (2.3.9) 
This means that the maximum d i f f e r e n c e between the second 
Newtonian v i s c o s i t y g iven by T/QXJ/X,, and the f i r s t Newtonian 
v i s c o s i t y , i s i / g t h the magnitude o f the f i r s t Newtonian v i s c o s i t y . 
Experimental evidence ( B i r d et a l [ 5 ] ) , has shown th a t f o r polymeric 
l i q u i d s , shear t h i n n i n g behaviour can lead to much l a r g e r r e d u c t i o n s 
i n v i s c o s i t y than t h i s . 
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2.4. Y i e l d s t r e s s . 
Many types o f m a t e r i a l 'appear' to r e q u i r e a c r i t i c a l s t r e s s t o 
be exceeded before any deformation or f l o w can take p l a c e . e.g. 
pastes, d i s p e r s i o n s , g e l s , and concentrated suspensions. T h i s 
c r i t i c a l s t r e s s i s commonly known as the y i e l d s t r e s s . The work o f 
Barnes and Walters [ 3 ] , has questioned the concept o f a m a t e r i a l 
possessing a y i e l d s t r e s s . These workers argue the shear v i s c o s i t y 
f u n c t i o n o f m a t e r i a l , i s always f i n i t e . To support t h i s h y p o t h e s i s , 
Barnes and Walters present ' y i e l d s t r e s s ' data f o r a commercially 
a v a i l a b l e PVA l a t e x adhesive, and a 0.5% s o l u t i o n o f Carbopol. This 
experimental evidence demonstrated t h a t the observed v a l u e o f y i e l d 
s t r e s s i s dependent upon the accuracy o f the instrument used t o 
measure i t . An important f a c t o r i n t h i s argument i s t h a t o f 'time 
s c a l e ' . i . e . p r o v i d i n g s u f f i c i e n t time i s g i v e n , then a m a t e r i a l 
w i l l always deform f o r any non-zero shear s t r e s s . However, many f l o w 
processes take place i n too short a time f o r any d e f o r m a t i o n t o be 
observed. I n t h i s c o n t e x t , y i e l d s t r e s s remains a u s e f u l concept i n 
c h a r a c t e r i z i n g the flow behaviour o f these m a t e r i a l s . 
Chapter 8 of t h i s t h e s i s i s concerned w i t h the e f f e c t o f y i e l d 
s t r e s s on dynamic data. We t h e r e f o r e provide a b r i e f d i s c u s s i o n here 
o f some o f the c o n s t i t u t i v e equations normally a s s o c i a t e d w i t h the 
d e s c r i p t i o n o f y i e l d s t r e s s behaviour. 
2.4.1. Bingham model (Bird ec a l [ 6 ] ) . 
(T - i7p 7 + , (2.4.1) 
where 
a — 3 ^ 171 > 0 , (2.4.2) 
^ ° 171 
l < T y l < ^ - 0 . (2.4.3) 
The above two parameter model proposed by Bingham, represents 
the simplest model f o r d e s c r i b i n g the shear st r e s s / s h e a r r a t e 
r e l a t i o n s h i p f o r a y i e l d s t r e s s m a t e r i a l , (see f i g u r e ( 2 . 3 ) ) . The 
f l o w behaviour o f a Bingham f l u i d i n steady shear may be 
c h a r a c t e r i s e d by the constant p l a s t i c v i s c o s i t y TJ^ and the y i e l d 
s t r e s s (TQ. The c r i t i c a l s t r e s s value CTQ i s determined by the 
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i n t e r s e c t i o n o f the s t r a i g h t l i n e o f the shear s t r e s s / shear r a t e 
curve w i t h the shear s t r e s s a x i s . 
2.4.2. Herschel-Bulkley model ( B i r d et a l [ 6 ] ) . 
Another y i e l d s t r e s s model which does not a l l o w any d e f o r m a t i o n 
unless the y i e l d s t r e s s i s exceeded, i s the He r s c h e l - B u l k l e y model. 
This t h r e e parameter model describes a p l a s t i c v i s c o s i t y f u n c t i o n 
which i s p r e d i c t e d from a power law r e l a t i o n , (see f i g u r e ( 2 . 3 ) . ) 
tr = m 71 7 1""^ + <T^ , (2.4.4) 
2.4.3 E l a s t i c Bingham model (Yoshimura and Prud'homme [ 4 7 ] ) . 
We now consider a model which describes e l a s t i c d e f o r m a t i o n 
below the y i e l d s t r e s s . 
= G 7^ • \y^\ < 7^ . (2.4.5) 
tr - ,,p7 + (T^ 17^1 - 7^ (2.4.6) 
where 7^ i s the y i e l d s t r a i n , 7^ i s the e l a s t i c s t r a i n and C i s the 
e l a s t i c modulus. At s t r a i n s below the y i e l d s t r a i n , the model 
behaves as an e l a s t i c s o l i d . When the y i e l d s t r a i n i s exceeded, 
viscous flow occurs w i t h a constant p l a s t i c v i s c o s i t y rjp. The 
e l a s t i c s t r a i n 7^ i s s t o r e d d u r i n g the viscous flow and i s recovered 
i f the a p p l i e d shear s t r a i n changes d i r e c t i o n . 
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Oiapter 3. 
An Introduction to Controlled S t r e s s Rheometry. 
3.1. Introduction. 
Rheometry i s concerned w i t h the measurement o f m a t e r i a l 
p r o p e r t i e s i n simple f l o w s i t u a t i o n s . These measurements may be used 
d i r e c t l y i n the design o f e f f i c i e n t f l o w processes or i n q u a l i t y 
c o n t r o l assessments. The r h e o l o g i c a l i n f o r m a t i o n o b t a i n e d from 
simple r h e o m e t r i c a l flow s i t u a t i o n s can be o f use i n the development 
o f c o n s t i t u t i v e equations. These c o n s t i t u t i v e equations may then be 
used i n c o n j u n c t i o n w i t h the s t r e s s equations o f motion and 
c o n t i n u i t y t o p r e d i c t m a t e r i a l behaviour i n complex f l o w s i t u a t i o n s . 
Another important area o f r h e o l o g i c a l study concerns the r e l a t i o n s h i p 
between observed r h e o l o g i c a l behaviour and the m i c r o s t r u c t u r e o f 
m a t e r i a l s . Hence, i t i s important t o be able to consider 
r h e o m e t r i c a l flow s i t u a t i o n s i n which the s t r u c t u r e o f the m a t e r i a l 
i s not destroyed. 
A rheometer i s a v e r s a t i l e instrument capable of d e t e r m i n i n g the 
m a t e r i a l p r o p e r t i e s o f e l a s t i c o - v i s c o u s f l u i d s i n simple r h e o m e t r i c a l 
flow s i t u a t i o n s . These instruments may be o f a c a p i l l a r y or a 
r o t a t i o n a l type of design. The work i n t h i s t h e s i s i s concerned w i t h 
flow s i t u a t i o n s that may be generated on a c o n t r o l l e d s t r e s s 
r o t a t i o n a l rheometer. 
In the c o n t r o l l e d s t r e s s technique, a shear s t r e s s i s a p p l i e d to 
the f l u i d . An advantage w i t h t h i s f l ow s i t u a t i o n i s t h a t the 
rheometer reacts i n sympathy to the f l u i d p r o p e r t i e s and does not 
f o r c e the m a t e r i a l to deform. This enables accurate low shear data 
to be measured. An important a p p l i c a t i o n o f the c o n t r o l l e d s t r e s s 
technique, i s i n the measurement o f the y i e l d s t r e s s o f a m a t e r i a l . 
A c o n t r o l l e d s t r e s s rheometer is capable o f measuring the minimum 
s t r e s s at which the m a t e r i a l i s observed t o deform. I t should be 
noted, t h a t t h i s value o f the y i e l d s t r e s s , w i l l depend both on the 
accuracy o f the measurement system used and on the amount o f time 
allowed f o r the experiment to take place. 
By c o n t r a s t , a c o n t r o l l e d shear r a t e r o t a t i o n a l instrument (e.g. 
The Weissenberg Rheogoniometer), imposes a d e f o r m a t i o n on t o the 
sample and forces the m a t e r i a l to move. This o b v i o u s l y has 
disadvantages when e f f e c t s such as ' y i e l d s t r e s s ' are t o be measured. 
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3.2. H i s t o r i c a l development of c o n t r o l l e d s t r e s s rheometry. 
I n the past, the c o n t r o l l e d shear r a t e technique has been the 
more popular method f o r measuring r h e o l o g i c a l p r o p e r t i e s . The main 
reason f o r t h i s being that i t i s e a s i e r t o design an instrument i n 
which the shear r a t e i s c o n t r o l l e d than i t is t o design an instrument 
i n which the shear s t r e s s i s c o n t r o l l e d (Davis et a l [ 1 4 ] ) . The 
f i r s t commercially a v a i l a b l e c o n t r o l l e d s t r e s s i n s t r u m e n t , was the 
Stormer viscometer ( c i r c a 1920). This instrument i s d e s c r i b e d i n 
d e t a i l by Van Wazer et a l [ 4 0 ] . The basic geometry was a c o n c e n t r i c 
c y l i n d e r geometry i n which the inner c y l i n d e r was f r e e t o r o t a t e 
under an a p p l i e d s t r e s s and the outer c y l i n d e r was f i x e d . A constant 
s t r e s s was provided by a system o f p u l l e y s , s t r i n g s , and weights (see 
f i g u r e ( 3 . 1 ) ) . A shear s t r e s s was a p p l i e d to the sample by a t t a c h i n g 
a known weight to a s t r i n g and p e r m i t t i n g f r e e f a l l through a 
d i s t a n c e o f about 40 inches. The p e r i o d o f shear was t h e r e f o r e 
r e s t r i c t e d by the distance o f t r a v e l o f the weight. I t was p o s s i b l e 
to use the Stormer viscometer to c a r r y out creep r e t a r d a t i o n and 
r e l a x a t i o n experiments. A m o d i f i c a t i o n to the Stormer viscometer i n 
which the outer c y l i n d e r was r o t a t e d and the weight was h e l d 
s t a t i o n a r y was described by The B r i t i s h Food Manufacturing I n d u s t r i e s 
Research A s s o c i a t i o n [ 7 ] . 
In 1951, Oldroyd et al [31] d e s c r i b e d the use o f an a i r b e a r i n g 
f o r the accurate c e n t e r i n g and support o f an inner c y l i n d e r i n s i d e an 
o u t e r c y l i n d e r . This p r i n c i p l e was u t i l i s e d by Davis, Deer, and 
Warburton [14] i n t h e i r development o f a c o n c e n t r i c c y l i n d e r 
viscometer which was the f i r s t o f a new g e n e r a t i o n o f c o n t r o l l e d 
s t r e s s instruments commonly known as Deer rheometers. This 
instrument made use of an a i r bearing t u r b i n e system t o both c e n t r e 
and support the r o t o r , and to supply a constant source o f s t r e s s . 
The r a t e s o f r o t a t i o n were measured by a stop watch. The very small 
movements obtained i n creep t e s t i n g were measured by a displacement 
transducer and d i s p l a y e d as a continuous t r a c e on a UV r e c o r d e r . 
Later m o d i f i c a t i o n s o f t h i s instrument used an i n d u c t i o n motor d r i v e 
system t o apply a constant s t r e s s to the r o t o r p l a t e n . A schematic 
diagram o f t h i s motor i s shown i n f i g u r e ( 3 . 2 ) . A d i s c supported by 
an a i r b e a r i n g i s s i t u a t e d between two c u r r e n t c a r r y i n g c o i l s . By 
v a r y i n g the c u r r e n t i n one o f the c o i l s , a torque may be e x e r t e d on 
the d i s c . This torque i s then t r a n s m i t t e d to the r o t o r p l a t e n 
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through a shaft w i t h almost zero f r i c t i o n from the d r i v e head. The 
Deer rheometer c o u l d be used t o c a r r y out steady shear f l o w and creep 
experiments. However, the i n d u c t i o n motor used i n the Deer rheoraeter 
was not s u i t a b l e f o r o p e r a t i o n i n an o s c i l l a t o r y shear mode due to 
problems i n v o l v i n g e lectromagnetic i n e r t i a [ 2 0 ] . 
The next development i n c o n t r o l l e d s t r e s s rheometry came w i t h 
the i n t r o d u c t i o n o f the Carri-Med c o n t r o l l e d s t r e s s rheometer^ 
( f i g u r e ( 3 . 3 ) ) . The experimental programme f o r t h i s t h e s i s was 
c a r r i e d out on a Carri-Med CSIOOL instrument which a l l o w s f o r a 
maximum torque o f 0.01 Nm to be a p p l i e d t o the r o t o r . 
3.3. Description of The Carrl-Med Rheometer. 
The Carri-Med rheometer i s f u l l y computer c o n t r o l l e d . The rheometer 
may be l i n k e d t o a microcomputer through an SSM IEEE i n t e r f a c e . This 
enables o s c i l l a t o r y and combined steady and o s c i l l a t o r y shear 
experiments t o be c a r r i e d out i n a d d i t i o n t o f l o w and creep t e s t s . 
This was t h e r e f o r e the f i r s t c o n t r o l l e d s t r e s s instrument t h a t c o u l d 
be used i n an unsteady shear mode o f o p e r a t i o n (Jones et a l [ 2 3 ] ) . 
The experimental data i s a u t o m a t i c a l l y analysed using s p e c i a l l y 
w r i t t e n s oftware. The o s c i l l a t o r y shear-flow a n a l y s i s was developed 
by Jones et a l [23,24] and Holder [ 2 0 ] , and the combined steady and 
o s c i l l a t o r y shear flow a n a l y s i s was developed by Davies et a l [ 1 2 ] . 
The s t r e s s i s a p p l i e d t o the r o t o r by an e l e c t r o n i c a l l y 
c o n t r o l l e d i n d u c t i o n motor. There are no mechanical connections 
between the moving and s t a t i o n a r y p a r t s o f the motor. A l l r o t a t i n g 
p a r t s o f the motor are supported by an a i r b e a r i n g . The r o t o r 
s p i n d l e i s hollow, so that a draw rod may be i n s e r t e d i n t o i t . This 
rod has a screw thread f i t t e d , t o which a number o f d i f f e r e n t p l a t e n s 
may be attached. The basic geometries i n c o r p o r a t e d i n t o t h i s 
apparatus are the cone and p l a t e , p a r a l l e l p l a t e , c o n c e n t r i c 
c y l i n d e r , and double c o n c e n t r i c c y l i n d e r measuring systems. The 
bottom p l a t e may be a u t o m a t i c a l l y r a i s e d or lowered by the computer. 
The l e v e l t o which i t i s r a i s e d i s set on a micrometer s c a l e . This 
mechanism c o n t r o l s the p a r a l l e l p l a t e gap, the c o n c e n t r i c c y l i n d e r 
and double c o n c e n t r i c c y l i n d e r h e i g h t , and the cone and p l a t e 
t runcat ion gap. 
t Manufactured by Carri-Med UK L t d , Dorlting, Surrey RH4 3YX. 
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S l i g h t i m p e r f e c t i o n s i n the a i r bearing g i v e r i s e t o a 'wind 
m i l l i n g ' e f f e c t on the r o t o r . I n order t o c o u n t e r a c t t h i s unwanted 
r o t a t i o n , the rheometer c a l c u l a t e s the torque r e q u i r e d to h o l d the 
r o t o r s t a t i o n a r y , e f f e c t i v e l y ' e x e r t i n g a zero torque' on the p l a t e n . 
This process i s known as b i a s i n g , and occurs each time the bottom 
p l a t e i s lowered. 
The displacement o f the r o t o r i s measured u s i n g an o p t i c a l 
encoder. This measurement system c o n s i s t s o f a c i r c u l a r d i s c d i v i d e d 
i n t o 2500 equal d i v i s i o n s , each marked as a d i g i t a l l o c a t i o n . I n 
between each o f these d i g i t a l p o s i t i o n s , the e l e c t r o n i c s i n t e r p o l a t e s 
between each l i n e t o give a f u r t h e r 256 d i v i s i o n s per l i n e . The 
o p t i c a l encoder t h e r e f o r e has, i n t o t a l , 640,000 d i v i s i o n s , g i v i n g a 
r e s o l u t i o n o f the order o f 10'^ radians. 
The temperature c o n t r o l o f the experimental apparatus i s g r e a t l y 
s i m p l i f i e d by having one p l a t e n f i x e d . This s t a t i o n a r y p l a t e n can 
then form part o f the temperature c o n t r o l system. The Carri-Med 
rheometer uses a P e l t i e r system to c o n t r o l the temperature o f the 
bottom p l a t e . This system may be used i n c o n j u n c t i o n w i t h the 
p a r a l l e l p l a t e and cone and p l a t e geometries. A c i r c u l a t i o n Jacket 
should be i n c o r p o r a t e d i n t o the temperature c o n t r o l system when 
perf o r m i n g c o n c e n t r i c c y l i n d e r and d o u b l e - c o n c e n t r i c c y l i n d e r -
experiments. This Jacket should be operated at the same temperature 
as the P e l t i e r system. The P e l t i e r system uses a t h e r m o - e l e c t r i c 
e f f e c t which f u n c t i o n s as a heat pump system w i t h no moving p a r t s . 
This set up enables the temperature to be c o n t r o l l e d over a range o f 
0-99*C. 
3.4. Steady Shear Flow. 
( a ) . Cone and plate geoooetry ( f i g u r e ( 3 . 4 ) ) . 
The f l u i d i s contained between a cone o f semi-vert l e a l angle 6^, 
and a h o r i z o n t a l f l a t p l a t e . The radius o f the cone ( i . e . the 
d i s t a n c e from the edge t o the v e r t e x ) i s a. The gap angle between 
the cone and the p l a t e i s assumed to be small enough t o ignore the 
• 
f r e e surface boundary e f f e c t . I f the gap angle i s small (< 4 ) , then 
•24 
the shear r a t e across the gap may be assumed t o be constant 
(Walters and Waters [ 4 2 ] ) . i . e . 
73 - ^ . (3.4.1) 
0 
where 0 i s the angular v e l o c i t y o f the r o t o r p l a t e n . The e q u a t i o n o f 
motion o f the cone i s given by 
C - ^ 7^ , (3.4.2) 
where C i s the a p p l i e d couple. The shear v i s c o s i t y f u n c t i o n can 
t h e r e f o r e be determined d i r e c t l y by measuring the angular v e l o c i t y o f 
the cone. 
3Cd 
ViyJ - °- (3.4.3) 
^ 2irna' 
( b ) . P a r a l l e l plate geometry (figure ( 3 . 5 ) ) . 
The f l u i d i s contained between two c i r c u l a r p a r a l l e l p l a t e s o f 
r a d i u s a and separated by a v e r t i c a l d i stance h. The shear r a t e 
across the p a r a l l e l p l a t e gap i s dependent on the r a d i a l d i s t a n c e r. 
i . e . 
T ' s - (3.4.4) 
The maximum shear r a t e occurs at the outer edge o f the geometry 
( r = a ) , and is given by 
> a = ^ (3.4.5) 
The equation o f motion o f the top p l a t e n i s given by the i n t e g r a l , 
a 
C - 2x j r ' y^V(y^) dr (3.4.6) 
0 
S u b s t i t u t i n g f o r r from equation (3.4.4) i n t o the above i n t e g r a l , and 
using equation (3.4.5), we o b t a i n 
•ys'lCTj) dy^ (3.4.7) 
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D i f f e r e n t i a t i n g equation (3.4.7) w i t h respect t o -y^ produces the 
f o l l o w i n g expression f o r the shear v i s c o s i t y f u n c t i o n . 
dC 3C 
+ — (3.4.8) 
i . e . I n order t o evaluate the shear v i s c o s i t y f u n c t i o n we must 
determine the slope o f the couple/shear r a t e curve. 
( c ) Concentric Cylinder Geometry (Figure ( 3 . 6 ) ) . 
The f l u i d i s contained i n an annular gap between two c o n c e n t r i c 
c y l i n d e r s o f r a d i i r j and ( r i < r Q ) , and height h. When the 
r e l a t i v e gap, ( r ^ - r j ) / r | , between the two c y l i n d e r s i s s m a l l , we 
can assume that the shear r a t e across the gap i s co n s t a n t . (Coleman 
et a l [ 9 ] ) i . e . 
r n 
7^ - (3.4.9) 
r - r . o 1 
The e q u a t i o n o f motion o f the inner c y l i n d e r i s gi v e n by 
C - 2^r.'h ri(y^) (3.4,10) 
Hence, the shear v i s c o s i t y f u n c t i o n may be determined d i r e c t l y 
by measuring the angular v e l o c i t y o f the inner c y l i n d e r , 
C ( r - r ) 
^(7- ) - ; (3.4.11) 
2T r j h n 
When the r e l a t i v e gap between the two c y l i n d e r s i s l a r g e , the 
a n a l y s i s i s not so s t r a i g h t f o r w a r d , since the shear r a t e i s now a 
f u n c t i o n o f the r a d i a l d i s t a n c e r. 
A method f o r o b t a i n i n g the shear v i s c o s i t y f u n c t i o n from the 
gr a d i e n t o f the angular v e l o c i t y / c o u p l e curve is presented by Coleman 
et a l [ 9 ] . However, t h i s method i s on l y r e a l l y a p p l i c a b l e f o r very 
large annular gaps, i n which case end e f f e c t e r r o r s due to the f i n i t e 
dimensions o f the measuring system become s i g n i f i c a n t . C l e a r l y , the 
cone and p l a t e , p a r a l l e l p l a t e and narrow gap c o n c e n t r i c c y l i n d e r 
geometries o f f e r much more convenient methods f o r d e t e r m i n i n g the 
shear v i s c o s i t y f u n c t i o n . 
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(d) Concentric Double Cylinder Geometry (Figure (3.7)). 
The a n a l y s i s f o r t h i s flow s i t u a t i o n i s s i m i l a r to t h a t f o r the 
narrow gap c o n c e n t r i c c y l i n d e r geometry except that t h e r e are now two 
separate annular regions o f w i d t h ( r ^ - r , ) and ( r ^ - r^) 
r e s p e c t i v e l y . The advantage o f t h i s arrangement i s t h a t a l a r g e area 
o f f l u i d i s i n contact w i t h the sh e a r i n g s u r f a c e . This r e s u l t s i n 
reduced experimental s c a t t e r , which i s a p a r t i c u l a r l y important 
c o n s i d e r a t i o n when measuring the r h e o l o g i c a l p r o p e r t i e s o f t h i n 
f l u i d s . 
The r e l a t i v e gaps (r^ - r , ) / r , and ( r ^ - r 3 ) / r 3 are bo t h 
assumed t o be sm a l l . Hence, the shear r a t e across each annular gap 
can be assumed to be constant (see equ a t i o n ( 3 . 4 . 9 ) ) . The dimensions 
o f the geometry should be chosen so that the shear r a t e across the 
inner gap i s equal t o the shear r a t e across the out e r gap. The 
couple a c t i n g on the r o t o r c y l i n d e r due t o the motion o f the f l u i d , 
i s g i v e n by 








C - 2ir h 7)(7g)n 
r - r 
2 t 
(3.4.16) 
The shear v i s c o s i t y may be determined d i r e c t l y from measuring the 
angular v e l o c i t y o f the r o t o r p l a t e n . 
C ( r 
v(y^) 
2^ h n r r ^ ( r - r ) + r ^ ( r - r ) 1 L 1 4 a' 3 ^ 2 1 ' J (3.4.17) 
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3.5. Small Amplitude O s c i l l a t o r y Shear Flow. 
This f l o w s i t u a t i o n is e x t e n s i v e l y covered i n Chapters 6 and 7, 
and so w i l l o n l y be discussed b r i e f l y here. I n Chapter 2 we noted 
that the l i n e a r time dependent behaviour o f e l a s t i c o - v i s c o u s f l u i d s 
may be c h a r a c t e r i s e d by the complex v i s c o s i t y f u n c t i o n 17*. I n 
p r a c t i c e , t h i s f u n c t i o n i s a f a i r l y simple q u a n t i t y to measure. The 
most important p o i n t to note i s t h a t the experimental data must be 
sampled i n the l i n e a r v l s c o e l a s t i c r e g i o n . This can be ensured by 
p e r f o r m i n g a torque sweep before a dynamic t e s t i s c a r r i e d o u t . The 
r e g i o n where the dynamic v i s c o s i t y and dynamic r i g i d i t y f u n c t i o n s are 
Independent o f the s t r a i n amplitude d e f i n e s the l i n e a r v i s c o e l a s t l c 
range. 
F l u i d i n e r t i a e f f e c t s may i n f l u e n c e the measurement o f the 
dynamic p r o p e r t i e s o f a f l u i d . These e f f e c t s can be p a r t i c u l a r l y 
severe when measuring the dynamic p r o p e r t i e s o f mobile f l u i d s at h i g h 
frequencies. F l u i d i n e r t i a e f f e c t s can be reduced by using narrow 
gap geometries to measure the dynamic p r o p e r t i e s . In t h i s case, the 
f i r s t order c o r r e c t i o n i s u s u a l l y s u f f i c i e n t t o p r o v i d e accurate 
dynamic data (Jones et a l [ 2 4 ] ) . 
( a ) . Cone and Plate Geometry. 
We consider the small gap angle cone and p l a t e geometry. The 
dynamic v i s c o s i t y and dynamic r i g i d i t y f u n c t i o n s are g i v e n t o f i r s t 
order accuracy by Holder [ 2 0 ] . 
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0 (3.5.2) 
respect i v e l y . 
The a p p l i e d torque amplitude CQ, angular frequency o f 
o s c i l l a t i o n oj, cone radius a, f l u i d d e n s i t y p, and gap angle 0^ are 
a l l known q u a n t i t i e s . The displacement amplitude and phase 
d i f f e r e n c e c, between the a p p l i e d torque and angular displacement 
waveforms are measured as the output from t h i s experiment. 
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( b ) . P a r a l l e l Plate Geometry. 
F o r a p a r a l l e l p l a t e m e a s u r i n g s y s t e m w i t h p l a t e n s o f r a d i u s a 
s e p a r a t e d by a v e r t i c a l d i s t a n c e h, t h e d y n a m i c v i s c o s i t y a n d d y n a m i c 
r i g i d i t y f u n c t i o n s a r e g i v e n t o f i r s t o r d e r a c c u r a c y by. 












( c ) . Concentric Cylinder Geometry. 
F o r a c o n c e n t i c c y l i n d e r m e a s u r i n g s y s t e m w i t h i n n e r and o u t e r 
c y l i n d e r s o f h e i g h t h and r a d i i r ; a n d r e s p e c t i v e l y , (r^Kr^), t h e 
e x p r e s s i o n s f o r t h e d y n a m i c v i s c o s i t y a n d d y n a m i c r i g i d i t y f u n c t i o n s 
t o f i r s t o r d e r a c c u r a c y a r e a s f o l l o w s , 
V -
^J^l- r ' ) s i n ( c ) 
0 o 1 
4ir<jX h r V ? o o 1 
(3.5.5) 
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( d ) . Double Concentric Cylinder. 
For the double c o n c e n t r i c c y l i n d e r measuring system w i t h inner 
and outer annular gaps o f w i d t h ( r ^ - r ^ ) and ( r ^ - r^) r e s p e c t i v e l y , 
the dynamic v i s c o s i t y and dynamic r i g i d i t y f u n c t i o n s are g i v e n t o 
f i r s t order accuracy by 
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Combined Steady and O s c i l l a t o r y Shear Flow 
4.1 Introduction 
I n t h i s chapter, we c a r r y out a t h e o r e t i c a l a n a l y s i s o f a 
u n i d i r e c t i o n a l shear f l o w o f an e l a s t i c o - v i s c o u s f l u i d i n which the 
shear r a t e f l u c t u a t e s s i n u s o i d a l l y about a non zero mean. One o f the 
aims o f the a n a l y s i s , i s to determine the e f f e c t o f the o s c i l l a t o r y 
shear component on the mean shear s t r e s s produced i n the f l u i d . I n 
order to understand the m o t i v a t i o n behind t h i s work, we s h a l l c a r r y 
out a review o f the previous l i t e r a t u r e r e l e v a n t to t h i s f l o w 
s i t u a t i o n . 
I t i s w e l l documented t h a t when an o s c i l l a t o r y shear component 
is superimposed on to the steady shear flow o f an e 1 a s t i c o - v i scous 
f l u i d , a change i n the mean flow r a t e i s observed (Jones and Walters 
[ 2 2 ] , Barnes et a l [ 2 ] , Sundstrom and Kaufman [ 3 7 ] , Davies et a l 
[ 1 0 ] , Phan-Thien and Dudek [ 3 6 ] ) . This i s to be expected, as the 
equations d e s c r i b i n g the r e l a t i o n s h i p between the s t r e s s and the 
s t r a i n f o r these m a t e r i a l s are n o n - l i n e a r . 11- can r e a d i l y - b e shown 
t h a t f o r a Newtonian f l u i d , no change i n the mean f l o w r a t e i s 
p r e d i c t e d (Barnes et a l [ 2 ] ) . Depending on the f l o w c o n d i t i o n s 
considered, the superimposed o s c i l l a t o r y shear component can have 
e i t h e r a b e n e f i c i a l or a d e t r i m e n t a l e f f e c t on the mean f l o w r a t e o f 
the f l u i d (Barnes et a l [ 2 ] , B u l l i v a n t [ 8 ] ) . This phenomenum i s 
known as flow enhancement. The s i g n convention u s u a l l y adopted i s 
t h a t a p o s i t i v e flow enhancement represents an increase i n f l o w r a t e , 
whereas a negative flow enhancement s i g n i f i e s a decrease i n t h i s 
quant i t y . 
A p a r t i c u l a r flow problem which has recieved a great deal o f 
a t t e n t i o n i n flow enhancement s t u d i e s i s the f l o w o f an 
e l a s t i c o - v i s c o u s f l u i d through a s t r a i g h t pipe o f c i r c u l a r 
c r o s s - s e c t i o n (Walters and Townsend [ 4 4 ] , Barnes et a l [ 2 ] , Sundstrom 
and Kaufman [ 3 7 ] , Davies et a l [ 1 0 ] , Phan-Thien [ 3 4 ] ) . The pressure 
g r a d i e n t g e n e r a t i n g the flow s i t u a t i o n i s assumed t o f l u c t u a t e about 
a non-zero mean. However, other flow s i t u a t i o n s have been 
considered. Jones and Walters (Jones and Walters [ 2 2 ] ) have c a r r i e d 
out an i n v e s t i g a t i o n o f the combined steady and o s c i l l a t o r y shear 
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f l o w o f an e l a s t i c o - v i s c o u s f l u i d on a Weissenberg rheogoniometer. 
Recently, Davies et a l [12] have demonstrated t h a t a c o n t r o l l e d 
s t r e s s rheometer can be used t o i n v e s t i g a t e f l o w enhancement 
behaviour. 
The flow o f an e l a s t i c o - v i s c o u s f l u i d through a s t r a i g h t pipe o f 
c i r c u l a r c r o s s - s e c t i o n due t o a pulsed pressure g r a d i e n t i s a f l o w 
s i t u a t i o n f r e q u e n t l y encountered i n i n d u s t r y . Many i n d u s t r i a l 
processes in v o l v e pumping non-Newtonian f l u i d s through s t r a i g h t pipes 
o f c i r c u l a r c r o s s - s e c t i o n . I t i s w e l l known th a t some mechanical 
pumps use a r e c i p r o c a l mechanism which r e s u l t s i n a p u l s a t i l e 
pressure g r a d i e n t . The t h e o r e t i c a l work o f Barnes et a l [ 2 ] u s i n g a 
four constant Oldroyd model, p r e d i c t e d t h a t i n c e r t a i n cases where an 
increase i n flow r a t e was observed, the energy r e q u i r e d t o m a i n t a i n 
the pulsed pressure gradient was, i n f a c t , less than t h a t r e q u i r e d t o 
generate the corresponding steady shear flow. This r e s u l t suggested 
t h a t i t would be o f economic advantage t o design a pumping mechanism 
tha t encouraged a pulsed pressure g r a d i e n t . This t h e o r e t i c a l 
p r e d i c t i o n was however found t o be at variance w i t h those o f 
Sundstrom and Kaufman [37] using an E l l i s model, and Phan-Thien and 
Dudek [ 3 6 ] , using a n o n - a f f i n e network model, which p r e d i c t e d t h a t 
the unsteady shear flow would r e q u i r e the g r e a t e r energy t o 
generate. Phan-Thien and Dudek suggest t h a t the discrepancy between 
these t h e o r e t i c a l p r e d i c t i o n s may be due t o the form o f the v i s c o s i t y 
f u n c t i o n assumed i n the Oldroyd model. These workers (Phan-Thien and 
Dudek [36] used a power law r e l a t i o n t o model the shear v i s c o s i t y o f 
the e l a s t i c o - v i s c o u s f l u i d . 
Barnes, Townsend, and Walters [ 2 ] c a r r i e d out the f i r s t d e t a i l e d 
i n v e s t i g a t i o n i n t o flow enhancement behaviour f o r the p u l s a t i l e pipe 
f l o w problem o u t l i n e d e a r l i e r i n t h i s i n t r o d u c t i o n . This work was a 
c o n t i n u a t i o n o f e a r l i e r t h e o r e t i c a l work c a r r i e d out by Walters and 
Townsend [ 4 4 ] . Both of these s t u d i e s considered the s i t u a t i o n i n 
which the superimposed o s c i l l a t o r y shear component was s i n u s o i d a l i n 
c h a r a c t e r , and used a four constant Oldroyd model t o pr o v i d e 
t h e o r e t i c a l p r e d i c t i o n s as t o the nature o f the f l o w enhancement 
e f f e c t . These p r e d i c t i o n s were then compared w i t h experimental data 
o b t a i n e d from a conventional pipe flow apparatus. I t should be noted 
t h a t the i n v e s t i g a t i o n was r e s t r i c t e d t o small values o f the r a t i o 
between the p u l s a t i l e pressure g r a d i e n t amplitude and the steady 
pressure g r a d i e n t . 
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Barnes et a l [2] obtained agreement between t h e o r y and 
experiment concerning the v a r i a t i o n o f f l o w enhancement w i t h mean 
pressure gradient f o r a f i x e d frequency o f p u l s a t i o n . However, 
c o n t r a d i c t o r y r e s u l t s were obtained between the t h e o r e t i c a l 
p r e d i c t i o n s and the experimental data r e g a r d i n g the frequency 
dependence o f the flow enhancement e f f e c t . The experimental data 
i n d i c a t e d that f l o w enhancement should increase as the frequency o f 
p u l s a t i o n i s increased. The Oldroyd model, however, p r e d i c t e d t h a t 
f l o w enhancement should decrease over t h i s frequency range. Davies 
et a l [10] using a Coddard-MiIler model, Sundstrom and Kaufman [37] 
u s i n g an E l l i s model and Phan-Thien [35] u s i n g b o t h a B-KBZ model and 
a n o n - a f f i n e network model, were a l l unable t o p r e d i c t the frequency 
dependence o f the Barnes et a l experimental data. Furthermore, 
Sundstrom and Kaufman presented experimental data sampled at low 
frequencies o f p u l s a t i o n which showed that f l o w enhancement decreased 
w i t h i n c r e a s i n g frequency. They a l s o showed that the E l l i s model was 
able t o p r e d i c t these experimental r e s u l t s . I t was l a t e r p o i n t e d out 
by Phan-Thien and Dudek [ 3 6 ] , t h a t the Coddard-Mi11er model and the 
four constant Oldroyd model are a l s o capable o f d e s c r i b i n g the 
experimental data taken by Sundstrom and Kaufman. I n t e r e s t i n g l y , 
Phan-Thien [34]-managed to q u a l i t a t i v e l y p r e d i c t the frequency 
dependence o f the flow enhancement data o f Barnes et a l , u s i n g a 
simple g e n e r a l i z e d Maxwell model. 
In the conventional pipe flow apparatus used by Barnes et a l 
[ 2 ] , the mean pressure gradient i s c o n t r o l l e d , and the mean f l o w r a t e 
i s measured. In order t o compare theory w i t h experiment, the 
amplitude o f the p u l s a t i l e pressure g r a d i e n t must a l s o be measured. 
This measurement i s d i f f i c u l t t o o b t a i n a c c u r a t e l y , e s p e c i a l l y at 
h i g h frequencies, and so can be subject t o e r r o r . Davies and 
Cha k r a b a r t i [11] overcame t h i s l i m i t a t i o n by developing a m o d i f i e d 
p u l s a t i l e pipe f l o w apparatus. In t h i s m o d i f i e d apparatus, the mean 
f l o w r a t e and the amplitude o f the p u l s a t i l e pressure g r a d i e n t are 
c o n t r o l l e d . Hence, w i t h t h i s instrument, measurement o f the 
p u l s a t i l e pressure gradient i s not r e q u i r e d . 
The problem o f measuring the p u l s a t i l e pressure g r a d i e n t 
amplitude on the conventional pipe flow apparatus was a l s o r a i s e d by 
Phan-Thien and Dudek [ 3 6 ] . These workers m o d i f i e d the pipe f l o w 
apparatus by mounting the pressure transducer d i r e c t l y on t o the 
pressure tap hole i n the t e s t s e c t i o n o f the pipe flow apparatus. I n 
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the c onventional apparatus the transducer i s connected t o the 
pressure hole tap v i a two p l a s t i c tubes r e s u l t i n g i n a la r g e 
a t t e n u a t i o n o f the p u l s a t i l e pressure g r a d i e n t amplitude. T h i s 
a t t e n u a t i o n increases w i t h i n c r e a s i n g frequency. 
Phan-Thien and Dudek [36] used t h i s m o d i f i e d apparatus t o c a r r y 
out an experimental programme to i n v e s t i g a t e f l o w enhancement 
behaviour. These experimental r e s u l t s showed t h a t f l o w enhancement 
decreases w i t h i n c r e a s i n g frequency o f p u l s a t i o n . T h i s work a l s o 
i n c l u d e d a t h e o r e t i c a l a n a l y s i s o f the f l o w problem u s i n g a 
n o n - a f f i n e network model. Q u a l i t a t i v e agreement was o b t a i n e d between 
the experimental f l o w enhancement data and the t h e o r e t i c a l 
p r e d i c t i o n s concerning the v a r i a t i o n o f f l o w enhancement w i t h both 
frequency o f p u l s a t i o n and mean pressure g r a d i e n t . I t should be 
p o i n t e d out t h a t , i n t h i s i n v e s t i g a t i o n , the r a t i o o f the p u l s a t i l e 
pressure g r a d i e n t amplitude t o the steady pressure g r a d i e n t was 
sm a l l . Consequently, the experimental data o b t a i n e d by Phan-Thien 
and Dudek was subject to a large amount o f experimental s c a t t e r . 
The i n v e s t i g a t i o n s i n t o the p u l s a t i l e pipe flow problem 
described above, have i n general been r e s t r i c t e d t o small p u l s a t i l e 
pressure g r a d i e n t amplitudes. Consequently, the experimental r e s u l t s 
o b t a i n e d from these s t u d i e s c o n t a i n some experimental s c a t t e r . 
Davies et a l [12] considered the p o s s i b i l i t y o f using the Carri-Med 
c o n t r o l l e d s t r e s s rheometer t o c a r r y out combined steady and 
o s c i l l a t o r y shear s t r e s s experiments. This instrument can be used t o 
superimpose large amplitude o s c i l l a t o r y displacements on to the 
steady shear flow o f a t e s t f l u i d . P r e l i m i n a r y experiments, produced 
r e s u l t s which were i n q u a l i t a t i v e agreement w i t h the t h e o r e t i c a l 
p r e d i c t i o n s o f Walters and Townsend [44] and Davies et a l [ 1 0 ] . 
Townsend [39] developed a v i s c o e l a s t i c theory based on a fo u r 
constant Oldroyd model. This theory included the e f f e c t s o f f l u i d 
i n e r t i a and was v a l i d f o r large amplitudes o f o s c i l l a t i o n . 
The c u r r e n t p r o j e c t w i l l extend the work o f Davies et a l [12] by 
c o n s i d e r i n g the e f f e c t o f a large s i n u s o i d a l f l u c t u a t i o n o f the mean 
shear f l o w on the mean shear s t r e s s produced i n the f l u i d . A 
c o r o t a t i o n a l Coddard-MiI 1er model i s used t o describe the n o n - l i n e a r 
r e l a t i o n s h i p between the shear s t r e s s and shear r a t e f o r an 
e l a s t i c o - v i s c o u s f l u i d . This model i s capable o f d e s c r i b i n g large 
deformations. Due t o the complexity o f the equations i n v o l v e d , 
mechanical and f l u i d i n e r t i a e f f e c t s w i l l be ignored i n the a n a l y s i s . 
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The g e n e r a l i s e d Newtonian model w i l l be used t o p r e d i c t the 
change i n mean shear s t r e s s f o r an i n e l a s t i c f l u i d . A comparison o f 
the r e d u c t i o n i n mean shear s t r e s s p r e d i c t e d by the Goddard-Mi11er 
and Generalised Newtonian models w i l l p r o v i d e i n f o r m a t i o n concerning 
the importance o f e l a s t i c i t y i n t h i s f l o w s i t u a t i o n . As mentioned 
e a r l i e r , the shape o f the shear v i s c o s i t y curve e x e r t s a s t r o n g 
i n f l u e n c e on the flow enhancement behaviour o f an i n e l a s t i c f l u i d . 
The present study w i l l compare i n e l a s t i c and v i s c o e l a s t i c flow 
enhancment p r e d i c t i o n s f o r the power law, Carreau, and Segalman 
mode I s . 
4.2. V i s c o e l a s t i c model. 
4.2.1. C o n s t i t u t i v e equation. 
The c o n s t i t u t i v e equation f o r t h i s a n a l y s i s i s p r o v i d e d by the 
Goddard-MiIler model. For t h i s model, r e l a t i o n s h i p between the 
s t r e s s and the s t r a i n f o r an e I a s t i c o - v i s c o u s f l u i d i s g i v e n by ( B i r d 
et a l [ 4 . 5 ] ) . i . e . 
t 
a'{t) - I C ( t - t ' ) r ( x , t , f ) d t ' , (4,2.1) 
-co 
where £'(t) i s the e x t r a s t r e s s tensor, C ( t - t ' ) i s known as the 
r e l a x a t i o n modulus, and r ( x , t , t ' ) i s the c o r o t a t i o n a l r a t e o f s t r a i n 
o f tensor. The f o r m u l a t i o n together w i t h some o f the p r o p e r t i e s o f 
t h i s model were discussed i n d e t a i l i n Chapter 2. 
4.2.2. The geometry. 
We consider the combined steady and o s c i l l a t o r y shear f l o w o f a 
v i s c o e l a s t i c f l u i d contained i n an annular gap between two c o n c e n t r i c 
c y l i n d e r s o f r a d i i r j and r ^ ( r i < r Q ) , (see f i g u r e ( 3 . 6 ) ) . The height 
o f f l u i d i n contact w i t h the c y l i n d e r s i s h. At t h i s stage o f the 
a n a l y s i s , no assumption i s made as to the boundary c o n d i t i o n s on the 
inner and outer c y l i n d e r s . The t h e o r e t i c a l a n a l y s i s proceeds by 
assuming that the shear r a t e y i n the f l u i d i s o f the form 
7 ( r , t ) = y j \ + ce*'^') , (4.2.2) 
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where 7^ i s the mean shear r a t e and c i s the r a t i o between the 
o s c i l l a t o r y shear r a t e amplitude and the mean shear r a t e . I n 
equ a t i o n ( 4 . 2 . 2 ) , the r e a l part i s i m p l i e d . 
A l l p h y s i c a l q u a n t i t i e s are r e f e r r e d t o a c y l i n d r i c a l p o l a r 
c o o r d i n a t e system ( r , ^ , z ) . The v e l o c i t y p r o f i l e i n the f l u i d i s 
assumed to be o f the form 
e 
r F ( r ) ; - 0 (4.2.3) 
Hence the equation o f c o n t i n u i t y f o r incompressible f l u i d s i s 
a u t o m a t i c a l l y s a t i s f i e d . i . e . 
(4.2.4) 
The f l u i d e x e r t s a torque on the upper p l a t e n due t o the shear 
s t r e s s that i s produced i n the f l u i d . Our main i n t e r e s t i n t h i s work 
i s t o o b t a i n an expression f o r the mean shear s t r e s s produced i n the 
f l u i d . We w i l l also d e r i v e expressions f o r the fundamental s t r e s s 
amplitude and phase angle. 
4.2.3. Derivation of the mean shear s t r e s s . 
This s e c t i o n w i l l be concerned w i t h a d e r i v a t i o n o f the mean 
shear s t r e s s f o r a general r e l a x a t i o n f u n c t i o n C ( t - t ' ) . 
The c o r o t a t i o n a l r a t e o f s t r a i n tensor i s determined f o r the 
c o n c e n t r i c cyinder geometry i n Appendix A, I t can be shown th a t the 
c o r o t a t i o n a l r a t e o f s t r a i n tensors f o r the p a r a l l e l p l a t e and small 
gap angle cone and p l a t e geometries are o f the same general form as 
tha t described below. 
r ( r , t , f ) 
• s i n ( ^ ) c o s ( ^ ) 0 
cos(ip) s\n(ip) 0 
0 0 0 
7 , , ( r , t ' ) 
(4.2.5) 
where 
^ - J 7 , , ( r . t " ) d t " 
t ' 
(4.2.6) 
On examining equation ( 4 . 2 . 5 ) , we see th a t the shear s t r e s s 
components a'^^, a'^^, <J^^, and a^^ are a l l zero as expected. The 
-36 
normal s t r e s s components <^'^^t ^'dd' ^zz S've any 
c o n t r i b u t i o n t o the couple being a p p l i e d t o the upper p l a t e n , and 
t h e r e f o r e w i l l not be considered i n t h i s work. The o n l y components o f 
r t h a t give r i s e t o shear stresses producing a couple i n the f l u i d are 
the r ,^. and the components. 
On s u b s t i t u t i n g e quation (4.2.5) i n the c o n s t i t u t i v e e q u a t i o n 
( 4 . 2 . 1 ) , we see that the shear s t r e s s produced i n the f l u i d i s g i v e n 
by 
t t 
^ e r ° 1 G ( t - t ' ) c o s [ j 7 ^ ^ ( t " ) d t " ] 7 ^ ^ ( f ) d f , (4.2.7) 
-00 t • 
where the shear r a t e JQJ. i s o f the form given i n e q u a t i o n ( 4 . 2 . 2 ) , 
Hence, equation (4.2.7) may be w r i t t e n as 
\ G ( t - f ) c o s 7„(t-f) — [ 'm r^ icJ t giwt 
(J3 
7 (1 + ee*'^'*) d f . m 
(4.2.8) 
Let 
s - t - t» 
So th a t equation (4.2.8) becomes 
(4.2.9) 
I C(s) cos *'*'m^ r io)t i t J ( t-s) y^s [e - e . i o ) ( t - s ) . , 7 (1 + ee ') ds . 'm 
(4.2.10) 
We may s i m p l i f y (4.2.10) f u r t h e r by i n t e g r a t i n g by p a r t s and t a k i n g 
the r e a l part o f the r e s u l t i n g expression. 
er I C ' ( s ) s i n 7^s + -i!L[^sin(wt) - s i n(a)( t - s ) ) ] 
it) 
ds (4.2.11) 
Using simple t r i g o n o m e t r i c i d e n t i t i e s we can e a s i l y show t h a t the 
shear s t r e s s produced i n the f l u i d i s given by 
I C ' ( s ) s i n 7 e 7 s + s i n(cJs/2)cos(a)t - ws/2) ds . (4.2.12) 
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The shear s t r e s s <T^ 0f i s p e r i o d i c i n time t . We can t h e r e f o r e 
express a'^^ as a Fo u r i e r s e r i e s expansion. i . e . 
a 
<Tl ( t ) - — - + ) fa cos(na)t) + b sin(na}t) dr ^ L n n J (4.2.13) 
n="i 
C l e a r l y the f i r s t term i s the value o f the mean shear s t r e s s <J^J^, and 
i s g iven by the formula 
2Tr/cu 
On equa t i n g equation (4,2.12) and equation (4.2.13), we.^  o b t a i n 
2 i r 00 ' ^ m ' - l i J 1 - C ' ( s ) s i n 
u=o s=o 
7 s + sin((4)s/2)cos(u-o)s/2) 
where 
u = cot 
We may express equation (4.2.15) as 








f r 27 f 'm COS 
0 03 
2Tr 
g2 = ^  I s i n 
s i n ( a ) s / 2 ) COS (u-<i)s/2) du , (4.2.18) 
27„^ m s i n(a>s/2)cos(u-u)s/2) du (4.2.19) 
The integrands d e f i n e d i n g l and g2 are both p e r i o d i c f u n c t i o n s o f 
p e r i o d 2?. Hence, i f we make the s u b s t i t u t i o n . 
p u - a)s/2 (4.2.20) 
then g l and g2 become 
cos 
27 € 
sin(aJs/2)cos(p) dp , (4.2.21) 
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and 
S2 - ^ I s i n 
27r r 27 e 
sin(a)s/2)cos(p) dp . (4.2.22) 
Since both integrands are even f u n c t i o n s o f p, we may w r i t e 
cos m sin(a)s/2)cos(p) 
and 
O) 
27 e 'm 
dp , (4.2.23) 
s in(a>s/2)cos(p) S2 = i I s i n 
0 
From (Watson [ 4 6 ] ) , we use the Bessel p r o p e r t y 
ir 
J ( z ) - - f c o s ( z c o s ( p ) ) dp 
0 IT J 
0 
Hence, 





where Jo(z) i s a zero order Bessel f u n c t i o n o f the f i r s t k i n d 
I t can be e a s i l y shown that 
j s i n m sin(a)s/2)cos(p) dp - 0 (4,2.27) 
Hence, we may evaluate the mean shear s t r e s s from the formula, 
f c * ( s ) s i n ( 7 s)J f ? i m i s i n ( a j s / 2 ) l ds (4.2.28) J 'm 0 L o) J 
Let the change i n mean shear s t r e s s due t o an imposed 






where the steady shear s t r e s s i s given by the i n t e g r a l . 
^s " ( s ) s i n ( 7 ^ s ) ds (4.2.30) 
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I f we i n t e g r a t e equation (4.2.30) by p a r t s , we o b t a i n , 
00 
7 | G ( S ) C O S ( 7 s) ds (4.2.31) 
0 
From ( B i r d et a l [ 5 ] ) , we see t h a t the v i s c o s i t y f u n c t i o n 77(7) and the 
r e l a x a t i o n modulus G ( s ) are r e l a t e d by 
00 
'?(7) - | c ( s ) c o s ( 7 s ) ds (4.2.32) 
0 
Hence, the steady shear s t r e s s may be evaluated from 
4.2.4. Derivation of the fundamental s t r e s s amplitude and phase. 
The F o u r i e r s e r i e s expansion given i n eq u a t i o n (4.2.13) may be 
expressed as. 
a ~ 
( r ^ ' ( t ) - — 2 - + ) ff^^cos(na)t-c^) (4.2.34) 
2 n - i 
where a^p, c^ are the n^^ harmonic amplitude and phase lag o f the 
shear s t r e s s waveform. 
'^a. " h i ^ ^ i J ' (4.2.35) 
i s the fundamental s t r e s s amplitude, and 
c^ - t a n " ' ( B y A^) (4.2.36) 
i s the phase lag between the fundamental o s c i l l a t o r y component o f 
shear s t r e s s and the o s c i l l a t o r y component o f the shear r a t e , 
( a ) . Derivation of A,. 
From equation (4.2.13). A^  i s given by the i n t e g r a l , 
2ir/a) 
- ^ 1 (T'^(t)cos(a>t) dt (4.2.37) 
0 
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Hence, using equation (4.2.12) we may express A, as, 
2ir » 
U=0 S-0 
7 s + m s i n (a»s/2) cos (u-<i)s/2 ) 
O) 
where 
u = a)t 
cos(u) ds du , 
(4.2.38) 
(4.2.39) 
We may r e w r i t e equation (4.2.38) as two separate double i n t e g r a l s , 
i . e . 




h i - i i cos 
m s i n(Ci)s/2) cos (u-o)s/2) cos(u) du , (4.2.41) 
and 
2T 
h2 - i I s i n ra s i n(a)s/2)cos(u-o)s/2) 
0) 
cos(u) du . (4.2.42) 
The i n t e g r a l s d e f i n e d i n h i and h2 are both p e r i o d i c f u n c t i o n s o f 
p e r i o d 2ir. Hence i f we make the s u b s t i t u t i o n . 
u - a)s/2 (4.2.43) 
then h i and h2 become 
h i 
2ir 










sin(aJs/2)cos(p) cos(p+o)s/2) dp . (4.2.45) 
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Evaluation of h i . 
Let us f i r s t consider h i . 
2ir 
h i = 1 cos(o)s/2) Jcos 
2 7 6 
'm sin(o)s/2)cos(p) cos(p) dp 
sin(a)s/2)|cos 
2 ^ r 2 7 e 
sin(<i)s/2)cos(p) s i n ( p ) dp . 
(4.2.46) 
The f i r s t i ntegrand i s an even Function o f p and the second i n t e g r a n d 
i s an odd f u n c t i o n of p. Hence, equa t i o n (4.2.46) s i m p l i f i e s t o 
h i - 2cos(oJs/2) cos m sin(o)s/2)cos(p) 
0} 
cos(p) dp . (4.2.47) 
I t can e a s i l y be shown from equation (4.2.47) t h a t 
h i - 0 
Evaluat ion of h 2 . 
(4.2.48) 
2ir 
h2 = ^ j s i n m sin(a)s/2)cos(p) cos(p-Kx)s/2) dp (4.2.49) 
By employing s i m i l a r arguments to those used t o evaluate h i , i t can 
be deduced that the i n t e g r a l d e f i n e d by equ a t i o n (4.2.49) reduces to 
the f o l l o w i n g expression, 
h2 - 2cos(aJs/2)J m s i n(a)s/2) (4.2.50) 
where J , ( z ) i s a f i r s t order Bessel f u n c t i o n o f the f i r s t k i n d and i s 
d e f i n e d by the i n t e g r a l (Watson [ 4 6 ] ) , 
2 J^(z) - - | s i n ( z c o s ( p ) ) c o s ( p ) dp (4,2.51) 
Hence, s u b s t i t u t i n g equations (4.2.48) and (4.2.50) i n t o e q u a t i o n 
(4.2.40), we o b t a i n A, given by 
- - 2 j c (s)cos(7^s)cos(aJs/2)J m sin(a)s/2) ds (4.2.52) 
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(b) Derivation of B,. 
From equation (4.2,13), we see t h a t B, i s g i v e n by 
2ir/o) 
B^  = ^ j a ^ ^ ( t ) s i n ( a ) t ) dt (4.2.53) 
S u b s t i t u t i n g equation (4.2.12) i n t o (4.2.53), we o b t a i n 
2V oo 
B - - i I I C ( s ) s i n 
U-O S-0 
7 s + 'm 
m s i n(a)s/2)cos (u-o)s/2) 
0) 
s i n ( u ) ds du , 
(4.2.54) 
which may be s p l i t i n t o two separate double i n t e g r a l s as f o l l o w s , 
B 
1 
I G'(s)sin(7^s)g5 ds - | C ( s ) c o s ( 7 ^ s ) h 4 ds , (4.2.55) 
where 
2ir 
h3 = i f 
IT 
COS 




2y e 'm s in(oJs/2)cos(u-o)s/2) s i n ( u ) du (4.2.57) 
I f we analyse the above i n t e g r a l s using s i m i l a r techniques t o those 
used to evaluate h i and h2, then we o b t a i n the f o l l o w i n g r e s u l t s , 
h3 - 0 (4.2,58) 
and 
h4 - 2sin(cjs/2)J m sin(a)s/2) 
Ci) 
(4.2.59) 
Hence, B^  may be evaluated from the i n t e g r a l , 
= - 2 j c ( s ) c o s ( 7 ^ s ) s i n ( u j s / 2 ) J ^ 
r 27 e 
I 'm s i n(a)s/2) ds (4.2.60) 
From equations (4.2.52) and (4.2.60), we may determine the 
fundamental s t r e s s amplitude and the phase lag d e f i n e d i n equations 
(4.2,35-36). 
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4.2.5. Evaluation of integrals using r e c u r s i v e techniques. 
The i n t e g r a l s d e f i n e d by equations (4.2.28), (4.2.38), and 
(4.2.60) do not lend themselves w e l l t o numerical i n t e g r a t i o n . The 
problem being t h a t the upper l i m i t o f i n t e g r a t i o n i s i n f i n i t y , and 
tha t the integrands c o n t a i n the product o f two p e r i o d i c f u n c t i o n s . 
Hence, we would expect convergence f o r any numerical scheme t o be 
slow and subject to rounding o f f e r r o r s . This s e c t i o n w i l l show an 
a l t e r n a t i v e approach where the i n t e g r a l s c o u l d be e v a l u a t e d 
a n a l y t i c a l l y u s i ng r e c u r s i v e techniques. 
( a ) . F r a c t i o n a l reduction In mean shear s t r e s s ( E ) . 
The i n e t g r a l i n equation (4.2.28) may be ev a l u a t e d i n the 
f o l l o w i n g way. From (Watson [ 4 6 ] ) , we may express the Bessel 
f u n c t i o n Jo(z) by the i n f i n i t e s e r i e s d e f i n e d below, 
which i s convergent f o r a l l z. S u b s t i t u t i n g e q u a t i o n (4.2.61) i n t o 
(4.2.28). we o b t a i n , 
""m ° " I T ^ T F J c'(s)sin(7^s)sin'*'(a)s/2) ds . (4.2.62) 
k-o 0 
Hence the mean shear s t r e s s a^j^ can be expressed as a convergent 
i n f i n i t e s e r i e s o f i n t e g r a l s . Using t r i g o n o m e t r i c i d e n t i t i e s , the 
mean shear s t r e s s may be expressed as 
a - - y f ^ l f c ' ( s ) s i n ( 7 s ) ( l - cos(a)s))*^ ds . (4.2.63) 
^ ,L 2*^(k!)2 >• oj J J k->o 0 
We now d e f i n e the i n t e g r a l 1^(7^) t o be 
2 k ^ 




" ' Z fcp 'k^-^n,) (4.2.65) 




Therefore, provided the value o f the i n t e g r a l Iit(7m) 
determined f o r a l l k, then t h e o r e t i c a l l y we should be abl e t o p r e d i c t 
the mean shear s t r e s s a^j^. 
The i n t e g r a l l k ( 7 m ) equation (4.2.64) may be expressed i n 
terms o f three separate i n t e g r a l s 1^-1 ^ 7m)' ^k-l^Tm"*^)* 
'k-l<7m-<^)- i - e . 




>o(7m) - - | c ' ( s ) s i n ( 7 ^ s ) ds (4.2.67) 
0 
I n t e g r a t i n g (4.2.67) by p a r t s produces 
00 
I^(7m) - J G ( s ) c o s ( 7 ^ s ) ds (4.2.68) 
0 
From ( B i r d et al [ 5 ] ) , we see that the shear v i s c o s i t y f u n c t i o n f o r 
the Goddard-Mi1ler model i s given by 
00 
'jCTm) =• | c ( s ) c o s ( 7 ^ s ) ds . (4.2.69) 
0 
Hence, equation (4.2.68) becomes 
When equat i o n (4.2.66) is used r e c u r s i v e l y t o o b t a i n lk.(7m)» *® s h a l l 
need the general r e s u l t f o r ly^^iyj^troj) , which can be o b t a i n e d from 
e q u a t i o n (4.2.66) by r e p l a c i n g 7^, by 7m-rw t o g i v e 
l^iim^roy) = i [»k_/Tm^'-^) " I » , (7m* ( r + l - j \, .iim'^ir-Do^)] , 
(k-1,2.3,...) (4.2.71) 
where the s t a r t i n g value f o r the scheme i s 
I^ , ( 7 ^ i r u ) - (7^tra))77 (7^±ra)) (4.2.72) 
The r e c u r s i v e formula (4.2.66) may be used to o b t a i n the mean shear 
s t r e s s ffjn, from equation (4.2.65). 
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On s u b s t i t u t i n g equation (4.2.65) i n t o equation (4.2.29), we see t h a t 
the f r a c t i o n a l r e d u c t i o n i n mean shear s t r e s s E, may be o b t a i n e d from 
2k 
E - 1 
' o < v k: 0 'm 
i .e. 
k + i . 2k 
(b) Fundamental Stress Amplitude • 
The fundamental s t r e s s amplitude produced i n the f l u i d i s g i v e n 
by eq u a t i o n (4,2.35). Using the i n f i n i t e s e r i e s Besse1 i d e n t i t y f o r 
J , ( z ) , g i v e n by (Watson [ 4 6 ] ) . 
°° k 2k 
we can show that A, and are given by 
CO k ' 2 k + i 
- y ^lll ^Tm^/'^ ) T G ' ( s ) f s i n ( ( 7 + a>)s) - s i n ( ( 7 - a,)s)] , ^ 2*^+ik! (k+1)! J i m m J k=o 0 *^  
X (1 - cos(a)s)) ds , (4.2.76) 
- )—Sll2 l ^ i n i ] f c ' ( s ) c o s ( 7 s ) ( l - cos(o3s)r ds . (4.2.77) 
EvaluatIon of A,. 






V i ' 1 ^  r ' •» 
where the i n t e g r a l I . ( 7 ) i s d e f i n e d t o be 
K m 
2 k + i * 
1^(7^) - - |G' ( s ) [ s i n ( ( 7 ^ - H ^ ) s ) - s i n ( ( 7 ^ - a ) ) s ) ] (1 - cos(a)s) )*'ds 
(4.2.79) 
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a,. I t i s p o s s i b l e t o express '1^(7^) terms o f a r e c u r s i v e formula 
i n v o l v i n g three i n t e g r a l s eva l u a t e d at the ( k - l ) t h s t e p . i . e . 
' k < V - i[ - 1 'k-,<^-^> - 1 'k-/-^m-> ] • <^'2'«0> 
(k-1.2,3....) 
The s t a r t i n g value f o r t h i s scheme i s given by 
00 




'o^ '^ m'*' I [ ( 7 ^ + ( r + l ) o ) ) T ; ( 7 ^ + ( r + l ) a ) ) - ( 7 ^ + ( r - 1 ) o > ) 7 7 ( 7 ^ + ( r - 1 )a))] 
r"0,±l,±2,... (4.2.82) 
Hence, we have a s i m i l a r i t e r a t i v e scheme f o r e v a l u a t i n g as we 
employed to work out the f r a c t i o n a l r e d u c t i o n i n mean shear 
St ress. 
Evaluat ion of . 
The equation f o r B, i n equation (4.2.77) may be w r i t t e n as 
k-o 
where the i n t e g r a l I ^ ( 7 j ^ s ) i s d e f i n e d as 
- - J G ' ( S ) C O S ( 7 ^ S ) ( 1 - cos(o>s))*''^' ds (4.2.84) 
I t can be shown that the i n t e g r a l 1^(7 ) s a t i s f i e s the r e c u r s i v e 
iC m 
formula d e f i n e d below, 
' k < V - k\ ' ^ - / V - I - 1 ' L ( ^ m - > ] ' (^-2.85) 
k-1,2.3, 
where the s t a r t i n g value f o r t h i s i t e r a t i v e scheme i s g i v e n by 
I ( 7 +ro)) - - e f G ' ( s ) c o s ( ( 7 + r a ) ) s ) ( l - cos(a)s)) ds . (4.2.86) 0 m J m 
r-0,±l,±2.... 
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I n t e g r a t i n g (4.2.86) by p a r t s , produces the expression 
00 
I ^ ( 7^+ra)) - € | G ( S ) [ ( 7 ^ + r a ) ) s i n ( ( 7 ^ + r c i ) ) s ) 
0 
• I ( 7 ^ + ( r + l ) a ) ) s i n ( ( 7 ^ + ( r + l ) a ) ) s ) - j ( 7 ^ + ( r - l ) a > ) s i n ( ( 7 ^ + ( r - 1 ) a ) ) s ) ] ds 
r=-0,il,±2 (4.2.87) 
Hence, i n order t o o b t a i n I ^ ( 7^+ra)) we need t o eva l u a t e i n t e g r a l s o f 
the form 
CO 
Q - | G ( s ) s i n ( ( 7 ^ + r a ) ) s ) ds , (4,2.88) 
0 
r-0,il,±2,... 
which i s discussed i n s e c t i o n (4.2.6) 
F i n a l l y we d e f i n e the non-dimensional q u a n t i t y 6 t o be the r a t i o 
between the fundamental o s c i l l a t o r y s t r e s s amplitude and the mean 
shear st ress. i . e . 
a 
5 - — ' (4.2.89) 
'^m 
and i s ob t a i n e d by e v a l u a t i n g equation (4.2.65) f o r cr,^  and equations 
(4.2.35), (4.2.78) and (4.2.83) f o r . 
4.2.6. Non-Newtonian v i s c o s i t y models. 
The r e l a x a t i o n modulus C(s) i s r e l a t e d t o the shear v i s c o s i t y 
f u n c t i o n by the f o l l o w i n g equation ( B i r d et a l [ 5 ] ) , 
CO 
G ( s ) - I I 7 7 ( 7 ) c o s ( 7 s ) d 7 , (4.2.90) 
0 s>0 
This e q u a t i o n can be used to determine G ( s ) f o r the f o l l o w i n g 
non-Newtonian v i s c o s i t y models. 
( i ) Power Law: 77 (7 ) - • (4.2.91) 
where m and n are m a t e r i a l constants. 
From ( B i r d et a l [ 5 ] ) , C(s) - — c o s ( n V 2 ) r ( n ) (4.2,92) 
I T S " 
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( i i ) Segalman: , ( 7 ) - .n^osi ( l - n ) t a n - i (X ^ ^.93) 
[1 + (X 7 ) ' ] ^ ' 
s 
where r}^, Xg, and n are m a t e r i a l constants. 
From ( B i r d et a l [ 5 ] ) , C(s) = J " ^ (4.2.94) 
X^  r ( l — n ) s 
( H I ) Carreau: r,(.y) - . , (4.2.95) 
where IJQ, X, and n are m a t e r i a l constants. 
r 2'"^"/'7;o K.n/3(s/X) 
from ( B i r d et a l [ 5 ] ) , C(s) - - r , 
U i x ^ - n / 2 r ( ( l - n ) / 2 ) J sn/2 
(4.2.96) 
where ^-r\/2^^/^) *s a mo d i f i e d Bessel f u n c t i o n . 
( a ) . Mean shear s t r e s s r e d u c t i o n ( E ) . 
Before we discuss the three non-Newtonian v i s c o s i t y models, i t 
would be us e f u l t o determine the mean shear s t r e s s r e d u c t i o n as a 
f u n c t i o n o f non-dimensional q u a n t i t i e s . We s h a l l need t o use the 
r e s u l t from equation (4.2.72), 
>o(7m) 
1 ^ l i i ] i C T i n i l f ^ r=0,tl.±2,... (4.2.97) 
7m- ^(7m) 
( I ) . Power law model. 
For the Power Law model (4.2.91), e q u a t i o n (4.2.97) takes the 
form 





r - 0 , i l , * 2 , . . . 
The f r a c t i o n a l r e d u c t i o n i n mean shear s t r e s s i s a f u n c t i o n o f y^<^ 
and the power law index n. We note that i f e q u a t i o n (4.2.98) i s 
d i f f e r e n t i a t e d w i t h respect to y^iji, then the r e s u l t i n g f u n c t i o n w i l l 
c o n t a i n s i n g u l a r i t i e s at in t e g e r values o f 7ni/u- Hence, the slope o f 
the curve o f E against y^iii w i l l have an i n f i n i t e slope f o r i n t e g e r 
values o f 7nj/ti) . 
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( i i ) . Segalman mode 1. 
For the Segalman model (4 .2.93) , e q u a t i p n (4.2.98) takes the form 
i i n i l f i i = [ l + — 1 
s 
^ cos [ (1 -n) t an- VX,;7^( l+r<D/7n,) ) ] 
c o s [ ( l - n ) t a n - ^ ( X ^ 7 j n ) ] 
(4.2.99) 
Hence, the f r a c t i o n a l r e d u c t i o n i n mean shear s t r e s s i s a f u n c t i o n o f 
7m/*^  • ^s7m 
( H i ) Carreau Model. 
For the Carreau model (4.2.95), equation (4.2.98) takes the form 
lo(7m) 
\ , ^ q f l ^ ( X 7 n i ) ^ ^ W 7 n , ) y " - ^ ^ ^ ^ (4.2.100) 
W l 1 + (^7m)^ J 
(b) Fundamental St r e s s Amplitude (a ). 
a 1 - - - — 
I t was noted i n s e c t i o n (4 . 2 . 5 ) that the i t e r a t i v e scheme f o r 
e v a l u a t i n g A, was s i m i l a r to th a t used f o r E. Th e r e f o r e , we w i l l 
c oncentrate our d i s c u s s i o n on the e v a l u a t i o n o f B, f o r d i f f e r e n t 
v i s c o s i t y funct ions. 
(1) Power Law Model. 
For the Power Law model, the i n t e g r a l d e f i n e d by eq u a t i o n 
(4.2.88), takes the form, 
00 
Q = 2m_ cos(nir/2 ) r(n) [ C ( s ) s i n ( ( 7 +rcj)s) ds , (4 .2 .101) 
IT J m 
0 
From (Dwight [15]) we see that the i n t e g r a l d e f i n e d by eq u a t i o n 
(4.2.101) i s a standard i n t e g r a l o f the form 
n - i 
f — s i n ( x s ) ds - ^ (4.2.102) 




m |7n, + ra)| c o t ( n i r / 2 ) (4.2.103) 
The fundamental s t r e s s amplitude and phase expressions f o r the power 
law model are t h e r e f o r e g i v e n a n a l y t i c a l l y . 
( i i ) . Segalman model. 
For the Segalman model, the i n t e g r a l d e f i n e d by e q u a t i o n 
(4.2.88), i s given by 
^ " L r " n i - n ) ^ j - ^ ' ^ ? n ( ( 7 n , ^ r . ) s ) ds . (4.2.104) 
From (Dwight [ 1 5 ] ) we see that the i n t e g r a l d e f i n e d i n e q u a t i o n 
(4,2.104) i s a standard i n t e g r a l o f the form 
? _ i : ' s J n ( x s ) ds - X ^ - " s i n [ ( l - n ) t a n - \ x x ) ] (4.2.105) 
J s" (1 + ( X x ) 2 ) ( i - n ) / 2 
0 
Hence, 
Q . T;„sin[(l-n)tan-i(X(7n,+ra)))] 2 106) 
(1 . X,(7+r.)^)<^-">/^ 
m 
For the Segalman v i s c o s i t y model, we have a n a l y t i c a l expressions 
d e s c r i b i n g the the fundamental s t r e s s amplitude and the phase l a g . 
( i i i ) Carreau Model. 
For the Carreau model, the i n t e g r a l d e f i n e d by e q u a t i o n (4.2.88) 
i s d e f i n e d by 
2i+n/2 00 
Q- f - i 7 1 [ -"/^KA) sin((7m^ra))s) ds . 
U J x i - n / T ( ( l - n ) / 2 ) J J s"/' ' ( 4 . 2 . 1 0 7 ) 
We are unable t o solve (4.2.107) a n a l y t i c a l l y . Hence, we do not 
have a n a l y t i c a l expressions f o r the fundamental s t r e s s amplitude and 
phase lag produced i n the f l u i d f o r the Carreau v i s c o s i t y f u n c t i o n . 
However, i t i s p o s s i b l e t o evaluate these q u a n t i t i e s n u m e r i c a l l y . 
The i n t e g r a l i n equation (4.2.107) may be e v a l u a t e d u s i n g a s u i t a b l e 
numerical i n t e g r a t i o n technique provided a small enough time 
step i s chosen. 
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4 . 3 . I n e l a s t i c model. 
We now consider a model that gives the same v i s c o s i t y behaviour 
as the Goddard-Mi1ler model, but does not describe any e l a s t i c 
e f f e c t s . By comparing t h e o r e t i c a l p r e d i c t i o n s from b o t h models, we 
can comment on the importance o f e l a s t i c i t y i n f l o w 
enhancement behaviour. 
4.3.1. Mean shear s t r e s s for an i n e l a s t i c f l u i d . 
For an i n e l a s t i c f l u i d , the shear s t r e s s i s g i v e n 
by the g e n e r a l i s e d Newtonian model. i . e . 
' ^ ^ r ^ ^ ^ " '^Br^^^'^^'^er^^^^ (4.1.1) 
Again we impose a combined steady and o s c i l l a t o r y shear r a t e o f 
the form 
- y j ^ + ecos(a>t)) (4.3.2) 
mean shear s t r e s s i s obtained from 
m 




S u b s t i t u t i n g equation (4.3.2) i n t o (4.3.3) produces, u s i n g u=o)t, 
m^ " ^ | ( 1 + € C O S ( U ) ) T ; ( 7 ^ ( 1 + ec o s ( u ) ) ) du , (4.3.4) 
0 
The expression d e f i n e d by equation ( 4 . 3 . 4 ) , i s independent o f 
frequency as expected. 
The f r a c t i o n a l r e d u c t i o n i n mean shear s t r e s s i s o b t a i n e d from 
equat ion (4.2.29) 
2ir 
E = 1 
7^1 
f ( l + €COs(u))7;(7^(l + e c o s ( u ) ) ) du , (4.3.5) 
1 ' \ * m 
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We s h a l l now d e r i v e the i n e l a s t i c mean shear s t r e s s r e d u c t i o n f o r the 
t h r e e non-Newtonian v i s c o s i t y models considered i n t h i s work 
( i ) I n e l a s t i c power law model. 
For the power law model, 
2ir 
E - 1 - ^ { ( 1 + £cos(u))|l + eco s ( u ) | " " ' du , (4.3.6) 
0 
The i n t e g r a n d i s an even p e r i o d i c f u n c t i o n o f p e r i o d 2ir. Hence, 
E - 1 i J ( l + e c o s ( u ) ) I l + ecos(u)r"' du , (4.3.7) 
(11) I n e l a s t i c Segalman model. 
For the Segalman model, 
E - 1 - 1 j(l+€COS(u)) 
I + (X^7n,)'(l + f<=os(u))2 
c o s [(l-n)tan-VX^7n,(l + €cos(u))) ] 
c o s [ ( l - n ) t a n - U X g 7 m ) l 
(4.3.8) 
( i l l ) I n e l a s t i c Carreau model. 
For the Carreau model. 
It 
1 - ;i J ( l + ecos(u)) ir 
0 1 + (5^7m)'(l + ecos(u)) 
( i - n ) / 2 
du 
(4.3.9) 
The integrands i n e q u a t i o n s (4.3.7-9) i n c l u s i v e are a l l w e l l behaved 
and can be evaluated using s u i t a b l e numerical techniques. 
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4.3.2. Fundamental s t r e s s amplitude. 
For an i n e l a s t i c f l u i d , we would expect the shear s t r e s s 
waveform t o be i n phase w i t h the shear r a t e waveform. Hence the 
q u a n t i t y B, i n equation (4.2.35) i s equal t o zero. 
Hence, by s u b s t i t u t i n g equations (4.3.1-2) i n t o e q u a t i o n (4.2.37) we 




(1 + ecos(u)) ^ ( 7 j ^ ( l + e c o s ( u ) ) ) cos(u) du 
(4,3.10) 
No r m a l i s i n g t h i s q u a n t i t y w i t h respect t o the mean shear s t r e s s (TJ^, 
we o b t a i n 
v 
2 f (1 + ecos(u)) n(7 (1 + e c o s ( u ) ) ) cos(u) du J m 
a = — < ^ 
[ (1 + f c o s ( u ) ) T|(7 (1 + f c o s ( u ) ) ) du 
(4.3.11) 
The v i s c o s i t y f u n c t i o n s f o r the power law, Segalman, Carreau models 
may be s u b s t i t u t e d i n t o the equation (4.3.11) t o o b t a i n the 
normalised shear s t r e s s amplitude by numerical i n t e g r a t i o n . 
4.4. Theoretical r e s u l t s and discussion. 
I n t h i s s e c t i o n , we i n v e s t i g a t e the r e d u c t i o n o f mean shear 
s t r e s s , p r e d i c t e d by the Coddard-Mi1ler model and the g e n e r a l i s e d 
Newtonian model, due to the i m p o s i t i o n o f a s i n u s o i d a l shear r a t e on 
to a u n i d i r e c t i o n a l steady shear flow. By comparing the p r e d i c t i o n s 
o f these two models, we are able t o comment upon the importance o f 
e l a s t i c i t y i n t h i s f l ow s i t u a t i o n . T h e o r e t i c a l curves are generated 
f o r three d i f f e r e n t v i s c o s i t y f u n c t i o n s as de s c r i b e d by the power 
law, Carreau, and Segalman models. 
We s t a r t t h i s d i s c u s s i o n by c o n s i d e r i n g the mean shear s t r e s s 
r e d u c t i o n p r e d i c t e d by the power law v i s c o s i t y model. This i s an 
important r e g i o n o f the v i s c o s i t y curve f o r us to examine because the 
shear v i s c o s i t y behaviour of many e1 a s t i c o - v i s c o u s f l u i d s can be 
a c c u r a t e l y described, over a wide shear r a t e range, by a power law 
model. Figures (4.1) to (4.5) i n c l u s i v e , show the v a r i a t i o n o f mean 
shear s t r e s s r e d u c t i o n against the non-dimensional q u a n t i t y 7[n f o r 
e values from 0.2 to 2.0. In each o f these f i g u r e s the mean shear 
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s t r e s s r e d u c t i o n i s d e t e r m i n e d f o r t h e t h r e e v a l u e s o f t h e power law 
i n d e x , n « = 0 . 3 . 0 . 6 , a n d O . 9 . 
An i m p o r t a n t d i f f e r e n c e between t h e i n e l a s t i c and v i s c o e l a s t i c 
models i s t h a t t h e i n e l a s t i c power law model p r e d i c t s t h a t mean s h e a r 
s t r e s s r e d u c t i o n i s independent o f Vm/<*> f o r a l l e. A l 1 o f t h e 
f i g u r e s ( 4 . 1 ) t o ( 4 . 5 ) show t h a t as y^aincreases, t h e v i s c o e l a s t i c 
mean s h e a r s t r e s s r e d u c t i o n c u r v e s t e n d t o w a r d s t h e c o n s t a n t 
i n e l a s t i c v a l u e as e x p e c t e d . We n o t e i n f i g u r e s ( 4 . 1 ) and ( 4 . 2 ) , 
t h a t t h e i n e l a s t i c mean sh e a r s t r e s s r e d u c t i o n f o r n e q u a l t o 0.6 i s 
g r e a t e r t h a n n e q u a l t o 0.3. T h i s r e s u l t i s t o be e x p e c t e d , s i n c e 
f o r s m a l l e t h e i n e l a s t i c mean shear s t r e s s r e d u c t i o n i s g i v e n by 
e 2 n ( l - n ) / 4 w h i c h has a maximum v a l u e a t n = 0.5 ( D a v i e s e t a l [ 1 0 ] . 
We w o u l d e x p e c t e l a s t i c e f f e c t s t o have an i m p o r t a n t i n f l u e n c e 
on mean shear s t r e s s r e d u c t i o n i n t h e r e g i o n o f low /{ji. I n f i g u r e s 
( 4 . 1 ) t o ( 4 . 5 ) , we o b s e r v e l a r g e d i f f e r e n c e s between t h e v i s c o e l a s t i c 
and i n e l a s t i c p r e d i c t i o n s i n t h i s p a r t o f t h e c u r v e f o r n e q u a l t o 
0.3 and f o r n eq u a l t o 0.6. We n o t e t h a t t h e d i f f e r e n c e s between t h e 
two p r e d i c t i o n s a r e not v e r y l a r g e f o r n e q u a l t o 0,9. T h i s i s an 
e x p e c t e d r e s u l t because as n approaches u n i t y t h e f l o w s i t u a t i o n 
t e n d s t o t h e N e w t o n i a n case. I t i s i n t e r e s t i n g t o n o t e t h a t i n t h e 
r e g i o n o f 7m/'J < 1. the d i f f e r e n c e between t h e v i s c o e l a s t i c and 
i n e l a s t i c p r e d i c t i o n s o f mean shear s t r e s s r e d u c t i o n , d e c r e a s e s as e 
i s i n c r e a s e d f o r a f i x e d v a l u e o f n. 
F i g u r e ( 4 . 1 ) shows t h a t f o r s m a l l 6 (e = 0 . 2 ) , t h e mean s h e a r 
s t r e s s r e d u c t i o n f o r t h e v i s c o e l a s t i c model i n c r e a s e s w i t h i n c r e a s i n g 
7m/ci> t o a maximum v a l u e w h i c h o c c u r s J u s t b e f o r e y^/o> e q u a l t o 1.0. 
These c u r v e s t h e n d e c r e a s e r a p i d l y t o w a r d s t h e c o n s t a n t i n e l a s t i c 
p r e d i c t i o n . S i m i l a r b e h a v i o u r t o t h i s has been o b s e r v e d by o t h e r 
w o r k e r s ( D a v i e s e t a l [ 1 0 ] , Barnes e t a l [ 2 ] and, Phan-Thien and 
Dudek [ 3 6 ] ) . 
For a f i x e d v a l u e o f y^/(ji we see by c o m p a r i n g f i g u r e s ( 4 . 1 ) t o 
( 4 . 5 ) t h a t t h e mean shear s t r e s s r e d u c t i o n i n c r e a s e s w i t h i n c r e a s i n g 
€. However, i f we t a k e c t o be c o n s t a n t , t h e n we see t h a t t h e 
v i s c o e l a s t i c mean sh e a r s t r e s s r e d u c t i o n c u r v e s o s c i l l a t e w i t h a 
f r e q u e n c y o f 7n,/t^ e q u a l t o 1. The a m p l i t u d e o f o s c i l l a t i o n d e c r e a s e s 
as t h e v i s c o e l a s t i c c u r v e s t e n d t o t h e i n e l a s t i c p r e d i c t i o n . A 
resonance e f f e c t appears t o o c c u r a t e e q u a l t o 1.0. A consequence 
o f t h i s o s c i l l a t i n g b e h a v i o u r , i s t h a t t h e Cod d a r d - M i 1 1 e r model 
p r e d i c t s t h a t r e d u c t i o n i n mean shear s t r e s s may e i t h e r i n c r e a s e o r 
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d e c r e a s e w i t h i n c r e a s i n g /w. The i n e l a s t i c model p r e d i c t s t h a t t h e 
r e d u c t i o n i n mean shear s t r e s s i s indep e n d e n t o f 7^ Z^-
I n f i g u r e ( 4 . 5 ) , we n o t e t h e i r r e g u l a r shape o f t h e v i s c o e l a s t i c 
mean s h e a r s t r e s s r e d u c t i o n c u r v e f o r e e q u a l t o 2, n e q u a l t o 0.3. 
I n o r d e r t o check t h a t t h e b e h a v i o u r o f t h i s c u r v e i s n o t due t o any 
n u m e r i c a l r o u n d i n g e r r o r , t h e computer p r o g r a m used was r u n i n b o t h 
d o u b l e and q u a d r u p l e p r e c i s i o n . 
Let us now c o n s i d e r t h e r e d u c t i o n i n mean s h e a r s t r e s s p r e d i c t e d 
by t h e C a r r e a u v i s c o s i t y f u n c t i o n . T h i s v i s c o s i t y model i s c a p a b l e o f 
d e s c r i b i n g r e a l i s t i c s hear v i s c o s i t y b e h a v i o u r o v e r a w i d e r s h e a r 
r a t e range t h a n t h e power law model. A n o t h e r a d v a n t a g e o f u s i n g t h i s 
v i s c o s i t y f u n c t i o n i n c o n j u n c t i o n w i t h t h e Coddard-Mi 1 l e r model, i s 
t h a t t h e r e s u l t i n g e x p r e s s i o n d e s c r i b i n g mean s h e a r s t r e s s r e d u c t i o n 
(see e q u a t i o n ( 4 . 2 . 1 0 0 ) ) , does not possess an i n f i n i t e g r a d i e n t a t 
i n t e g e r v a l u e s o f /o). 
F i g u r e s ( 4 . 6 ) t o (4 . 1 1 ) i n c l u s i v e , examine t h e e f f e c t on mean 
sh e a r s t r e s s r e d u c t i o n o f v a r y i n g Xo), t h e power law i n d e x n, and e 
f o r b o t h e l a s t i c and i n e l a s t i c models. I n f i g u r e s ( 4 . 6 ) and ( 4 . 7 ) we 
v a r y Xo) f r o m 1.0 t o 10.0 f o r a power law i n d e x o f 0.3. The v a l u e s o f 
e c o n s i d e r e d a r e 0.8 and 1.2 r e s p e c t i v e l y . T h i s v a l u e o f t h e power 
law i n d e x was chosen because i t r e p r e s e n t s a h i g h l y s h e a r t h i n n i n g 
b e h a v i o u r . For each v a l u e o f Xo), t he h o r i z o n t a l a x i s e f f e c t i v e l y 
r e p r e s e n t s a range o f X-y^  . e.g. f o r Xo) eq u a l t o 1, X-y^ j^ t a k e s on 
v a l u e s f r o m 0 t o 12, whereas f o r Xoj equal t o 10, ra n g e s f r o m 0 t o 
120. We w o u l d t h e r e f o r e e x pect t h e C a r r e a u mean s h e a r s t r e s s 
r e d u c t i o n p r e d i c t i o n s t o t e n d t o t h e power law p r e d i c t i o n s as XCJ 
i n c r e a s e s . T h i s i s c l e a r l y shown i n f i g u r e s ( 4 . 6 ) and ( 4 . 7 ) . 
The mean shear s t r e s s r e d u c t i o n shown i n f i g u r e s ( 4 . 8 ) t o ( 4 . 1 1 ) 
i n c l u s i v e , i s i n agreement w i t h t h e power law mean s h e a r s t r e s s 
r e d u c t i o n c u r v e s p r e s e n t e d i n f i g u r e s ( 4 . 1 ) t o ( 4 ^ 5 ) e x c e p t a t low 
v a l u e s o f /(ji. T h i s i s t o be e x p e c t e d because t h e C a r r e a u and t h e 
power law v i s c o s i t y f u n c t i o n s a r e d i f f e r e n t a t low s h e a r r a t e s . For 
i n s t a n c e , a t low y^/(J^ t h e i n e l a s t i c mean sh e a r s t r e s s r e d u c t i o n 
b e h a v i o u r p r e d i c t e d by t h e C a r r e a u model i s not c o n s t a n t . However, as 
7n,/o) i n c r e a s e s b o t h t h e v i s c o e l a s t i c and t h e i n e l a s t i c mean s h e a r 
s t r e s s r e d u c t i o n c u r v e s f r o m t h e C a r r e a u model t e n d t o t h e power law 
p r e d i c t i o n s as e x p e c t e d . 
I n a d d i t i o n t o t h e C a r r e a u and t h e power law v i s c o s i t y models, 
t h e o r e t i c a l mean shear s t r e s s r e d u c t i o n e x p r e s s i o n s were a l s o d e r i v e d 
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f o r t h e Segalman model. F i g u r e ( 4 , 1 2 ) compares t h e v i s c o e l a s t i c mean 
s h e a r s t r e s s r e d u c t i o n For each o f t h r e e v i s c o s i t y f u n c t i o n s 
d i s c u s s e d i n t h i s c h a p t e r . S i m i l a r l y , f i g u r e ( 4 . 1 3 ) compares t h e 
i n e l a s t i c mean shear s t r e s s r e d u c t i o n f o r t h e same t h r e e v i s c o s i t y 
f u n c t i o n s . I t i s c l e a r f r o m t h e s e two f i g u r e s t h a t t h e r e d u c t i o n I n 
mean sh e a r s t r e s s i s s e n s i t i v e t o t h e shape o f t h e s h e a r v i s c o s i t y 
f u n c t i o n . 
4.5 Comments. 
The f l o w p r o b l e m a n a l y s e d i n t h i s c h a p t e r was one i n w h i c h a 
f l u i d was s u b j e c t e d t o a u n i d i r e c t i o n a l combined s t e a d y and 
o s c i l l a t o r y shear f l o w . The main i n t e r e s t i n t h i s a n a l y s i s was t h e 
d e r i v a t i o n o f t h e o r e t i c a l e xpi-essions d e s c r i b i n g t h e r e d u c t i o n i n t h e 
mean shear s t r e s s p r o d u c e d by t h e s i n u s o i d a l f l u c t u a t i o n o f t h e sh e a r 
r a t e about a non-zero mean. The v i s c o e l a s t i c c o n s t i t u t i v e e q u a t i o n 
was s u p p l i e d by the Coddard-Mi11er model w h i c h i s a b l e t o d e s c r i b e 
l a r g e d e f o r m a t i o n s . C o n s e q u e n t l y we were a b l e t o c a r r y o ut a 
t h e o r e t i c a l i n v e s t i g a t i o n i n t o mean shear s t r e s s r e d u c t i o n f o r 
s i t u a t i o n s where t h e o s c i l l a t o r y s h e a r component was l a r g e compared 
t o . t h e mean shear f l o w ( e ) . _ 
The t h e o r e t i c a l worit d e s c r i b e d above, p r o v i d e d an a n a l y t i c a l 
t e c h n i q u e f o r d e t e r m i n i n g t h e e f f e c t o f a l a r g e o s c i l l a t o r y s h e a r 
component on t h e mean shear f l o w p r o p e r t i e s o f an e l a s t i c o - v i s c o u s 
f l u i d . S i m i l a r a n a l y t i c a l methods were d e r i v e d f o r e v a l u a t i n g t h e 
f u n d a m e n t a l o s c i l l a t o r y s h e a r s t r e s s a m p l i t u d e , and t h e phase. 
However, i t s h o u l d be n o t e d t h a t t h e f u n d a m e n t a l o s c i l l a t o r y s h e a r 
s t r e s s a m p l i t u d e and phase must be e v a l u a t e d n u m e r i c a l l y i f t h e sh e a r 
v i s c o s i t y i s d e s c r i b e d by a C a r r e a u model. 
Mean shear s t r e s s r e d u c t i o n p r e d i c t i o n s o b s e r v e d f o r s m a l l 
v a l u e s o f € showed s i m i l a r b e h a v i o u r t o t h a t o b t a i n e d b y p r e v i o u s 
w o r k e r s ( D a v i e s e t a l [ 1 0 ] , Barnes e t a l [ 2 ] and, P h a n - T h i e n and 
Dudek [ 3 6 ] ) . Townsend [ 3 9 ] , used a f o u r c o n s t a n t O l d r o y d model t o 
c o n s i d e r t h e s i t u a t i o n o f l a r g e e f o r t h e p u l s a t i l e p i p e f l o w 
p r o b l e m . T h i s work p r e d i c t e d t h a t t h e v a r i a t i o n o f f l o w enhancement 
a g a i n s t mean p r e s s u r e g r a d i e n t f o r a f i x e d v a l u e o f f r e q u e n c y and e 
( e = l ) , does show a peak i n t h e v a l u e o f t h e f l o w enhancement. 
However, t h e Townsend r e s u l t s do not show t h e o s c i l l a t i n g b e h a v i o u r 
e x h i b i t e d by t h e C o d d a r d - M i I l e r model i n t h e c u r r e n t i n v e s t i g a t i o n . 
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I t i s d i f f i c u l t t o make a q u a l i t a t i v e c o m p a r i s o n between t h e s e two 
s e t s o f r e s u l t s , because t h e Goddard-Mi11er model and t h e O l d r o y d 
f o u r c o n s t a n t model do not p r e d i c t t h e same sh e a r v i s c o s i t y 
b e h a v i o u r . I t has been p r e v i o u s l y d e m o n s t r a t e d t h a t c o m b i n e d s t e a d y 
and o s c i l l a t o r y s hear f l o w b e h a v i o u r i s s e n s i t i v e t o t h e shape o f t h e 
she a r v i s c o s i t y f u n c t i o n ( D a v i e s e t a l [ 1 0 ] , Phan-Thien and Dudek 
[ 3 6 ] ) , Jones and W a l t e r s [ 2 2 ] . 
I n C h a p t e r 5, an e x p e r i m e n t a l programme i s c a r r i e d o u t on a 
c o n t r o l l e d s t r e s s rheometer t o i n v e s t i g a t e l a r g e e, mean s h e a r s t r e s s 
r e d u c t i o n b e h a v i o u r f o r a 2% s o l u t i o n o f p o l y i s o b u t y l e n e i n d e k a l i n . 
The e x p e r i m e n t a l r e s u l t s f r o m t h e programme w i l l be compared w i t h 
v i s c o e l a s t i c and i n e l a s t i c p r e d i c t i o n s o f mean sh e a r s t r e s s r e d u c t i o n 
o b t a i n e d f r o m t h e a n a l y s i s d e v e l o p e d i n t h i s c h a p t e r . 
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Chapter 5 
Combined Steady and O s c i l l a t o r y Shear E x p e r i m e n t s 
5.1 I n t r o d u c t i o n . 
P r e v i o u s w o r k e r s (Barnes e t a l [ 2 ] , P han-Thien and Dudek [ 3 6 ] ) . 
have c a r r i e d out combined s t e a d y and o s c i l l a t o r y s h e a r e x p e r i m e n t s 
f o r s m a l l a m p l i t u d e s o f o s c i l l a t i o n . These r e s u l t s were t h e n 
compared w i t h v i s c o e l a s t i c t h e o r i e s u s i n g a p e r t u r b a t i o n a n a l y s i s f o r 
s m a l l a m p l i t u d e s o f o s c i l l a t i o n . A p r o b l e m t h a t i s e n c o u n t e r e d w i t h 
m a king t h i s s m a l l a m p l i t u d e c o m p a r i s o n , i s t h a t t h e e x p e r i m e n t a l d a t a 
i s s u b j e c t t o a degree o f e x p e r i m e n t a l s c a t t e r , and hence, 
q u a n t a t a t i v e agreement between e x p e r i m e n t and t h e o r y may be d i f f i c u l t 
t o o b t a i n . T h i s c h a p t e r w i l l be c o n c e r n e d w i t h m a k i n g a c o m p a r i s o n 
between t h e o r y and e x p e r i m e n t f o r l a r g e o s c i l l a t o r y s h e a r 
a m p l i t u d e s . Recent developments i n t h e c o n t r o l l e d s t r e s s r h e o m e t e r 
( D a v i e s e t a l [ 1 2 ] ) , have e n a b l e d combined s t e a d y and o s c i l l a t o r y 
s h ear e x p e r i m e n t s t o be c a r r i e d out at l a r g e a m p l i t u d e s o f 
o s c i 1 l a t i o n . 
I n t h i s c h a p t e r , a C a r r i - M e d c o n t r o l l e d s t r e s s r h e o m e t e r 
(CSIOOL) i s used t o superimpose an o s c i l l a t o r y s h e a r s t r a i n on t o t h e 
s t e a d y shear f l o w o f an e l a s t i c o - v i s c o u s f l u i d . 
5.2. E x p e r l i D e n t a l procedure a n d r e s u l t s . 
The c o n t r o l l e d s t r e s s rheometer was o p e r a t e d t h r o u g h o u t each 
e x p e r i m e n t by an Opus V m i c r o c o m p u t e r v i a an IEEE i n t e r f a c e . 
Computer s o f t w a r e was used t o m o d i f y t h e c o u p l e w a v e f o r m so t h a t a 
combined s t e a d y and o s c i l l a t o r y c o u p l e c o u l d be a p p l i e d t o t h e r o t o r 
p l a t e n . The subsequent d i s p l a c e m e n t o f t h i s p l a t e n was measured 
u s i n g an o p t i c a l encoder m e a s u r i n g system. The e x p e r i m e n t s were 
c a r r i e d o u t a t a c o n s t a n t t e m p e r a t u r e o f 23 C u s i n g b o t h a n a r r o w gap 
c o n c e n t r i c c y l i n d e r geometry ( r j - l S . S mm, rQ«=20.75 mm, c y l i n d e r 
h e i g h t = 5 cm; f i g ( 3 . 6 ) ) , and a cone and p l a t e g e o m e t r y ( g a p a n g l e = l , 
r a d i u s = 2 c m ; f i g ( 3 . 4 ) ) . The t e s t sample f o r t h i s programme o f 
e x p e r i m e n t s was a 2% s o l u t i o n o f p o l y i s o b u t y l e n e i n d e k a l i n . T h i s 
f l u i d e x h i b i t s b o t h shear t h i n n i n g and e l a s t i c p r o p e r t i e s . 
The a n a l y s i s d e v e l o p e d i n C h a p t e r 4 was based on a c o n t r o l l e d 
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s h e a r r a t e t h e o r y . However, t h e e x p e r i m e n t s were c a r r i e d o u t on a 
c o n t r o l l e d s t r e s s i n s t r u m e n t . T h e r e f o r e , i n o r d e r f o r us t o make a 
c o m p a r i s o n between t h e o r y and e x p e r i m e n t , i t was n e c e s s a r y t o 
i n c o r p e r a t e a ' f e e d back l o o p ' i n t o t h e computer s o f t w a r e so t h a t t h e 
r h e o m e t e r behaved as a c o n t r o l l e d s t r a i n i n s t r u m e n t . I n o r d e r t o 
d e t e r m i n e t h e mean shear s t r e s s r e d u c t i o n f o r each e x p e r i m e n t a l r u n , 
a s t e a d y s h e a r t e s t was i n i t i a l l y p e r f o r m e d , f o l l o w e d by a combined 
s t e a d y and o s c i l l a t o r y e x p e r i m e n t . The co m p u t e r s o f t w a r e e n s u r e d 
t h a t t h e r e q u i r e d mean shear r a t e i n b o t h cases was t h e same. 
The t h e o r y i n C h a p t e r 4, r e q u i r e s t h e knowledge o f model 
p a r a m e t e r s n, f o r t h e power law model, and n and X, f o r t h e C a r r e a u 
model. These p a r a m e t e r s were o b t a i n e d by f i t t i n g t h e v i s c o s i t y 
f u n c t i o n s o f t h e s e models t o t h e e x p e r i m e n t a l s h e a r v i s c o s i t y d a t a , 
as p r e s e n t e d i n f i g u r e ( 5 . 1 ) . For t h e v i s c o s i t y d a t a shown i n t h i s 
f i g u r e , n = 0,35, and X - 4.5 s"'. There i s a s l i g h t d i s c r e p a n c y 
between t h e C a r r e a u model v i s c o s i t y f u n c t i o n and t h e e x p e r i m e n t a l 
v i s c o s i t y d a t a a t low shear r a t e s . However, most o f t h e combined 
s t e a d y and o s c i l l a t o r y e x p e r i m e n t s were c a r r i e d o u t a t mean s h e a r 
r a t e s i n t h e power law r e g i o n . Hence, t h i s d i s c r e p a n c y s h o u l d n ot 
a f f e c t t h e mean shear s t r e s s p r e d i c t i o n s . 
I n f i g u r e ( 5 . 1 ) , we a l s o p r e s e n t dynamic v i s c o s i t y f o r a 2% 
s o l u t i o n o f p o l y i s o b u t y l e n e i n d e k a l i n . I t s h o u l d be n o t e d t h a t t h e 
C o d d a r d - M i 1 l e r model, used i n Cha p t e r 4, p r e d i c t s t h a t t h e sh e a r 
v i s c o s i t y f u n c t i o n p l o t t e d a g a i n s t shear r a t e , s h o u l d be c o i n c i d e n t 
w i t h t h e dynamic v i s c o s i t y f u n c t i o n p l o t t e d a g a i n s t a n g u l a r 
f r e q u e n c y . C l e a r l y , t h i s i s not t h e case f o r a 2% s o l u t i o n o f 
p o l y i s o b u t y l e n e i n d e k a l i n . I n t e r e s t i n g l y , t h e r e i s a l m o s t a p e r f e c t 
match between t h e shear v i s c o s i t y and t h e m a g n i t u d e o f t h e complex 
v i s c o s i t y , as shown i n f i g u r e ( 5 . 1 ) , w h i c h has a l s o been f o u n d t o be 
th e case f o r some o t h e r m a t e r i a l s ( Z a h o r s k i [ 4 8 ] , B i r d e t a l [ 5 ] ) . 
I n f i g u r e s ( 5 . 2 ) t o ( 5 . 6 ) i n c l u s i v e , we show mean s h e a r s t r e s s 
r e d u c t i o n c u r v e s f o r t h e p o l y i s o b u t y l e n e s o l u t i o n f o r v a r i o u s v a l u e s 
o f e ( r a t i o o f t h e o s c i l l a t o r y s hear r a t e a m p l i t u d e t o t h e mean s h e a r 
r a t e ) . An I m p o r t a n t f e a t u r e o f t h e e x p e r i m e n t a l d a t a p r e s e n t e d i n 
t h e s e f i g u r e s i s the l a c k o f e x p e r i m e n t a l s c a t t e r . T h i s f i g u r e a l s o 
shows t h a t f o r l a r g e o s c i l l a t o r y shear r a t e a m p l i t u d e s , l a r g e mean 
she a r s t r e s s r e d u c t i o n s a r e o b t a i n e d ( > 5 0 % i n some c a s e s ) . 
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The mean sh e a r s t r e s s r e d u c t i o n d a t a p r e s e n t e d i n f i g u r e s ( 5 . 2 ) 
t o ( 5 . 4 ) i n c l u s i v e , was o b t a i n e d u s i n g a n a r r o w gap c o n c e n t r i c 
c y l i n d e r g eometry and shows t h e v a r i a t i o n o f mean s h e a r s t r e s s 
r e d u c t i o n w i t h t h e n o n - d i m e n s i o n a l p a r a m e t e r 7ni/w. The range o f 7n/<** 
c o n s i d e r e d , was g o v e r n e d by t h e l i m i t a t i o n s o f t h e i n s t r u m e n t f o r t h e 
p a r t i c u l a r geometry c o n c e r n e d . I n each e x p e r i m e n t a l r u n , b o t h t h e 
a n g u l a r f r e q u e n c y and e were h e l d c o n s t a n t . The e x p e r i m e n t s were 
r e p e a t e d f o r d i f f e r e n t v a l u e s o f e. F i g u r e s ( 5 . 2 - 4 ) a l l show t h a t , 
u nder t h e s e c o n d i t i o n s , t h e ma g n i t u d e o f t h e mean s h e a r s t r e s s 
r e d u c t i o n i n c r e a s e s m o n o t o n i c a l l y w i t h i n c r e a s i n g mean s h e a r r a t e and 
o s c i l l a t o r y shear r a t e a m p l i t u d e . For t h e e x p e r i m e n t a l mean s h e a r 
s t r e s s r e d u c t i o n d a t a shown i n t h e s e f i g u r e s , we see t h a t t h e e f f e c t 
o f i n c r e a s i n g c f o r a c o n s t a n t v a l u e o f y^/<ji I s t o I n c r e a s e t h e mean 
s h e a r s t r e s s r e d u c t i o n e f f e c t . The t h e o r e t i c a l p r e d i c t i o n s i n 
f i g u r e s ( 5 . 2 - 4 ) w i l l be d i s c u s s e d i n s e c t i o n ( 5 . 3 ) . 
I n f i g u r e s ( 5 . 5 ) and ( 5 . 6 ) , t h e measurement s y s t e m used i s t h a t 
o f a 1* gap a n g l e cone and p l a t e s e t - u p . The m e c h a n i c a l i n e r t i a o f 
th e cone and p l a t e s y s t e m i s l e s s t h a n t h a t f o r t h e c o n c e n t r i c 
c y l i n d e r system. There i s a l s o l e s s s u r f a c e c o n t a c t w i t h t h e f l u i d . 
Hence, t h e cone and p l a t e system, e n a b l e s an e x t e n d e d range o f 7ni/a> 
t o be c o n s i d e r e d . These e x p e r i m e n t a l c u r v e s a g a i n s h o w t h a t mean 
s h e a r s t r e s s r e d u c t i o n i n c r e a s e s m o n o t o n i c a 1 1 y w i t h i n c r e a s i n g 7ni/t»» 
as ti) and e a r e h e l d c o n s t a n t . 
The v i s c o e l a s t i c power law t h e o r y , d e v e l o p e d i n C h a p t e r 4, 
p r e d i c t s t h a t t h e mean shear s t r e s s r e d u c t i o n s h o u l d o n l y be a 
f u n c t i o n o f t h e power law Index n, 7n/t*'. and e. S i n c e , b o t h € and n 
a r e h e l d c o n s t a n t f o r f i g u r e s ( 5 . 5 - 6 ) , t h e r e d u c t i o n i n mean s h e a r 
s t r e s s p r e d i c t e d by th e s e e x p e r i m e n t s , s h o u l d be a f u n c t i o n o f y^(ji 
o n l y . T h i s p r e d i c t i o n i s s u p p o r t e d by t h e e x p e r i m e n t a l d a t a shown i n 
f i g u r e s ( 5 . 5 - 6 ) . The f r e q u e n c y o f o s c i l l a t i o n f o r t h e e x p e r i m e n t a l 
r e s u l t s shown I n f i g u r e ( 5 . 5 ) was 2 Hz and was r e d u c e d t o 1 Hz f o r 
t h e e x p e r i m e n t s c a r r i e d o ut i n f i g u r e ( 5 . 6 ) . I f we compare t h e 
e x p e r i m e n t a l mean shear s t r e s s r e d u c t i o n s o b t a i n e d f o r 7n/o) - 4, and 
7jn/o) - 9, we see t h a t 
(7in/a) s 4; [ E ( f r e q - 2 Hz) - 0.375 , E ( f r e q - 1 Hz) - 0.388] 
7j^a ) ^ 9; [ E ( f r e q - 2 Hz) - 0.462 , E ( f r e q - 1 Hz) •= 0 . 4 7 3 ] . ) 
T h i s r e s u l t c o n f i r m s t h a t t h e e x p e r i m e n t s were c a r r i e d o ut I n 
t h e power law r e g i o n . 
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A l s o shown i n f i g u r e ( 5 . 5 ) , i s e x p e r i m e n t a l d a t a t a k e n f r o m a 
c o n t r o l l e d s t r e s s r h e o m e t e r by Da v i e s et a l [ 1 2 ] . The f r e q u e n c y o f 
o s c i l l a t i o n i n the Davies e t a l d a t a was 4 Hz. We c a n see t h a t good 
agreement i s o b t a i n e d between t h e two s e t s o f d a t a when p l o t t e d 
a g a i n s t 7m/^- Davies e t a l d a t a mean shear s t r e s s r e d u c t i o n d a t a 
c o n t a i n e d some e x p e r i m e n t a l s c a t t e r . T h i s was p r o b a b l y due t o t h e 
i n a c c u r a c y o f t h e s n a i l cam d e v i c e used t o measure t h e a n g u l a r 
d i s p l a c e m e n t . 
5.3. T h e o r e t i c a l Comparison. 
The t h e o r e t i c a l e x p r e s s i o n s d e r i v e d i n C h a p t e r 4 ( e q u a t i o n s 
( 4 . 2 . 7 4 ) and ( 4 . 3 . 9 ) ) , i n c o n j u n c t i o n w i t h a C a r r e a u v i s c o s i t y 
f u n c t i o n ( 4 . 2 . 9 5 ) , were used t o g e n e r a t e v i s c o e l a s t i c and i n e l a s t i c 
mean sh e a r s t r e s s r e d u c t i o n c u r v e s f o r t h e f i g u r e s ( 5 . 2 - 7 ) . 
We b e g i n by c o n s i d e r i n g t h e v a r i a t i o n o f mean s h e a r s t r e s s 
r e d u c t i o n w i t h 7m/t*> »n f i g u r e s ( 5 . 2 - 6 ) . The a n g u l a r f r e q u e n c y o), and 
t h e r a t i o e, a r e b o t h h e l d c o n s t a n t . For low v a l u e s o f y^/<ji, we 
w o u l d e x p e c t e l a s t i c e f f e c t s t o p l a y an i m p o r t a n t r o l e i n d e t e r m i n i n g 
t h e combined s t e a d y and o s c i l l a t o r y f l o w b e h a v i o u r o f t h e f l u i d . 
However, as y^/oi i s i n c r e a s e d , t h e i m p o r t a n c e o f e l a s t i c i t y i n 
d e t e r m i n i n g f l o w b e h a v i o u r s h o u l d d i m i n i s h . T h i s p r e d i c t i o n i s 
c o n s i s t e n t w i t h t he b e h a v i o u r o f t h e v i s c o e l a s t i c and i n e l a s t i c 
c u r v e s p r e s e n t e d i n these f i g u r e s , i n t h a t t h e v i s c o e l a s t i c c u r v e 
t e n d s t o t h e i n e l a s t i c c u r v e as e x p e c t e d . 
For each o f the f i g u r e s ( 5 . 2 - 6 ) , d i s c r e p a n c i e s a r e o b s e r v e d 
between t h e e x p e r i m e n t a l mean sh e a r s t r e s s r e d u c t i o n d a t a and b o t h 
t h e v i s c o e l a s t i c and i n e l a s t i c t h e o r e t i c a l c u r v e s . The e x p e r i m e n t a l 
mean shear s t r e s s r e d u c t i o n d a t a i n c r e a s e s m o n o t o n i c a l l y w i t h 
i n c r e a s i n g 7n/w, and does not d i s p l a y any o f t h e o s c i l l a t i n g 
b e h a v i o u r o f t h e v i s c o e l a s t i c model. T h i s o s c i l l a t i n g b e h a v i o u r 
a p p e a r s t o be an a r t i f a c t o f t h e Coddard-MiI 1er model and i s u n l i k e l y 
t o a r i s e i n more r e a l i s t i c v i s c o e l a s t i c models. Even t h o u g h t h e 
Coddard-Mi1 I e r model has not g i v e n agreement w i t h e x p e r i m e n t a l 
b e h a v i o u r a t low v a l u e s o f 7ni/t»>r we wo u l d e x p e c t t h e model t o g i v e 
r e a s o n a b l e p r e d i c t i o n s o f e x p e r i m e n t a l d a t a at l a r g e v a l u e s o f y^(ji. 
The r e a s o n b e i n g t h a t a l l v i s c o e l a s t i c models must t e n d t o t h e 
i n e l a s t i c model as t h e f r e q u e n c y o f o s c i l l a t i o n t e n d s t o z e r o . 
However some d i s c r e p a n c i e s s t i l l o c c u r between t h e o r y and e x p e r i m e n t 
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a t l a r g e v a l u e s o f 7m/t»J- We t h e r e f o r e c o n c l u d e t h a t t h e t h e o r e t i c a l 
d i s c r e p a n c y i s not e n t i r e l y due t o t h e v i s c o e l a s t i c model used. 
A p o s s i b l e r e a s o n f o r t h e d i s c r e p a n c i e s d i s c u s s e d , i s t h a t t h e 
t h e o r y was based on t h e a s s u m p t i o n t h a t t h e o s c i l l a t o r y component o f 
t h e s h e a r r a t e waveform was s i n u s o i d a l . I n o u r e x p e r i m e n t s on t h e 
c o n t r o l l e d s t r e s s r h e o m e t e r , t h e sh e a r waveform was o b s e r v e d t o be 
n o n - s i n u s o i d a l (see f i g u r e ( 5 . 9 ) ) . T h i s i s t o be e x p e c t e d f o r 
non-Newt on i an f I u i ds. 
I t i s n o t a s i m p l e m a t t e r t o use t h e Coddard-Mi11er v i s c o e l a s t i c 
model t o d e t e r m i n e t h e mean shear r a t e enhancement f o r a co m b i n e d 
s t e a d y and o s c i l l a t o r y shear s t r e s s s i t u a t i o n . However, we a r e a b l e 
t o examine t h i s f l o w p r o b l e m f o r t h e i n e l a s t i c model. S i n c e t h e 
e x p e r i m e n t s were c a r r i e d out a t mean sh e a r r a t e s w h i c h were i n t h e 
power law r e g i o n , a power law v i s c o s i t y f u n c t i o n was c o n s i d e r e d . T h i s 
a n a l y s i s i s p r e s e n t e d i n s e c t i o n ( 5 . 4 ) . The c o r r e c t e d i n e l a s t i c 
p r e d i c t i o n s f o r t h e c o n t r o l l e d s t r e s s s i t u a t i o n a r e shown i n f i g u r e s 
( 5 . 2 - 7 ) . 
The cone and p l a t e mean shear s t r e s s r e d u c t i o n r e s u l t s f r o m t h e 
i n e l a s t i c c o n t r o l l e d s t r e s s a n a l y s i s , i n f i g u r e ( 5 . 6 ) , a p p e a r t o 
show an improved p r e d i c t i o n o f t h e e x p e r i m e n t a l d a t a a t l a r g e y^(ji. 
I n f i g u r e ( 5 . 6 ) , t h e e x p e r i m e n t a l d a t a does appear t o be t e n d i n g t o 
t h e i n e l a s t i c c o r r e c t i o n as 7n/a> i s i n c r e a s e d . However, i n t h e 
r e s u l t s f o r t h e c o n c e n t r i c c y l i n d e r , i n f i g u r e s ( 5 . 2 - 4 ) , i t i s 
d i f f i c u l t t o see whether an improvement i n t h e d i s c r e p a n c y b etween 
t h e o r y and e x p e r i m e n t has been made, s i n c e t h e range o f 7m/w *s 
r e s t r i c t e d . 
I n f i g u r e ( 5 . 7 ) , we c o n s i d e r t h e v a r i a t i o n o f mean s h e a r s t r e s s 
r e d u c t i o n w i t h e, f o r a f i x e d v a l u e o f 7m/t*> and oj (7^/'*'= 1 • 0 ) . A g a i n , 
we o b s e r v e d i f f e r e n c e s between t h e i n e l a s t i c and v i s c o e l a s t i c c u r v e s , 
and t h e e x p e r i m e n t a l d a t a . However, i t s h o u l d be p o i n t e d o u t t h a t 
t h e v i s c o e l a s t i c model does q u a l i t a t i v e l y p r e d i c t t h e c o r r e c t 
b e h a v i o u r r e g a r d i n g t h e v a r i a t i o n o f mean shear s t r e s s r e d u c t i o n w i t h 
e. The d i f f e r e n c e s between t h e i n e l a s t i c model and t h e e x p e r i m e n t a l 
d a t a were t o be e x p e c t e d f o r t h e low v a l u e o f y^iii c o n s i d e r e d i n t h i s 
e x p e r i m e n t . 
I n f i g u r e ( 5 . 8 ) we c o n s i d e r t h e v a r i a t i o n o f t h e i n e l a s t i c mean 
sh e a r s t r e s s r e d u c t i o n w i t h e f o r t h e c o n t r o l l e d s t r e s s and t h e 
c o n t r o l l e d s t r a i n a n a l y s i s . The t h e o r e t i c a l p r e d i c t i o n s f r o m t h e s e 
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two t h e o r i e s a r e compared w i t h t h e s m a l l e mean s h e a r s t r e s s 
r e d u c t i o n p r e d i c t e d by an i n e l a s t i c power law model ( D a v i e s e t a l 
[ 1 0 ] ) . The mean shear s t r e s s r e d u c t i o n p r e d i c t e d by t h e t h r e e models 
a r e i n agreement a t v a l u e s o f 6<1.0, as e x p e c t e d . However, t h e r e a r e 
c l e a r d i f f e r e n c e s between t h e c o n t r o l l e d s t r e s s and c o n t r o l l e d s t r a i n 
a n a l y s i s f o r v a l u e s o f £>1.0 . T h e r e f o r e , o u r a s s u m p t i o n o f a 
s i n u s o i d a l o s c i l l a t o r y component o f t h e s h e a r r a t e , was s u b j e c t t o 
e r r o r and must be t a k e n i n t o a c c o u n t i n t h e t h e o r y . We w o u l d e x p e c t 
t o have a s i m i l a r t y p e o f e r r o r f o r t h e v i s c o e l a s t i c t h e o r y 
5.4. Comparison between c o n t r o l l e d s t r e s s and c o n t r o l l e d s t r a i n 
i n e l a s t i c a n a l y s e s . 
Most o f t h e e x p e r i m e n t a l work i n t h i s c h a p t e r , was c a r r i e d o u t 
at mean shear r a t e s , w h i c h were i n t h e power law r e g i o n o f t h e s h e a r 
v i s c o s i t y c u r v e o f a 2% s o l u t i o n o f p o l y i s o b u t y l e n e i n d e k a l i n . We 
t h e r e f o r e use a power law v i s c o s i t y f u n c t i o n t o d e s c r i b e t h e s h e a r 
v i s c o s i t y b e h a v i o u r o f t h e i n e l a s t i c model c o n s i d e r e d i n t h i s 
s e c t i o n . For an i n e l a s t i c power law f l u i d , t h e r e l a t i o n s h i p b e tween 
s h e a r s t r e s s and shear r a t e i s g i v e n by t h e g e n e r a l i s e d N e w t o n i a n 
mode 1 a s , 
n-1 
a - myl-yl . ( 5 . 4 . 1 ) 
Hence, t h e shear r a t e may be e x p r e s s e d i n ter m s o f t h e s h e a r s t r e s s by 
n n 
m a a\ ( 5 . 4 . 2 ) 
We b e g i n by c o n s i d e r i n g an i n e l a s t i c c o n t r o l l e d s t r a i n a n a l y s i s 
f o r t h e combined s t e a d y and o s c i l l a t o r y s h e a r f l o w p r o b l e m o u t l i n e d 
i n t h i s work. From e q u a t i o n ( 4 . 3 . 7 ) , we see t h a t i f t h e s h e a r r a t e 
i n t h e f l u i d i s assumed t o be o f t h e f o r m . 
y - 7^(1 + * c o s ( a > t ) ) , ( 5 . 4 . 3 ) 
where f i s t h e r a t i o between t h e a m p l i t u d e 7^ ^ o f t h e o s c i l l a t o r y 
component o f t h e shear r a t e , and t h e mean s h e a r r a t e y^, t h e n t h e 
i n e l a s t i c power law model, g i v e s t h e f o l l o w i n g e x p r e s s i o n f o r t h e 
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mean s h e a r s t r e s s r e d u c t i o n E. 
E =. 1 - ^ I ( 1 + eco s ( a ) t ) 1 + f c o s ( t i ) t ) d t ( 5 . 4 . 4 ) 
0 
However, t h e e x p e r i m e n t a l f l o w s i t u a t i o n c o n s i d e r e d i n t h i s w o r k , i s 
one i n w h i c h t h e s t r e s s i s t h e c o n t r o l l e d v a r i a b l e . A s h e a r s t r e s s 
I s a p p l i e d t o t h e f l u i d o f t h e f o r m 
<T ' (T^ Ci -i- 6 c o s ( o ) t ) ) ( 5 . 4 . 5 ) 
where 6 i s t h e r a t i o between a m p l i u d e ff^,, o f t h e o s c i l l a t o r y 
component o f t h e shear s t r e s s , and t h e mean sh e a r s t r e s s ( 7 ^ . 
5 - ^ ( 5 . 4 . 6 ) 
m 
The shear r a t e p r o d u c e d i n t h e f l u i d w i l l now be n o n - s i n u s o i d a l , i . e . 
oo 
7 = 7^ 7^.cos(a>t) ( 5 . 4 . 7 ) 
The mean shear r a t e 7^ , and t h e f u n d a m e n t a l o s c i l l a t o r y s h e a r r a t e 
ammpliude 7^,, may be o b t a i n e d v i a a F o u r i e r s e r i e s a n a l y s i s , as f o l l o w s 
1 1 
n -/o) n - ^ 
y ^ ^ f-£m_ f ( 1 + 6 c o s ( c i ) t ) ) 1 + 5 c o s ( a ) t ) d t , 
m T L m J J 
0 
( 5 . 4 . 8 ) 
and 
1 1 
y = J£ I - ^ I D - I f ( 1 + 6cos(a>t)) 1 + 6 c o s ( w t ) cos(a>t) d t . ' a i i i r I m J J 
0 
( 5 . 4 . 9 ) 
The i n e l a s t i c c o n t r o l l e d s t r e s s p r e d i c t i o n o f mean s h e a r s t r e s s 
r e d u c t i o n E, I s s u b s e q u e n t l y o b t a i n e d f r o m t h e e q u a t i o n 
<T 
E - 1 , ( 5 . 4 . 1 0 ) 
a 
s 
where i s g i v e n by t h e i n e l a s t i c power law model. 
n-» 
a m y y ( 5 . 4 . 1 1 ) s 'm 'm ^ ' 
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Due t o t h e pr e s e n c e o f second and h i g h e r o r d e r t e r m s i n t h e s h e a r 
r a t e waveform ( 5 . 4 . 7 ) , t h e mean sh e a r s t r e s s p r e d i c t e d i n e q u a t i o n 
( 5 . 4 . 1 1 ) f o r t h e c o n t r o l l e d s t r e s s a n a l y s i s , w i l l d i f f e r f r o m t h e 
p r e d i c t i o n o f mean shear s t r e s s r e d u c t i o n o b t a i n e d f r o m t h e 
c o n t r o l l e d s t r a i n a n a l y s i s i n e q u a t i o n ( 5 . 4 . 4 ) 
5.5. Comments. 
I n t h i s c h a p t e r , we have p r e s e n t e d e x p e r i m e n t a l mean s h e a r 
s t r e s s r e d u c t i o n d a t a o b t a i n e d f r o m a C a r r i - M e d c o n t r o l l e d s t r e s s 
r h e o m e t e r . These combined s t e a d y and o s c i l l a t o r y s h e a r e x p e r i m e n t s 
were c a r r i e d o u t f o r l a r g e o s c i l l a t o r y s h e a r a m p l i t u d e s , ( e > l ) . I t 
i s i m p o r t a n t t o p o i n t out t h e l a c k o f e x p e r i m e n t a l s c a t t e r i n t h e 
mean shear s t r e s s r e d u c t i o n d a t a . T h i s s h o u l d f a c i l i t a t e any f u t u r e 
c o m p a r i s o n between t h e o r e t i c a l and e x p e r i m e n t a l p r e d i c t i o n s f o r mean 
she a r s t r e s s r e d u c t i o n . I t s h o u l d a l s o be n o t e d t h a t l a r g e 
r e d u c t i o n s i n t h e mean shear s t r e s s were o b s e r v e d f o r l a r g e 
o s c i l l a t o r y s hear a m p l i t u d e s . I n f i g u r e ( 5 . 5 ) , i t was shown t h a t 
good agreement i s o b t a i n e d between t h e c u r r e n t mean s h e a r s t r e s s 
r e d u c t i o n d a t a and t h e d a t a o f Davies e t a l [ 1 2 ] . 
The v i s c o e l a s t i c model q u a l i t a t i v e l y p r e d i c t s t h e c o r r e c t t r e n d 
r e g a r d i n g t h e v a r i a t i o n o f mean shear s t r e s s r e d u c t i o n w i t h e. 
However, l a r g e d i s c r e p a n c i e s were o b s e r v e d between t h e e x p e r i m e n t a l 
and t h e o r e t i c a l p r e d i c t i o n s f o r t h e v a r i a t i o n o f mean s h e a r s t r e s s 
r e d u c t i o n w i t h b o t h e and y^iji. The v i s c o e l a s t i c a n a l y s i s assumes 
t h a t t h e shear r a t e waveform i s s i n u s o i d a l . F i g u r e ( 5 . 9 ) c l e a r l y 
shows t h a t t h i s a s s u m p t i o n i s i n c o r r e c t . T h i s r e s u l t i s t o be 
e x p e c t e d , s i n c e p o l y i s o b u t y l e n e i s a non-Newtonian f l u i d . However, 
i f we c o n s i d e r t h e c o r r e c t e d i n e l a s t i c p r e d i c t i o n f o r mean sh e a r 
s t r e s s r e d u c t i o n , we see t h a t t h e i n c l u s i o n o f second and h i g h e r 
h a r m o n i c s i n t h e sh e a r r a t e waveform does not a d e q u a t e l y d e s c r i b e t h e 
d i s c r e p a n c i e s between t h e e x p e r i m e n t a l and t h e o r e t i c a l p r e d i c t i o n s . 
We w o u l d expect, any c o r r e c t e d v i s c o e l a s t i c c u r v e s t o t e n d t o t h e 
i n e l a s t i c c u r v e s as 7n/w >s i n c r e a s e d . C l e a r l y , t h e e x p e r i m e n t a l 
mean sh e a r s t r e s s r e d u c t i o n d a t a w o u l d have t o s t a r t d e c r e a s i n g w i t h 
i n c r e a s i n g y^oi i f t h e e x p e r i m e n t a l d a t a i s t o c o i n c i d e w i t h t h e 
c o r r e c t e d i n e l a s t i c p r e d i c t i o n a t h i g h v a l u e s o f y^<ji. We have no 
e v i d e n c e t o s u p p o r t t h i s t y p e o f b e h a v i o u r . I t i s t r u e t h a t 
m e c h a n i c a l i n e r t i a e f f e c t s were i g n o r e d i n t h e development o f t h e 
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c o r r e c t e d i n e l a s t i c t h e o r y . However, t h e e x p e r i m e n t a l d a t a p r e s e n t e d 
i n f i g u r e s ( 5 . 5 ) and ( 5 . 6 ) s u g g e s t e d t h a t m e c h a n i c a l i n e r t i a e f f e c t s 
were not s i g n i f i c a n t f o r t h i s programme o f e x p e r i m e n t s . 
The C o d d a r d - M i 1 l e r model i s not a b l e t o a d e q u a t e l y d e s c r i b e t h e 
combined s t e a d y and o s c i l l a t o r y s h e a r f l o w b e h a v i o u r o f 
e l a s t i c o - v i s c o u s f l u i d s . The model i s c a p a b l e o f d e s c r i b i n g 
r e a l i s t i c s h e a r v i s c o s i t y b e h a v i o u r o r r e a l i s t i c dynamic v i s c o s i t y 
b e h a v i o u r , but i s u n a b l e t o d e s c r i b e b o t h b e h a v i o u r s s i m u l t a n e o u s l y . 
T h i s may be an i m p o r t a n t c o n s i d e r a t i o n f o r t h e a c c u r a t e m o d e l l i n g o f 
combined s t e a d y and o s c i l l a t o r y f l o w b e h a v i o u r . 
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Chapter 6 
F l u i d I n e r t i a E f f e c t s i n C o n t r o l l e d S t r e s s O s c i l l a t i o n ( T h e o r y ) . 
6.1. I n t r o d u c t I o n . 
T h i s c h a p t e r i s c o n c e r n e d w i t h t h e e f f e c t o f f l u i d i n e r t i a on 
e x p e r i m e n t a l o s c i l l a t o r y shear d a t a t a k e n f r o m a c o n t r o l l e d s t r e s s 
r h e o m e t e r . A l i n e a r v i s c p e l a s t i c t h e o r y has been d e v e l o p e d w h i c h 
i n c l u d e s t h e e f f e c t o f f l u i d i n e r t i a f o r t h e p a r a l l e l p l a t e , cone and 
p l a t e , c o n c e n t r i c c y l i n d e r , and d o u b l e c o n c e n t r i c c y l i n d e r 
g e o m e t r i e s . The t i m e dependent b e h a v i o u r o f a m a t e r i a l u n d e r g o i n g a 
l i n e a r v i s c o e l a s t i c d e f o r m a t i o n may be c h a r a c t e r i s e d by t h e complex 
v i s c o s i t y f u n c t i o n 1 7 * . Small a m p l i t u d e o s c i l l a t o r y s h e a r e x p e r i m e n t s 
were f i r s t p e r f o r m e d on a p p l i e d s t r a i n r h e o m e t e r s such as t h e 
Weissenberg r h e o g o n i o m e t e r . Many w o r k e r s , Maude and W a l t e r s [ 2 6 ] , 
O l d r o y d [ 3 0 ] , W a l t e r s [ 4 1 ] , W a l t e r s and Kemp [ 4 3 ] , N a l l y [ 2 8 ] , and 
M a r k o v i t z [ 2 5 ] , have s t u d i e d t h e e f f e c t o f f l u i d i n e r t i a on 
o s c i l l a t o r y s h e a r d a t a t a k e n f r o m t h i s i n s t r u m e n t . T h i s t o p i c i s 
c o m p r e h e n s i v e l y c o v e r e d by W a l t e r s i n Rheometry [ 4 5 ] . 
I t was f i r s t shown t h a t t h e c o n t r o l l e d s t r e s s r h e o m e t e r c o u l d be 
o p e r a t e d i n an o s c i l l a t o r y s t r e s s mode by Jones e t a l [ 2 4 ] . These 
w o r k e r s d e v e l o p e d a l i n e a r v i s c o e l a s t i c t h e o r y f o r t h e cone and p l a t e 
g e o m e t r y w h i c h e x c l u d e d t h e e f f e c t o f f l u i d i n e r t i a . F l u i d i n e r t i a 
e f f e c t s were f i r s t c o n s i d e r e d by H o l d e r [ 2 0 ] and by Jones e t a l 
[ 2 4 ] . The f o r m e r , w o r k i n g on a Deer r h e o m e t e r , d e v e l o p e d a l i n e a r 
v i s c o e l a s t i c t h e o r y f o r t h e cone and p l a t e and p a r a l l e l p l a t e 
g e o m e t r i e s . T h i s t h e o r y i n c l u d e d a f i r s t o r d e r f l u i d i n e r t i a 
c o r r e c t i o n f o r t h e cone and p l a t e g e o m etry, and an e x a c t f l u i d 
i n e r t i a c o r r e c t i o n f o r t h e p a r a l l e l p l a t e g e o m e t r y . However, due t o 
prob l e m s o f e l e c t r o m a g n e t i c i n e r t i a i n t h e i n d u c t i o n m o t o r used t o 
d r i v e t h e Deer r h e o m e t e r , H o l d e r was u n a b l e t o v e r i f y t h e s e 
t h e o r e t i c a l e x p r e s s i o n s w i t h e x p e r i m e n t a l r e s u l t s . Jones e t a l [ 2 4 ] 
d e v e l o p e d f i r s t o r d e r f l u i d i n e r t i a c o r r e c t i o n s f o r t h e p a r a l l e l 
p l a t e , cone and p l a t e , and c o n c e n t r i c c y l i n d e r g e o m e t r i e s . An 
e x p e r i m e n t a l program was c a r r i e d o ut u s i n g a C a r r i - M e d c o n t r o l l e d 
s t r e s s r h e o m e t e r on a h i g h l y e l a s t i c f l u i d and a s l i g h t l y e l a s t i c 
f l u i d . T h e i r r e s u l t s i n d i c a t e d t h a t o v e r a f r e q u e n c y range o f 
0-10 Hz, f l u i d i n e r t i a e f f e c t s were s m a l l f o r t h e cone and p l a t e and 
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p a r a l l e l p l a t e g e o m e t r i e s when t e s t i n g a 2% s o l u t i o n o f 
p o l y a c r y l a m i d e i n w a t e r . I t was a l s o shown t h a t f l u i d i n e r t i a 
e f f e c t s s h o u l d be t a k e n i n t o a ccount i n t h e c o n c e n t r i c c y l i n d e r 
g e o m e t r y e s p e c i a l l y f o r h i g h d e n s i t y m o b i l e f l u i d s . 
The a i m o f p r e s e n t work i s t o c o n s i d e r t h e e f f e c t o f f l u i d 
i n e r t i a on dynamic d a t a o b t a i n e d f r o m t h e C a r r i - M e d c o n t r o l l e d s t r e s s 
r h e o m e t e r . T h i s c h a p t e r w i l l c o n c e n t r a t e on d e v e l o p i n g a l i n e a r 
v i s c o e l a s t i c t h e o r y c a p a b l e o f i n t e r p r e t i n g e x p e r i m e n t a l d a t a o v e r a 
w ide f r e q u e n c y range. The t h e o r y w i l l assume t h a t t h e f l u i d u nder 
c o n s i d e r a t i o n i s i n c o m p r e s s i b l e . For each g e o m e t r y , t h e e q u a t i o n s o f 
m o t i o n w i l l be s o l v e d e x a c t l y u s i n g a n u m e r i c a l t e c h n i q u e . The 
p e r t u r b a t i o n s o l u t i o n t o the e q u a t i o n s o f m o t i o n w i l l be e x t e n d e d t o 
second o r d e r a c c u r a c y . 
6.2. P a r a l l e l p l a t e . 
6.2.1. Governing e q u a t i o n s . 
A l l p h y s i c a l q u a n t i t i e s a r e r e f e r r e d t o c y l i n d r i c a l p o l a r 
c o o r d i n a t e s ( r , e , z ) . The p a r a l l e l p l a t e g e o m e t r y i s d e f i n e d by two 
c o a x i a l h o r i z o n t a l f l a t p l a t e s o f r a d i u s a, s e p a r a t e d by a v e r t i c a l 
d i s t a n c e h as shown i n f i g ( 3 . 5 ) . An o s c i l l a t o r y c o u p l e i s a p p l i e d 
t o t h e t o p p l a t e n f o r c i n g i t t o make s m a l l a m p l i t u d e a n g u l a r 
o s c i l l a t i o n s o f a m p l i t u d e Xp and f r e q u e n c y u about t h e z - a x i s . The 
b o t t o m p l a t e n remains s t a t i o n a r y . The g e n e r a l i s e d l i n e a r e q u a t i o n o f 
s t a t e f o r e l a s t i c o - v i s c o u s l i q u i d s , 
^ i j " ''*'*'U " ^^U ' ( 6 . 2 . 1 ) 
w i l l be used, where a.^ i s t h e s t r e s s t e n s o r , 7.^  i s t h e r a t e o f 
s t r a i n t 
p r e s s u r e 
e n s o r , g . j i s t h e m e t r i c t e n s o r , and p i s t h e i s o t r o p i c 
The complex v i s c o s i t y 17* i s d e f i n e d by ( 2 . 2 . 1 5 ) t o be, 
Ti* ^ 1)' - iC'/u) ( 6 . 2 . 2 ) 
F o l l o w i n g t h e a n a l y s i s o f p r e v i o u s w o r k e r s , W a l t e r s and Kemp 
[ 4 3 ] , H o l d e r [ 2 0 ] , and Jones e t a l [ 2 4 ] , t h e n o n - z e r o p h y s i c a l 
v e l o c i t y component i s assumed t o be, 
V^^^ =. r F ( z ) e * ' ' ' , ( 6 . 2 . 3 ) 
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w h i c h I d e n t i c a l l y s a t i s f i e s t h e e q u a t i o n o f c o n t i n u i t y f o r 
i n c o m p r e s s i b l e f l u i d s ( e q u a t i o n ( 2 . 1 . 4 ) . T h i s v e l o c i t y p r o f i l e g i v e s 
r i s e t o one non-zero component o f t h e r a t e - o f - s t r a I n t e n s o r ( B i r d e t 
a l [ 5 ] , 
d F ( z ) ici>t -
y,^- e ( 6 . 2 . 4 ) 
w h i c h can be used i n e q u a t i o n ( 6 . 2 . 1 ) t o d e t e r m i n e t h e dz-component 
o f t h e s t r e s s t e n s o r . i . e . 
S u b s t i t u t i n g ( 6 . 2 . 3 ) and ( 6 . 2 . 5 ) i n t o t h e r e l e v a n t e q u a t i o n o f m o t i o n 
( 2 . 1 . 2 ) , 
1 3 f 2 1 1 3 a 1 dp -> 
we o b t a i n t h e second o r d e r o r d i n a r y d i f f e r e n t i a l e q u a t i o n , 
g ^ ^ ^ a 2 F ( z ) = 0 , ( 6 . 2 . 7 ) 
w h i ^ h must be s o l v e d s u b j e c t t o t h e boundary c o n d i t i o n s , 
F ( h ) = I O J X O , ( 6 . 2 . 8 ) 
F ( 0 ) = 0 ( 6 . 2 . 9 ) 
The complex p a r a m e t e r d e f i n e d by W a l t e r s ( 4 5 ] , 
,2 -'^P ( 6 . 2 . 1 0 ) 
g o v e r n s t h e magnitude o f f l u i d i n e r t i a e f f e c t s , where p i s t h e l i q u i d 
d e n s i t y . The s o l u t i o n t o ( 6 . 2 . 7 ) s u b j e c t t o t h e b o u n d a r y c o n d i t i o n s 
( 6 . 2 . 8 ) and ( 6 . 2 . 9 ) i s g i v e n by. 
The e q u a t i o n o f m o t i o n o f t h e t o p p l a t e n i s 
C - Cj, - iX , ( 6 . 2 . 1 2 ) 
where C i s t h e a p p l i e d c o u p l e , Cp i s t h e c o u p l e a c t i n g on t h e t o p 
p l a t e n due t o t h e m o t i o n o f t h e f l u i d , 1 i s t h e moment o f i n e r t i a 
o f t h e t o p p l a t e n , and X i s t h e a n g u l a r a c c e l e r a t i o n . 
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The a p p l i e d c o u p l e may be w r i t t e n a s . 
C - C^e '^" ' - '*^) . ( 6 . 2 . 1 3 ) 
whe re C q i s t h e a m p l i t u d e , and c phase l a g o f t h e m o t i o n o f t h e t o p 
p l a t e n b e h i n d t h e i n p u t c o u p l e . 
The a n g u l a r d e f o r m a t i o n X o f t h e p a r a l l e l p l a t e r e s u l t i n g f r o m a 
s i n u s o i d a l a p p l i e d c o u p l e C c a n be e x p r e s s e d as 
X - X ( j e ' ^ ' ( 6 . 2 . 1 4 ) 
Hence t h e a n g u l a r a c c e l e r a t i o n o f t h e t o p p l a t e n i s g i v e n b y , 
X - -oj^Xpe*'*'^ ( 6 . 2 . 1 5 ) 
The c o u p l e e x e r t e d on t h e t o p p l a t e n due t o t h e m o t i o n o f t h e f l u i d i s 
0 
where t h e flz-component o f t h e s t r e s s t e n s o r i s o b t a i n e d by 
s u b s t i t u t i n g ( 6 . 2 . 1 1 ) i n t o ( 6 . 2 . 5 ) . Cp i s t h e r e f o r e g i v e n b y , 
= i o ) ^ a 4 x „ a c o t ( a h ) 7 ? - e " - - ( 6 . 2 . 1 7 ) 
We may e x p r e s s t h e e q u a t i o n o f m o t i o n o f t h e t o p p l a t e n a s , 
7,*C(a2) - Coe*"" + l o j ^ x ^ , ( 6 . 2 . 1 8 ) 
where , 
C ( a ^ ) - i ^ - a ^ Y ^ o t ( a h ) ( 6 . 2 . 1 9 ) 
The c o m p l e x v i s c o s i t y 17* c a n now be d e t e r m i n e d by s o l v i n g 
e q u a t i o n ( 6 . 2 . 1 8 ) i n c o n j u n c t i o n w i t h e q u a t i o n ( 6 . 2 . 1 9 ) . These 
e q u a t i o n s a r e a b l e t o i n t e r p r e t t h e f u l l e f f e c t o f f l u i d i n e r t i a on 
t h e c o m p l e x v i s c o s i t y f u n c t i o n and must be s o l v e d n u m e r i c a l l y , A 
c o m p u t e r a l g o r i t h m based on a r a p i d l y c o n v e r g e n t i t e r a t i v e scheme has 
been w r i t t e n f o r t h i s p u r p o s e . However , f o r some f l o w s i t u a t i o n s 
f l u i d i n e r t i a e f f e c t s a r e s m a l l . Hence a p e r t u r b a t i o n t e c h n i q u e may 
be u sed t o s o l v e t h e s e e q u a t i o n s a n a l y t i c a l l y . 
io}t 
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6 . 2 . 2 . P e r t u r b a t i o n inethod o f s o l u t i o n . 
C o n s i d e r e q u a t i o n ( 6 . 2 . 1 9 ) w l i i c h d e f i n e s t h e c o m p l e x 
t r a n c e n d e n t a l f u n c t i o n CCa^) . The f u n c t i o n ( a h ) c o t ( a h ) may be 
e x p a n d e d i n powers o f ( a h ) ^ t e r r a s , and h e n c e . 
where t e r m s o f o r d e r ( a h ) ^ and h i g h e r o r d e r t e r m s have b e e n i g n o r e d . 
S i m i l a r l y t h e c o m p l e x v i s c o s i t y f u n c t i o n 17* may be e x p a n d e d i n t h e 
f o l l o w i n g f o r m , 
rj* " 7j* + ( a h ) 2 , j * + ( a h ) ^ » ? * ( 6 . 2 . 2 1 ) 
Howeve r , f r o m ( 6 . 2 . 1 0 ) we see t h a t t h e n o n - d i m e n s i o n a l f l u i d i n e r t i a 
p a r a m e t e r ( a h ) ' i s a f u n c t i o n o f 17*. I n p a r t i c u l a r , 
( a h ) 2 - ( 6 . 2 . 2 2 ) 
I f we d e f i n e ( O g h ) ^ t o be 
ic jph 
t h e n i t c a n e a s i l y be shown by s u b s t i t u t i n g ( 6 . 2 . 2 1 ) i n t o ( 6 . 2 . 2 2 ) 
t h a t ( a h ) 2 may be expanded i n t e r m s o f ( a g h ) ' , as f o l l o w s 
( a , h ) 2 » . ( 6 . 2 . 2 3 ) 
( a h ) 2 a ( a g h ) ' - ( a o h ) ^ 7 , * / , 7 * . ( 6 . 2 . 2 4 ) 
and 
( a h ) ^ ^ ( a g h ) ^ ( 6 . 2 . 2 5 ) 
where t e r m s o f o r d e r ( aQh)^ have been i g n o r e d . C o n s e q u e n t l y t h e 
e x p a n s i o n s g i v e n by ( 6 . 2 . 2 0 - 2 1 ) become, 
C ( a „ ^ ) 1 - < 2 ^ - ( a „ h ) ^ [ ^ - - I ! ^ ] ] . ( 6 . 2 . 2 6 ) 
and 
V* - ri*+ ( anh)^ ' ?* + (oMHv* " , ( 6 . 2 . 2 7 ) 
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C l e a r l y t h e s i m p l e s t s i t u a t i o n we a r e a b l e t o c o n s i d e r i s when 
f l u i d i n e r t i a e f f e c t s a r e n e g l i g i b l e . ( i . e . a ' ^ O ) . Unde r t h i s 
a s s u m p t i o n t h e e q u a t i o n o f m o t i o n ( 6 . 2 . 1 8 ) o f t h e t o p p l a t e n r e d u c e s 
t o , 
< = ^ 0 - ' ' ^ "^^'^o ] (6 .2 .28) 
The r e a l and i m a g i n a r y p a r t s o f t h e c o m p l e x v i s c o s i t y a r e c a l l e d 
t h e d y n a m i c v i s c o s i t y and t h e d y n ami c r i g i d i t y r e s p e c t i v e l y . These 
l i n e a r v i s c o e l a s t i c f u n c t i o n s a r e r e l a t e d t o t h e e x p e r i m e n t a l 
d i s p l a c e m e n t a m p l i t u d e and phase d a t a by t h e e x p r e s s i o n s , 
2 h C n S i n ( c ) * 
''o c i a ^ X , • ( 6 . 2 . 2 9 ) 
and 
c- = £n££ i (£ ) + (6 .2 .30) 
0 ira L A q J 
The phase a n g l e c must t h e r e f o r e l i e i n t h e r a n g e , 
0 ^ c $ IT ( 6 . 2 . 3 1 ) 
The m e c h a n i c a l i n e r t i a o f t he s y s t e m i s g o v e r n e d by t h e t e r m I w ' and 
has no e f f e c t on t he dynamic v i s c o s i t y . 
We a r e now i n a p o s i t i o n t o d e r i v e e x p r e s s i o n s f o r t h e f i r s t and 
s e c o n d o r d e r c o m p l e x v i s c o s i t y c o e f f i c i e n t s . I t c a n be seen by 
c o m p a r i n g ( 6 . 2 . 1 8 ) and ( 6 . 2 . 2 8 ) t h a t t h e c o m p l e x v i s c o s i t y rj* a n d t h e 
z e r o o r d e r a p p r o x i m a t i o n t o t h e c o m p l e x v i s c o s i t y T J * a r e r e l a t e d b y , 
r,*C(a^) - „* (6 .2 .32) 
Hence by u s i n g ( 6 . 2 . 2 0 - 2 7 ) and e q u a t i n g c o e f f i c i e n t s , we f i n d t h a t 
t h e c o m p l e x v i s c o s i t y i s g i v e n b y , 
* ^ , * [ 1 ^ ( £ n ! l l l ^ ] ( 6 . 2 . 3 3 ) 
Le t t h e f i r s t and second o r d e r a p p r o x i m a t i o n s t o t h e c o m p l e x 
v i s c o s i t y be V*^^ ^(2) '*®^P^*^^ *y • Jones e t a l [ 2 4 ] have 
d e r i v e d t h e f i r s t o r d e r f l u i d i n e r t i a c o r r e c t i o n f o r t h i s g e o m e t r y i n 
an e a r l i e r i n v e s t i g a t i o n . 
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C o n s i d e r e q u a t i o n ( 6 . 2 . 3 3 ) , w h i c h t o f i r s t o r d e r a c c u r a c y i s , 
" t o - < - ^ ^ ' - ' - ' ' ^ 
The f i r s t o r d e r a p p r o x i m a t i o n has no r e a l component and t h e r e f o r e t h e 
z e r o o r d e r d y n a m i c v i s c o s i t y f u n c t i o n r e m a i n s u n c h a n g e d . i . e . 
- (6 .2 .35) 
However , t h e z e r o o r d e r d y n a m i c r i g i d i t y f u n c t i o n i s i n c r e a s e d b y a n 
amount a )ph^ /3 . 
C' - C' + . ( 6 . 2 . 3 6 ) 
( 1 ) 0 J 
The f i r s t o r d e r f l u i d i n e r t i a c o r r e c t i o n s ( 6 . 2 . 3 5 - 3 6 ) have p r e v i o u s l y 
been d e r i v e d by Jones e t a l [ 2 4 ] . E q u a t i o n ( 6 . 2 . 3 6 ) shows t h a t t h e 
f i r s t o r d e r f l u i d i n e r t i a c o r r e c t i o n i s dependen t on t h e s y s t e m 
g e o m e t r y o n l y and i s i n d e p e n d e n t o f f l u i d p r o p e r t i e s . I t s h o u l d be 
n o t e d t h a t rj* i s p r o p o r t i o n a l t o h ^ . Hence , by v a r y i n g t h e gap s i z e , 
i n e x p e r i m e n t s , t h e i n f l u e n c e o f f l u i d i n e r t i a may be d e t e r m i n e d . 
The s e c o n d o r d e r f l u i d i n e r t i a a p p r o x i m a t i o n may be o b t a i n e d 
f r o m e q u a t i o n ( 6 . 2 . 3 3 ) , and i s g i v e n by 
. 2 2 2. 4 
= "o - ^ : j - f <6-2-37) 
i . e . 
^ 2 ) \ - - \ ^"^0 ^ '^0^"^^ • ( 6 . 2 . 3 8 ) 
where 
T a k i n g r e a l and i m a g i n a r y p a r t s we see t h a t t h e d y n a m i c v i s c o s i t y 
TjJ^  i s d e c r e a s e d by a v a l u e o f (T7J^/45) ( w p h ' / 1 T J * j ) ^ . 
'7 
2 1 2 
( 2 ) 'O 1^ 
The d y n a m i c r i g i d i t y G^^^ i s g i v e n by 
( 2 ) . | ^ . - | 
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The s e c o n d o r d e r f l u i d i n e r t i a c o r r e c t i o n depends o n b o t h t h e s y s t e m 
g e o m e t r y and o n t h e f l u i d p r o p e r t i e s . E x p r e s s i o n s d e f i n e d b y 
e q u a t i o n s ( 6 . 2 . 2 9 - 3 0 ) , ( 6 . 2 . 3 5 - 3 6 ) . and ( 6 . 2 . 4 0 - 4 1 ) may be u sed t o 
p r o d u c e d y n a m i c d a t a f r o m e x p e r i m e n t a l d i s p l a c e m e n t a m p l i t u d e a n d 
phase d a t a measu remen t s , p r o v i d e d f l u i d i n e r t i a e f f e c t s a r e n o t t o o 
l a r g e . 
6 . 2 . 3 . E x a c t method o f s o l u t i o n . 
I f f l u i d i n e r t i a e f f e c t s a r e l a r g e , i t i s n o t p o s s i b l e t o o b t a i n 
an a n a l y t i c a l s o l u t i o n t o t h e c o u p l e e q u a t i o n ( 6 . 2 . 1 8 ) . By 
m u l t i p l y i n g b o t h s i d e s o f ( 6 . 2 . 3 2 ) by a c o m p l e x f a c t o r - l / i c j p h ^ , t h e 
r e s u l t a n t e q u a t i o n i s n o n - d i m e n s i o n a l and may be w r i t t e n i n t h e f o r m , 
( a o h ) 2 « ( a h ) t a n ( a h ) ( 6 . 2 . 4 2 ) 
T h i s e q u a t i o n may be s o l v e d n u m e r i c a l l y u s i n g a N e w t o n - R a p h s o n 
t e c h n i q u e . To a v o i d t h e d i s c o n t i n u i t y i n t a n ( a h ) as a h a p p r o a c h e s 
k i r / 2 , k = ± 1 , ± 3 , . . . . we r e w r i t e t h i s e q u a t i o n a s , 
( a h ) s i n ( a h ) - ( o ^ h ) ' c o s ( a h ) - 0 ( 6 . 2 . 4 3 ) 
Le t 
f ( a h ) - ( a h ) s i n ( Q h ) - ( a ^ h ) ' c o s ( a h ) ( 6 . 2 . 4 4 ) 
The c o m p l e x p a r a m e t e r ( O j j h ) ' i s known e x p e r i m e n t a l l y . ( a h ) c a n now 
be d e t e r m i n e d by s o l v i n g e q u a t i o n ( 6 . 2 . 4 3 ) n u m e r i c a l l y u s i n g t h e 
i t e r a t i v e p r o c e d u r e ( J e n n i n g s [ 2 1 ] ) . 
- k . . - z , • k = 0 . . . 2 . . . . < ^ - 2 - ^ 5 ) 
where Z q i s an i n i t i a l v a l u e f o r a h . I t s h o u l d be n o t e d t h a t t h e 
s o l u t i o n t o e q u a t i o n ( 6 . 2 . 4 3 ) i s m u l t i v a l u e d and h e n c e , c a r e must be 
t a k e n i n t h e i n i t i a l c h o i c e o f ( a h ) t o e n s u r e t h a t t h e scheme 
c o n v e r g e s t o t h e c o r r e c t s o l u t i o n . 
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6 . 3 . Cone and p l a t e . 
6 . 3 . 1 . G o v e r n i n g e q u a t i o n s . 
A l l p h y s i c a l q u a n t i t i e s a r e r e f e r r e d t o s p h e r i c a l p o l a r 
c o o r d i n a t e s {r,d,tp). The cone and p l a t e g e o m e t r y i s d e f i n e d b y two 
c o a x i a l i n s t r u m e n t members; a cone o f s e m i - v e r t i c a l a n g l e a n d a 
f l a t h o r i z o n t a l p l a t e o f r a d i u s r as shown i n f i g u r e ( 3 . 4 ) . The 
a n g l e b e t w e e n t h e cone and t h e p l a t e , d e n o t e d 6Q, i s assumed t o be 
s m a l l ( < 4 ) . A c o u p l e i s a p p l i e d t o t h e cone f o r c i n g i t t o make 
s m a l l a m p l i t u d e a n g u l a r o s c i l l a t i o n s o f a m p l i t u d e X q a n d f r e q u e n c y o> 
a b o u t t h e ^ f - a x i s . The b o t t o m p l a t e n r e m a i n s s t a t i o n a r y . We a g a i n 
use t h e g e n e r a l i s e d l i n e a r e q u a t i o n o f s t a t e f o r e 1 a s t i c o - v i s c o u s 
l i q u i d s d e f i n e d by ( 6 . 2 . 1 ) . I . e . 
a . . - T7*7.j - p g . j ( 6 . 3 . 1 ) 
F o l l o w i n g t h e a n a l y s i s o f p r e v i o u s w o r k e r s . H o l d e r [ 2 0 ] a n d 
Jones e t a l [ 2 4 ] , t h e n o n - z e r o p h y s i c a l v e l o c i t y componen t i s assumed 
t o b e , 
V ( ^ ) = F ( r , 5 ) e * ' ^ ' . ( 6 . 3 . 2 ) 
w h i c h i d e n t i c a l l y s a t i s f i e s t h e e q u a t i o n o f c o n t i n u i t y ( 2 . 1 . 4 ) , f o r 
i n c o m p r e s s i b l e f l u i d s . The v e l o c i t y p r o f i l e ( 6 . 3 . 2 ) g i v e s r i s e t o 
two n o n - z e r o components o f t h e s h e a r r a t e t e n s o r . These 
a r e ( B i r d e t a l [ 5 ] ) , 
and 
^ ^ = 1 [ l i e - - " ) - F ( r . 9 ) c o t ( e ) ] e " ^ ' . (6 .3 .4) 
dip 
The c o r r e s p o n d i n g components o f t he s t r e s s t e n s o r a r e g i v e n by 
^ _ . 8 F ( r , e ) F ( r , d ) l „ * . i a ) t 
8r 
r d ( r , 0 ) ( r , g ) 1  i w t 
, - — F J ' ' ^ • ( 6 . 3 . 5 ) 
and 
[ i ' ^ ' " ' - F ( r . . ) c o . ( « ) ] , * e ' - . (6 .3 .6 ) 
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S u b s t i t u t i n g ( 6 . 3 . 2 ) and ( 6 . 3 . 5 - 6 ) i n t o t h e r e l e v a n t e q u a t i o n o f 
m o t i o n ( see e q u a t i o n ( 2 . 1 . 2 ) ) , 
r a v a v V a v v a v v ^ v v ^ v , 
1 a , 3 , 1 S f . 1 9 (Te^cot(e) 
" 7^ 3 ? r "r^l r s i n ( f l ) 3 f l r e / ' " < ' ' > J r s i n ( g ) 3 ^ V ? 
- 7 i T i ( I ) | • ( ^ - ^ - ^ ^ 
we o b t a i n t h e second o r d e r p a r t i a l d i f f e r e n t i a l e q u a t i o n , 
( 6 . 3 . 8 ) 
where a i s d e f i n e d i n e q u a t i o n ( 6 . 2 . 1 0 ) . 
E q u a t i o n ( 6 . 3 . 8 ) must be s o l v e d s u b j e c t t o t h e b o u n d a r y c o n d i t i o n s 
F ( r , f l ^ ) - i t j r X o S i n ( e ^ ) ( 6 . 3 . 9 ) 
F ( r , 0 ) - 0 ( 6 . 3 . 1 0 ) 
N a l l y [ 2 8 ] has s o l v e d t h e above p a r t i a l d i f f e r e n t i a l e q u a t i o n 
u s i n g a s e p a r a t i o n o f v a r i a b l e s t e c h n i q u e . The g e n e r a l s o l u t i o n may 
be w r i t t e n a s , 
00 
F ( r . 9 ) = r - i ) J „ . , ( « r ) [ A P ; ( c o s ( 9 ) ) + B Q ; ( C O S ( 9 ) ) 1 , ( 6 . 3 . 1 1 ) ^ n+} I n n n n J 
n = i 
where J , ( a r ) i s a Besse I f u n c t i o n o f t h e f i r s t k i n d o f o r d e r 
n+J 
( n + 1 / 2 ) , P ^ ( c o s ( 0 ) ) and Q ^ ( c o s ( 0 ) ) a r e z e r o o r d e r L e g e n d r e f u n c t i o n s 
o f t h e f i r s t and s econd k i n d o f d e g r e e n , and ' d e n o t e s 
d i f f e r e n t i a t i o n w i t h r e s p e c t t o 6. and a r e a r b i t r a r y 
c o n s t a n t s t o be d e t e r m i n e d f r o m t h e b o u n d a r y c o n d i t i o n s ( 6 . 3 . 9 - 1 0 ) . 
We s h a l l need t o use t h e f o l l o w i n g r e s u l t f r o m W a t s o n ( 4 6 ] , 
CD 
f , v r ^ ' / ^ - 2 ' / ^ T ( n + l / 2 ) r ( H - n / 2 ) 
( a r ) - 2 2 [ ( n - l ) / 2 ] ! ^-^i^""^ • ( 6 . 3 . 1 2 ) 
n=t , 3 
where f r o m [ 2 8 ] we d e f i n e t h e gamma f u n c t i o n P t o b e , 
r ( k + i ) ^ ' ^ ^ ^ •. • • ( ^ ^ - ^ ) r ( l / 2 ) . ( 6 . 3 . 1 3 ) 
2*" ( k - 1 , 2 , 3 , . . . ) 
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f{r,e^) may be expanded i n t e r m s o f J n + 1 / 2 s u b s t i t u t i n g ( 6 . 3 . 1 2 ) 
i n t o ( 6 . 3 . 9 ) . t o g i v e 
_ 1 ,1 
F ( r , 0 ) - iojX r ' a ^ s i n ( 5 ) ) a J _ , , ( Q r ) . ( 6 . 3 . 1 4 ) c 0 c n n + j 
n = i , 3 
w h e r e , 
3 / 2 ( n 4 - l / 2 ) r ( l - H n / 2 ) 
% - 2 [ ( n - l ) / 2 ] . 
U s i n g t h e p r o p e r t i e s o f t h e L e g e n d r e f u n c t i o n s ( A b r a m o v i t z and 
Segun [ 1 ] . we see t h a t t h e s o l u t i o n ( 6 . 3 . 1 1 ) t o t h e d i f f e r e n t i a l 
e q u a t i o n ( 6 . 3 . 8 ) s a t i s f i e s t h e b o u n d a r y c o n d i t i o n s ( 6 . 3 . 1 0 ) and 
( 6 . 3 . 1 4 ) p r o v i d e d , 
A - 0 f o r a l l n , ( 6 . 3 . 1 6 ) n 
B - 0 n e v e n , ( 6 . 3 . 1 7 ) n 
and 
n Q ; ( C O S ( 0 ^ ) ) 
Hence e q u a t i o n ( 6 . 3 . 1 1 ) becomes 
^ | " ( f r ) < > ' ^ ^ ^ n o d d . ( 6 . 3 . 1 8 ) 
^ 3 S 
F ( r , 0 ) - r * ^ a"? 2 ^n* 'n+ i^ '* ' ' ^ ' ^n^^^ ' ( 6 . 3 . 1 9 ) 
n - i , 3 
where , 
" Q n ( c o s ( f l c ) ) 
The e q u a t i o n o f m o t i o n o f t l i e cone i s g i v e n b y , 
C e ' ^ " ' * ' ^ ) - r = - l o . ' x e " ^ ' , ( 6 . 3 . 2 1 ) 
0 F 0 
where I i s now t h e moment o f i n e r t i a o f t h e c o n e . The c o u p l e a c t i n g 
on t h e cone due t o t h e m o t i o n o f t h e f l u i d i s g i v e n b y , 
- - 2 . s i n ^ ( ^ ^ ) J % V ^ ^ | ^ ^ ^ d r . ( 6 . 3 . 2 2 ) 
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E q u a t i o n ( 6 . 3 . 6 ) d e s c r i b e s t h e fl^-component o f t h e s t r e s s t e n s o r f r o m 
w h i c h Cp may be d e t e r m i n e d . i . e . 
00 
= - 2 . s i n \ e ^ ) a - ' l R ^ ^ , ) - R ^ ( f l ) c o t ( e ) ] H ^ ^ ( a r ) , * e 
n » i , 3 ^ 
( 6 . 3 . 2 3 ) 
where 
aa 
H ^ j ( a a ) - J ( a r ) ' ' ^ ' j ^ j ( a r ) d ( a r ) . ( 6 . 3 . 2 4 ) 
The e q u a t i o n o f m o t i o n o f t h e cone may t h e r e f o r e be e x p r e s s e d a s , 
r ; * C ( a ' ) - C e**^  + lo) x ' ( 6 . 3 . 2 5 ) 
0 0 
where t h e c o m p l e x f u n c t i o n C ( a ^ ) I s g i v e n b y , 
oo 
C ( a ' ) - - 2 T s i n ' ( 5 ^ ) a " ' ^ a ^ [ R ^ ( d ) - R^{d)cot(e) ] " n + i ^ " " " ^ 
n - i , 3 ^ 
( 6 . 3 . 2 6 ) 
E q u a t i o n ( 6 . 3 . 2 5 ) may be used t o d e t e r m i n e t h e c o m p l e x v i s c o s i t y 
e x a c t l y . A c o m p u t e r a l g o r i t h m has been w r i t t e n t o s o l v e e q u a t i o n 
( 6 . 3 . 2 5 ) n u m e r i c a l l y by e m p l o y i n g e s s e n t i a l l y t h e same i t e r a t i v e 
t e c h n i q u e as d e s c r i b e d i n s e c t i o n ( 6 . 2 . 3 ) . T h i s scheme i s d i s c u s s e d 
i n s e c t i o n ( 6 . 3 . 3 ) 
6 . 3 . 2 P e r t u r b a t i o n method o f s o l u t i o n 
I f we assume t h a t f l u i d i n e r t i a e f f e c t s a r e s m a l l , t h e n f r o m 
Maude and W a l t e r s [ 2 6 ] , we see t h a t t h e s o l u t i o n t o ( 6 . 3 . 8 ) may be 
e x p a n d e d i n powers o f (o t r ) ^ t e r m s . i . e . 
F ( r , a ) ^ ^^(r,e) + ( a r ) ' F ^ ( r , f l ) + ( a r ) V ^ ( r . f f ) , ( 6 . 3 . 2 7 ) 
where t e r m s o f o r d e r ( a r ) ^ have been i g n o r e d . 
I f we use t h e Besse l f u n c t i o n p r o p e r t y ( W a t s o n [ 4 6 ] ) , 
m -0 
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i n e q u a t i o n ( 6 . 3 . 1 9 ) we o b t a i n by c o l l e c t i n g c o e f f i c i e n t s t h e 
e x p r e s s i o n f o r F ( r , e ) b e l o w 
f i r , d ) ^ r [ R^(a) + ^ [ R^(e) - R / e ) ] 
T h i s s o l u t i o n i s t h e same as t h a t o b t a i n e d by H o l d e r [ 2 0 ] . 
When f l u i d i n e r t i a e f f e c t s a r e i g n o r e d , 
F ( r , e ) ^ r R ^ ( 0 ) ( 6 . 3 . 3 0 ) 
w h i c h when used i n c o n j u n c t i o n e q u a t i o n s ( 6 . 3 . 6 ) and ( 6 . 3 . 2 2 ) , g i v e s 
t h e f o l l o w i n g e x p r e s s i o n Cp. 
F J L 1 1 J o'^oQ 0 
When f l u i d i n e r t i a e f f e c t s a r e no t i g n o r e d , t h e n i n o r d e r t o s i m p l i f y 
t h e e q u a t i o n s , i t i s c o n v e n i e n t t o assume t h a t t h e gap a n g l e $q, i s 
s m a l l . U s i n g t h e p r o p e r t i e s o f L e g e n d r e f u n c t i o n s ( A b r a m o v i t z and 
Segun [ 1 ] ) , i t c a n be shown t h a t e q u a t i o n ( 6 . 3 . 2 9 ) may be w r i t t e n a s , 
F ( r , ( J ) ^- [ ( x / 2 - t f ) + ^ \ ( r / 2 - e ) e l . 
( 6 . 3 . 3 2 ) 
S u b s t i t u t i n g e q u a t i o n s ( 6 . 3 . 6 ) and ( 6 . 3 . 3 2 ) i n t o e q u a t i o n 
( 6 . 3 . 2 2 ) , Cp i s now g i v e n b y . 
0 
Hence f r o m ( 6 . 3 . 2 5 ) , 
C ( a ^ ) ^ ^ ^ ^ J ^ [ ^ - 5 < ^ ^ ^ > ' - l i s - ( 6 - 3 . 3 4 ) 
- 8 0 
When f l u i d i n e r t i a e f f e c t s a r e i g n o r e d , t h e e q u a t i o n o f m o t i o n 
o f t h e cone r e d u c e s t o , o n s u b s t i t u t i o n o f e q u a t i o n ( 6 . 3 . 3 4 ) 
i n t o e q u a t i o n ( 6 . 3 . 2 5 ) . t h e f o l l o w i n g e x p r e s s i o n f o r 7;* » 
„ * 39 ^ 0 ^ " = - ] (6 .3 .35) 
T a k i n g r e a l and i m a g i n a r y p a r t s we see t h a t t h e d y n a m i c v i s c o s i t y i s 
g i v e n b y , 
and t h e d y n a m i c r i g i d i t y i s g i v e n b y , 
39 C o c o s ( c ) + lo)2x^ ] ( 6 . 3 . 3 7 ) 
0 2 ra3Xo 
For t h e case when f l u i d i n e r t i a e f f e c t s a r e i n c l u d e d , we see by 
s u b s t i t u t i n g e q u a t i o n ( 6 . 3 . 3 4 ) i n t o t h e c o u p l e e q u a t i o n ( 6 . 3 . 2 5 ) and 
e q u a t i n g w i t h e q u a t i o n ( 6 . 3 . 2 5 ) t h a t 
* . *r 1 ^ ( a n i £ ^ ' i^^^"] (6 .3 .38) 
0 L J 1 KjJ J 
The f i r s t and s e c o n d o r d e r a p p r o x i m a t i o n s t o t h e c o m p l e x v i s c o s i t y 
f u n c t i o n may be o b t a i n e d f r o m ( 6 . 3 . 3 8 ) . 
S u b s t i t u t i n g ( 6 . 3 . 3 5 ) i n t o ( 6 . 3 . 3 8 ) y i e l d s t h e f i r s t o r d e r 
a p p r o x i m a t i o n , 
T a k i n g r e a l and i m a g i n a r y p a r t s , we see t h a t t h e d y n a m i c r i g i d i t y 
f u n c t i o n i s now g i v e n b y , 
c; - c + ' ± P ^ (6 .3 .40) 
The dynamic v i s c o s i t y f u n c t i o n i s u n a f f e c t e d by f i r s t o r d e r f l u i d 
i n e r t i a e f f e c t s . 
The s econd o r d e r a p p r o x i m a t i o n , i s g i v e n f r o m e q u a t i o n ( 6 , 3 . 8 ) 
t o be 
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T a k i n g r e a l and i m a g i n a r y p a r t s we see t h a t t h e d y n a m i c v i s c o s i t y i s 
g i v e n b y . 
1 - _ L f ' ^ P y ^ n l ] , ( 6 . 3 . 4 2 ) 
and t h a t t h e dynamic r i g i d i t y i s g i v e n b y , 
2 2 4 . 4 
whe re 
. G ; C - L P I ^ 1 . ( 6 . 3 . 4 3 ) 
( 2 ) ( O 0 105 ^ |7y*| J 
7,* - ( C V w ) ^ * ( 6 . 3 . 4 4 ) 
0 L 0 0 J 
6 . 3 . 3 . E x a c t method o f s o l u t i o n . 
When f l u i d i n e r t i a e f f e c t s a r e i n c l u d e d i n t h e a n a l y s i s , t h e 
c o u p l e e q u a t i o n i s g i v e n by ( 6 . 3 . 2 5 ) . The c o u p l e e q u a t i o n f o r t h e 
case when f l u i d i n e r t i a e f f e c t s a r e i g n o r e d i n t h e a n a l y s i s i s 
o b t a i n e d by s u b s t i t u t i n g e q u a t i o n ( 6 . 3 . 3 1 ) i n t o e q u a t i o n ( 6 . 3 . 2 1 ) . 
i . e . 
- R ^ ( . ) e o t ( . ) . C ^ e * ^ . I . ^ . 
( 6 . 3 . 4 5 ) 
By c o m p a r i n g e q u a t i o n ( 6 . 3 . 4 5 ) w i t h ( 6 . 3 . 2 5 ) , we see t h a t rj* and rj* 
a r e r e l a t e d by t h e f o l l o w i n g e q u a t i o n . 
n«-1 , 3 ^ 
where t h e f u n c t i o n L^(6) i s d e f i n e d b y , 
r Qn(cos(e)) - Q ; ( cos (9 ) ) co t ( f l ) l / r Q " ( C O S ( 9 ) ) - Q j ( c o s ( 9 ) ) c o t ( 9 ) 1 
I Q;^(cos(e^)) J / I Q;(cos(e^)) J • 
( 6 . 3 . 4 7 ) 
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M u l t i p l y i n g b o t h s i d e s o f ( 6 . 3 . 4 6 ) by a c o m p l e x f a c t o r - l / i c j p a ' l e a d s 
t o t h e n o n - d i m e n s i o n a l e q u a t i o n , 
00 
( a a ) = - 3 ( a _ , a ) ' J a^L^(e) |^^^ H ^ ^ j ( a a ) = 0 . ( 6 . 3 . 4 8 ) 
n = i , 3 ^ 
w h i c h i s t o be s o l v e d u s i n g t h e same i t e r a t i v e scheme as s e t o u t i n 
s e c t i o n ( 6 . 2 . 3 ) . At t h e ( k + l ) ^ h i t e r a t i o n , 
( - > k . i = ( - ) k - -rnStr • k = 0 . 1 . 2 . . . . ^ ' - ' - ' ' ^ 
The f u n c t i o n f ( a a ) i s d e f i n e d b y , 
00 
f ( a a ) » ( a a ) ' - ( a ^ a ) ' J a ^ L ^ ( 0 ) | ^ _ ^ ^ " n + i ^ " " ^ ^ ( 6 . 3 . 5 0 ) 
n= 1 , 3 ^ 
The n o n - d i m e n s i o n a l c o m p l e x p a r a m e t e r ( a ^ a ) ^ may be d e t e r m i n e d 
e x p e r i m e n t a l l y . For each v a l u e o f t h i s p a r a m e t e r , we must f i n d a 
v a l u e o f aa w h i c h s a t i s f i e s ( 6 . 3 . 4 8 ) . The f i r s t and s e c o n d 
d e r i v a t i v e s o f t he n t h o r d e r Legend re f u n c t i o n may be e v a l u a t e d u s i n g 
t h e f o l l o w i n g s t a b l e f o r w a r d r e c u r s i v e r e l a t i o n s , 
Q ; ^ ( C O S ( 0 ) ) - c o s ( e ) Q ; ^ _ j ( c o s ( 0 ) - ^ Q ; _ 2 ( c o s ( a ) ) . 
n - 2 , 3 , 4 . . ( 6 . 3 . 5 1 ) 
and 
Q " ( c o s ( 0 ) ) - [ c o s ( f l ) Q " , ( c o s ( 0 ) ) - s i n ( 0 ) Q ' , ( c o s ( f l ) ) l n n - l I n - l n - l J 
n - ^ Q ; ; _ 2 ( C O S ( 0 ) n - 2 . 3 , 4 , . . ( 6 . 3 . 5 2 ) 
where ' r e f e r s t o d i f f e r e n t i a t i o n w i t h r e s p e c t t o d. 
We n o t e t h e r e c u r s i v e f o r m u l a f o r e v a l u a t i n g t h e B e s s e l f u n c t i o n 
T h i s f o r m u l a i s u n s t a b l e r e c u r s i n g i n t h e f o r w a r d d i r e c t i o n , bu t 
s t a b l e when r e c u r s i n g b a c k w a r d s . A scheme f o r e v a l u a t i n g J ,(i 
n + j 
due t o M i l l e r and p r e s e n t e d by O l v e r c a n be f o u n d i n [ 3 2 ] . 
8 3 
The i n t e g r a l r e p r e s e n t e d by H ^ , ( a a ) may be e v a l u a t e d b y means 
n + j 
o f a s t a b l e f o r w a r d r e c u r s i v e r e l a t i o n . 
- T ^ T " n - 3 / . < - ^ > ^^^>^^V./.(«->' n » 2 , 3 . 4 . . . 
( 6 . 3 . 5 4 ) 
T h i s f o r m u l a i s o b t a i n e d by s u b t s t i t u t i n g e q u a t i o n ( 6 . 3 . 5 3 ) i n t o 
e q u a t i o n ( 6 . 3 . 2 4 ) and i n t e g r a t i n g by p a r t s . 
6 . 4 . C o n c e n t r i c c y l i n d e r s . 
6 . 4 . 1 . G o v e r n i n g e q u a t i o n s . 
A l l p h y s i c a l q u a n t i t i e s a r e r e f e r r e d t o c y l i n d r i c a l p o l a r 
c o o r d i n a t e s ( r , f f , z ) . The c o n c e n t r i c c y l i n d e r g e o m e t r y c o n s i s t s o f 
two c o a x i a l c y l i n d e r s o f h e i g h t h and r a d i i r^ and r ^ r e s p e c t i v e l y 
( r ^ > r . ) , as shown i n f i g u r e ( 3 . 6 ) . A c o u p l e i s a p p l i e d t o t h e i n n e r 
c y l i n d e r f o r c i n g i t t o make s m a l l a m p l i t u d e a n g u l a r o s c i l l a t i o n s o f 
a m p l i t u d e XQ and f r e q u e n c y o) abou t t h e z - a x i s . The o u t e r c y l i n d e r 
r e m a i n s s t a t i o n a r y . 
We a g a i n use t h e g e n e r a l i s e d l i n e a r e q u a t i o n o f s t a t e f o r 
e l a s t i c o - v i s c o u s l i q u i d s d e f i n e d i n s e c t i o n ( 6 . 2 ) . 
' ' i j " - P ^ i j ( 6 . 4 . 1 ) 
F o l l o w i n g t h e a n a l y s i s o f Jones e t a l [ 2 4 ] , t h e n o n - z e r o 
p h y s i c a l v e l o c i t y component i s assumed t o b e , 
- r F ( r ) e * ' ^ ^ . ( 6 . 4 . 2 ) 
w h i c h i d e n t i c a l l y s a t i s f i e s t h e e q u a t i o n o f c o n t i n u i t y ( 2 . 1 . 4 ) , f o r 
i n c o m p r e s s i b l e f l u i d s . T h i s v e l o c i t y p r o f i l e g i v e s r i s e t o one 
n o n - z e r o component o f t h e shea r r a t e t e n s o r ( B i r d e t a l [ 5 ] ) , 
w h i c h c a n be s u b s t i t u t e d i n t o e q u a t i o n ( 6 . 4 . 1 ) t o o b t a i n t h e 
c o r r e s p o n d i n g component o f t h e s t r e s s t e n s o r , 
d F ( r ) * ia)t . 
- 8 4 -
S u b s t i t u t i n g ( 6 . 4 . 1 ) and ( 6 . 4 . 3 ) i n t o t h e r e l e v a n t e q u a t i o n o f m o t i o n , 
1 9 r 2 1 1 3 ^ 3 1 3p ^ c x 
l e a d s t o t h e s econd o r d e r o r d i n a r y d i f f e r e n t i a l e q u a t i o n , 
^ [ r ^ - E ( ^ > ] . a ^ V ( r ) = 0 . ( 6 . 4 . 6 ) 
The s o l u t i o n t o t h i s d i f f e r e n t i a l e q u a t i o n must s a t i s f y t h e f o l l o w i n g 
b o u n d a r y c o n d i t i o n s . 
F ( r j ) - iojXo . ( 6 . 4 . 7 ) 
F ( r ) - 6 ( 6 . 4 . 8 ) o 
I t c a n be shown t h a t i t i s p o s s i b l e t o r e w r i t e ( 6 . 4 . 6 ) i n t h e f o r m , 
r ^ d l C ( r ) ^ ^ d 5 ( r ) ^ ^ 0 _ 
w h e r e , 
C ( r ) - r F ( r ) ( 6 . 4 . 1 0 ) 
E q u a t i o n ( 6 . 4 . 9 ) i s an example o f B e s s e l ' s e q u a t i o n and has a g e n e r a l 
s o l u t i o n , 
G ( r ) - A J ^ ( a r ) + B Y ^ ( a r ) , ( 6 . 4 , 1 1 ) 
where J ^ ( a r ) and ( a r ) a r e f i r s t o r d e r B e s s e l f u n c t i o n s o f t h e f i r s t 
and s e c o n d k i n d r e s p e c t i v e l y , and A and B a r e a r b i t r a r y c o n s t a n t s t o 
be d e t e r m i n e d f r o m t h e b o u n d a r y c o n d i t i o n s ( 6 . 4 . 7 - 8 ) . The s o l u t i o n 
G ( r ) s a t i s f i e s ( 6 . 4 . 7 - 8 ) p r o v i d e d A and B a r e g i v e n b y , 
A - - i a ) X „ r | Y ^ ( a r ^ ) 
J / a r ^ ) Y ^ ( a r . ) - Y^ ( a r ^ ) J , ( a r . ) ' ' ^ 
and 
Hence 
i ^ X ^ r i J / a r ^ ^ ) 
J ^ ( a r ^ ) Y ^ ( a r . ) - Y ^ ( a r ^ ) J ^ ( a r . ) * ' ^> 
F ( r ) - icoX^rjr Y , ( a r ) J , ( a r , ) - J . ( a r ) Y , (ar^) i 
r I j (ar )Y ( a r j - Y (ar ) J ( a r j J C 0 . 4 . i 4 ; 
o i l 1 o 1 
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The equation of motion of the inner cy l inder i s , 
C e'('^'+<=)- r = -ico'x e*'-' . (6 .4 .15) 
0 r 0 
where the couple act ing on the inner cy l inde r due to the motion of 
the f l u i d is given by, 
- - 2 ' h r ; ^ , , | , „ , ^ (6 .4.16) 
The dr-component of the stress tensor may be determined by 
s u b s t i t u t i n g (6.4.14) into ( 6 . 4 . 4 ) . i . e . 
^ e r l r - r . ' '^^o°"^ilj (ar )Y ( a r . ) - Y (ar )J ( a r . ) J ^ ^ o . ^ . i / ; 
1 1 0 1 1 1 0 1 1 
The equation of motion of the inner cy l inder may be expressed as, 
7;*C(a^) - C e '% lo)^X , (6 .4.18) 
0 0 
where, 
1 0 1 1 1 0 1 1 
and I is now the moment o f i n e r t i a of the inner c y l i n d e r . Equation 
(6,4.19) must be solved numerically to determine the complex 
v i s c o s i t y func t ion 77*. However, i t is possible to derive an 
approximate ana ly t i ca l expression provid ing we assume that f l u i d 
i n e r t i a e f f e c t s are smal l . 
6 . 4 . 2 . Per turbat ion method of s o l u t i o n 
I t is convenient to define the f o l l o w i n g non-dimensional quan t i ty 
M - 7 . (6 .4 .20) 
o 
On s u b s t i t u t i o n of /z into equation ( 6 . 4 . 6 ) , we obta in the 
di f f e r e n t i a i equat ion, 
. ( . V V F ( . ) = 0 . (6 .4 .21) 
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the s o l u t i o n to which must s a t i s f y the boundary condi t ions 
F<r / r ) - AM . ( 6 . 4 . 2 2 ) 
I o 0 
and 
F ( l ) - 0 ( 6 . 4 . 2 3 ) 
By expanding the so lu t i on to ( 6 . 4 . 2 1 ) in powers of ( a r^ )^ terms, 
we obta in , 
F(/i) ^ F^(M) + (a r^)V^( ;z ) + ( a r ^ ) V ^ ( M ) , ( 6 . 4 . 2 4 ) 
where (ar^)^ is considered small enough to ignore terms of order 
(a r^)^ . On s u b s t i t u t i o n of the expansion ( 6 . 4 . 2 4 ) in to ( 6 . 4 . 2 1 ) , we 
obta in three second order ordinary d i f f e r e n t i a l equations that must be 
solved subject to the boundary condit ions ( 6 . 4 . 2 2 - 2 3 ) . These are, 
a? y ] - 0 • ( ^ - ^ - ^ 5 ) 
The above equations enable us to determine the zero, f i r s t , and 
second order c o e f f i c i e n t s F , F , and F respec t ive ly . Subst i t i 
0 1 2 
FQ, F , , and F j in to equation ( 6 . 4 . 2 4 ) , we obta in 
iwX^r? r 1 
1 
o i o 
r f f ? , , / , / r ^ Ti 4. ^ r f l n ( r i / r n ) i 3 r | r ^ 7] r l 
1 o 
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The couple ac t ing on the inner cyl inder due to the motion o f the 
f l u i d is given by equation (6.4.16) to be 
- -2irr,<T„ F i er M-r^/r^ 
where (TQJ. i s given by equation ( 6 . 4 . 4 ) , 
dF(u) * iti)t 
(6 .4 .29) 
(6 .4 .30) 
The couple C^ . can therefore be determined by s u b s t i t u t i n g (6 .4 .28) 
and (6.4.30) into (6 .4 .29 ) . i . e . 
4irici)X„hr I r,^  * iojt 
o i 
where the f i r s t and second order c o e f f i c i e n t s are given by, 
and 
r? r 4 r h n ( r , / r „ ) r 2 r ^ l n ( r , - / r ^ ) l 




respect i v e l y . 
I f we subs t i tu te equation (6.4.31) into equation ( 6 . 4 . 1 5 ) , and 
then express the r e s u l t i n g equation in the form given by equation 
(6 .4 .18 ) , we obtain the f o l l o w i n g expression f o r C((y^) . 
C(a2) - 4 x i a . X „ h r f r ^ ^ ^ 2^ ^ ^ 1 _ (6 .4 .33) 
r ' - r : L o i o 2J 
where C, and are defined by equation ( 6 . 4 , 3 2 ) . 
I f we ignore f l u i d i n e r t i a e f f e c t s , then on s u b s t i t u t i n g 
equation (6.4.33) into equation (6 .4 .18) , we ob ta in the f o l l o w i n g 





Taking real and imaginary par ts , we obtain the f o l l o w i n g expressions 
f o r the dynamic v i s c o s i t y TJ*^ and the dynamic r i g i d i t y CV 
= C„(rl - r ? ) s in ( c ) (6 .4.35) 
'o 4iro)X(,hr 
and 
C =. ^ X " / i H ^ n < ^ ; " < ^ > + 10,^ 1 (6 .4 .36) 
For the case when f l u i d i n e r t i a e f f e c t s are included, we see by 
s u b s t i t u t i n g equation (6.4.33) in to the couple equation (6.4.18) and 
equating wi th equation (6.4.34) that 
"* " < [ ' - ("o'-o^'S - ( « o ' - o > \ ] • ^^ ' - ^ ' ^ 
where C and C are given by (6 .4 .32 ) . 
To f i r s t order accuracy, the complex v i s c o s i t y is given by 
< o - <b - < ^ ' ' o > ' s ] (^-^-^s) 
Hence, from (6.4.32) 
0 o i 
Clear ly the dynamic v i s cos i t y is unaffected by f i r s t order f l u i d 
i n e r t i a e f f e c t s . However the dynamic r i g i d i t y is now given by, 
c. - c - + ' • o ' ^ ^ ' - i A o ) ] (6 .4.40) 
( 1 ) 0 2 I 4 r ^ r^ - r ? J ^ ^ 
0 o I 
The second order approximation to the complex v i s c o s i t y is also 
obtained from equation (6 .4 .37 ) . 
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Hence 
2 _^ 2 * . „* + io)prf r 3 r ^ - r ; ^ r ^ l n ( r j / r ^ ^ ) ! 
' ( 2 ) 'a 2 ^ 4 r 2 r ' - r? J 
o o 1 
^ ( a ; p r i r ^ ) ^ 4 r ? l n ( r ^ / r ^ ) f ^ ^ 2 r ^ l n ( r i / r , ) i 
3277* ^ r 2 - r? ^ r^ * r? J 
'o O 1 O 1 
( 7 r ^ - r [ ) ( r ^ - r f ) i ^ ^2) 
6r^ J 
o 
By taking the real and imaginary parts o f (6 .4 .42 ) , we ob ta in the 
dynamic v i s c o s i t y , 
^ ( O M 32l | , * | J I rl y r ^ r^ . ^ 
- ( ^ ' • Q - n X ' - Q - n ) ] . (6.4.43) 
6r'» J 
0 
and the dynamic r i g i d i t y , 
c. = c- - c^r^p'-i ' - f t i ' r ^ ' • i '"^' - i / ' ' o ) r i + ^'•o'"<''i/''o>i 
(^) ( O 32^ p * | J I - r f ^ r^ - r f ^ 
+ (7ro - r ? ) ( r ^ - r [ ) i (6 .4 .44) 
6r'* 
0 
6.4 .3 . Exact method o f s o l u t i o n . 
As wi th the previous geometries considered, we f i n d that fo r 
large f l u i d i n e r t i a e f f e c t s we must solve the couple equation 
(6.4.18) numerically. By comparing (6.4.18) and (6 .4 .34) we are 
able to deduce that rj* and 77* are re la ted by the expression, 
* „ ar^77*(r^ - r [ ) r J , ( a r . ) Y , ( a r ) - Y. (ar^) J , ( a n ) i 
^ 0 2 r 2 I J , ( a r o ) Y , ( a r i ) - Y , ( o r ^ ) J , ( a r j ) J ^o .^ . ^^ ; 
M u l t i p l y i n g both sides of (6.4.45) by a complex fac to r - l / i o j p leads 
to the equat ion, 
a\r' - r 
0^ o o 
^ l i „ 2ar \ J i (Q ' -o )Y, (a r i ) - Y, (ar^) J , (ar j ) i 
i \ ^ ^ " " M J , ( a r o ) Y , ( a r i ) - Y, (ar^) J , (ar j ) J * ^^-^-^^^ 
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This equation is v a l i d f o r a l l f l u i d i n e r t i a e f f e c t s and w i l l be 
solved numerically using the i t e r a t i v e procedure described i n sec t ion 
(6 .2 .3 ) and defined at the ( k + l ) ^ ^ i t e r a t i o n to be, 
where 
Zj^ - ( a r ^ ) ' , (6 .4 .48) 
and 
f ( z ) - z [ j ^ ( z ) Y ^ ( r j Z / r ^ ) - ( z ) J ^ ( r . z / r ^ ) ] 
^ ^ l i ^ [ j ^ ( z ) Y ^ ( r . z / r ^ ) - Y, (z)J ^ ( r . z / r ^ ) 
(6 .4 .49) 
The Bessel funct ions of the f i r s t and second kind J (z) and Y (z),may 
n n 
be evaluated using the f o l l o w i n g recursive r e l a t i o n . 
This r e l a t i o n is stable when the recursive r e l a t i onsh ip is appl ied in 
the-forward d i r e c t i o n fo r Y^(z) , -but unstable when appl ied in the 
forward d i r e c t i o n f o r J ( z ) . The Bessel f unc t i on of the f i r s t k ind 
n 
must be evaluated using (6.4.50) in the reverse d i r e c t i o n . 
6 .5. Double concentric cy l i nde r . 
6 .5 .1 Governing equations. 
A l l physical quan t i t i es are re fe r red to c y l i n d r i c a l polar 
coordinates ( r , 0 , z ) . The double concentric cyI inder geometry d i f f e r s 
from the concentric cyl inder geometry in that the ro to r cy l i nde r is 
s i tua ted between inner and outer s ta tor cy l inde r s . This forms two 
coaxial annular regions as shown in f i gu re ( 3 . 7 ) . A couple is 
appl ied to the rotor cyl inder f o r c i n g i t to make small amplitude 
angular o s c i l l a t i o n s of amplitude Xp and frequency o> about the z -ax i s . 
In the theory, the f low of the f l u i d contained in the inner 
annular region is considered separately from the f low o f the f l u i d in 
the outer annular region. The equations of motion and the v e l o c i t y 
p r o f i l e fo r each annular region are iden t ica l to those descr ib ing the 
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f low of a f l u i d in a concentric cy l inder geometry ( sec t ion ( 6 . 4 ) ) . 
The boundary condi t ions , however w i l l be d i f f e r e n t . 
The equation of state is def ined by equation ( 6 . 2 . 1 ) . i . e . 
<^ij - '?*7ij - P g j j (6 .5 .1 ) 
The s t a r t i n g point of oiir analysis o f t h i s f low s i t u a t i o n is the 
second order ordinary d i f f e r e n t i a l equation def ined by ( 6 . 4 . 6 ) . i . e . 
^ [ ^ ' T r ' ' ' ] - V F ( r ) = 0 . (6 .5 .2 ) 
I t was shown in section (6.4) that the general s o l u t i o n to t h i s 
d i f f e r e n t i a l equation is given by, 
F ( r ) - i [ AJ^(ar) + BY^(ar)] , (6 .5 .3 ) 
where J^(ar) and Y^(ar) are f i r s t order Bessel func t ions of the f i r s t 
and second kind respect ively , and A and B are a r b i t r a r y constants to 
be determined by s a t i s f y i n g the boundary condi t ions . 
Let the r a d i i of the rotor surface and s ta t ionary surface of the 
inner annulus be r^ and r^ respect ively ( r ^ > r ^ ) . For the outer 
annulus, r^ is the radius of the ro tor surface and r^ i s the 
radius o f the s ta t ionary surface ( ' "^^f^ ) (see f i gu re ( 3 . 7 ) ) . 
Let us f i r s t consider the f low of the f l u i d in the inner 
annulus. The general so lu t ion (6 .5 .3 ) to the d i f f e r e n t i a l equation 
( 6 . 5 . 2 ) , must s a t i s f y the boundary condi t ions , 
F(r^) - 0 . (6 .5 .4 ) 
F(r ) - icjX . (6 .5 .5 ) 
2 0 
where as f o r the outer annulus the boundary condi t ions , to be 
sat i s f l e d are 
F(r^) - io>X^ , (6 .5 .6 ) 
F(r^) = 0 (6 .5 .7 ) 
I f we le t the radius of the ro tor fo r each annular region be r and 
^ m 
the radius of the s ta tor be r^ ,then the two sets of boundary 
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condit ions defined by equations (6 .5 .6-7) may be covered by the 
s ingle set below, 
F(r ) - iojX . (6 .5 .8 ) m 0 
F(r^) - 0 (6 .5 .9 ) 
Expressed in t h i s form, these boundary condi t ions are i d e n t i c a l to 
the boundary condit ions (6 .4 .7-8) f o r the concentric cy l i nde r 
geometry. Therefore, from equations (6.4.12-13) we see that the 
constants A and B must be given by, 
A - — ' ' T yr^i,,—T . (6 .5 .10) 
J (ar )Y (ar ) - Y (ar )J (ar ) ' ^ ' 
I s 1 m 1 s 1 m 
and 
B - ico X„ r^ J , ( a r^ ) 
J (ar )Y (ar ) - Y (ar )J (ar ) ^ . o . j . i i ; 
1 ^ s*^  1 ^  m' 1 ^  s' t ^ m' 
Hence the so lu t i on to equation (6 .5 .2) subject to the boundary 
condi t ions defined by (6.5.8-9) i s , 
F( r ) = io>Xnr^r Y, (ar) J , ( a r , ) - J , (a r )Y. ( a r . ) i 
r l j , ( a r s ) Y , ( a r ^ ) - Y, (ar^)J , (ar^) J 
The equation of motion of the ' ro to r cy l inder i s . 
(6 .5 .12) 
C e*(^^+^>- r = .|a,^X e''^^ , (6 .5 .13) 
0 r 0 
where I is the moment of i n e r t i a of the ro to r cy l i nde r . 
The couple ac t ing on the middle cy l inder due to the motion of 
the f l u i d is given by the sum, 
C, - C^. . C^^ (6.5.14) 
Cp., is the couple act ing on the ro to r cy l inder due to the motion of 
the f l u i d in the inner annulus. 
^Fi - - 2 ' ' ^ ' - / e r l r = r ^ • (6 .5.15) 
and Cp^ is the couple act ing on the ro to r cy l inder due to the motion 
o f the f l u i d in the outer annulus. 
S o " ^ ' ^ ^ ' • 3 % r | r - r <6-5-^^> 
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Using equation (6.4.17) we can deduce that 
. V r Y,(Qr J J , ( a r , ) - J , (ar , ) (ar , ) i io)t ^ 
^erlr^r " ' ^ ^ " ^ [ J ^ a r ^ Y ^ a r ) • Y (ar )J (ar ) J ^ ^  .(6.5.17) 
2 
and that 
0 r | r = r o a L J (ar ) Y (ar ) - Y (ar ) J (ar ) J ' 
3 1 4 1 3 1 4 1 3 
The equation of motion of the ro tor cy l inder (6.5.13) may be 
expressed as 
7j*C(a^) - C^e 'S la)'x^ , (6.5.19) 
where 
C(a ' ) - 2^iu.X h a f r H ^ , ( a r - Y , ( a r . ) J , ( a r , ) i cca ; ZTiwA^no^r^^ j ^ ( a r ^ ) Y ^ ( a r ^ ) - Y^ ( a r^ ) J^ (a r^ ) J 
, 3 r J | ( Q r ^ ) Y , ( a r O - Y , (ar^) J , ( a r , ) n 
" M J (or ) Y (ar ) - Y (ar ) J (ar )JJ to. :>.^u; 
1 4 1 3 1 4 1 3 
Equation (6.5.19) is v a l i d for a l l f l u i d i n e r t i a e f f e c t s and must be 
solved numerica l l y i f we wish to use i t to determine the complex 
v i s c o s i t y func t ion 17*. 
6.S.2. Per turbat ion method o f s o l u t i o n . 
Consider the equation of motion of the ro tor c y l i n d e r . From 
equat ion (6.5.13), 
C^ = (C e*"" + loj'x )e''*'' , (6.5.21) 
r 0 0 
By considering equations (6.4.31-32) i n c l u s i v e l y , we are able to 
deduce that the couple act ing on the rotor cy l inder due to the f l ow 
of the f l u i d contained in the inner and outer annuli may be 
approximated by the f o l l o w i n g expressions. For the inner annulus we 
have, 
^ ^ - ^ f o h n r ^ l ^ ^ ( a r ^ ) ' c , , + (ar^) ^C^ . ] A . (6 .5 .22) 
where 




^^[lrll^i£lA^[l + iillJZllxA:)] + lIlLjLJllHll.^] . (6 .5 .24) 
2 2 1 
For the outer annulus 
2 2 
where 




_ r l _ | 4 r l l n i r ^ | , ^ 2 r > ( r , / r , ) j . ( 7 r , - r , ) ( r , - r , ) j ^ ^7) 
4 4 3 4 3 4 
Hence the t o t a l couple ac t ing on the rotor cy l inder is given by, 
2 1 4 3 
(6 .5 .28) 
where, 
2 2 4 
1 l 2 ^ 4 a'L 4 r ^ - r ^ 
2 1 







2 1 2 1 1 
4 3 4 3 4 
/ [ 3 2 r : ( r ; r ; ( r : - r^ ) . r V ( r ; - r ^ ) ) ] (6 .5.30) 
From (6 .4 .37) we can show that the complex v i s c o s i t y may be expanded 
i n powers of (a r ) ^ terras. 
0 4 
where (c^^'"^)^ considered small enough to ignore terms of order 
(a r )G. The c o e f f i c i e n t s C and C are given by (6 .5 .29-30) . I f we 
0 4 1 2 
ignore f l u i d i n e r t i a e f f e c t s , then the equation o f motion of the 
ro to r cy l inder reduces to 
2 2 2 2 
f ^ i l l i X + - J l i i X l 4 r i a ) X hr^ * - Ce*^ + la)^X (6.5.32) l r2 - r2 r^ - r^ o 'o o o 
2 1 4- —3 
Hence the complex v i s c o s i t y is given by, 
i c 
I 2 ' 4 3 ' 3 4 ' 2 1' 0 
V* - . i / ' ' ' ' i ^ ^ ' V ^ : ' . ? J f % ^ ' + • (6 .5.33) 
'o 4iriajhlr2r2(r2 - r^ ) + r^r^ir^ - r^)\\. X J ^ ' 
Taking real and imaginary parts we obtain the f o l l o w i n g expressions 
fo r dynamic v i s c o s i t y , 
. C„s in (c ) r (r^ - r f ) ( r ^ - r^) ] . . 
^ " 4xa)X h [ r ^ r ^ ( r ^ - r^ + hr^h - r ^ ) J ' ( 6 . 5 .34 ) 
0 1 2 4 3 3 4 2 1 
and the dynamic r i g i d i t y , 
0 4 irh lr2r^( r^ - r ^ ) + r^r^{r^ - r ^ J L X J ^ ' 
1 2 4 3 3 4 2 
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The f i r s t and second order f l u i d i n e r t i a cor rec t ions to the 
complex v i s c o s i t y func t ion are obtained by s u b s t i t u t i n g equations 
(6.5.29-30) into equation (6 .5 .31 ) . The f i r s t order f l u i d i n e r t i a 
co r r ec t ion is given by 
r,*^^ - + i t-pr 'c^ ( 6 . 5 .36 ) 
Taking real and imaginary parts provides the f o l l o w i n g expression f o r 
the dynamic r i g i d i t y f u n c t i o n . 
G' - C ' - t j ' p r ^ C (6.5.37) 
( 1 ) 0 ' ^ 4 1 
There is no f i r s t order f l u i d i n e r t i a co r rec t ion to the dynamic 
v i s c o s i t y f u n c t i o n . The second order f l u i d i n e r t i a c o r r e c t i o n is 
given by 
Taking real and imaginary par ts , we see that the dynamic v i s c o s i t y is 
now given by 
and that the dynamic r i g i d i t y is given by 
2 ^ 2 
G- . c ' - f ^^£1^ C C . ( 6 . 5 .40 ) ( 2 ) ( ,) I 1 *^1 J 2 a 
6 .5 .3 . Exact method of s o l u t i o n . 
Consider the couple equation (6.5.19) 
T7*C(a^) = C e'^ + lo)^X 
0 0 
where from (6 .5 .20) , 
0 I 2 l J ^ ( a r )Y ( a r ^ ) - Y^ ( a r ) J ( a r ^) J 
^ 3 f J i ( a r J Y , ( a r , ) - Y , ( a r J J , ( a r , ) i ] 
3 U ^ (a r^ )Y^ ( a r ^ ) - Y^ ( a r ^ ) J ^ ( a r ^ ) J J 
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Comparing equations (6.5.20) and (6.5.33) we see that 77* and rj* are 
re la ted by the f o l l o w i n g equation. 
r , * f _ L l l L + ^ l l l L l - Q *^r 3r J , ( a r J Y , ( a r , ) - Y, (ar J J , ( a r , ) i 
^oLr^ - h ^ r^ - hi — I M J (ar )Y (ar ) - Y (ar )J (ar )J 
2 1 4 3 1 1 1 2 1 1 1 2 
3rJ , (ar J Y , ( a r , ) - Y, (a r^) J , ( a r , ) ] i 
3U (ar )Y (ar ) - Y (ar )J (ar )JJ 
1 4 1 3 1 4 1 3 
(6.5.41) 
M u l t i p l y i n g both side^ of (6.5.41) by a complex fac to r - l / i a )p leads 
to the non-dimensional equation 
2 2 , 2 2 . 2 2 y 2 2 . 
^<--4)r-^-^^?r: ^ - ^ H ^ ^ ^ - ^ r ^ ) - ^ - ^ ] 
2 rr 1 ^ J , (ar , )Y , (a r , ) - Y, (ar , ) J , (ar , ) i 
" 0 3 4 I I r 3 J I J^(ar^)Y^(ar^) - Y^ (ar ^ )J ^ (ar^) J 
. r J . ( a r J Y , ( a r , ) - Y, (ar J J , ( a r , ) i i 
U^(a r^ )Y^(ar^ ) - Y^(ar^)J^(ar^)J J K ^ . J . ^ ^ J 
This equation is v a l i d fo r a l l f l u i d i n e r t i a e f f e c t s and w i l l be 
solved numerically using the i t e r a t i v e procedure o u t l i n e d in sec t ion 
(6 .2 .3 ) and defined at the (k+1)^^^ i t e r a t i o n to be, 
^ . 1 - \ - - r f f e k = 0 . 1 , 2 . . . . ( 6 . 5 . 4 3 ) 
where 
z - (ar ) ^ (6.5.44) 
4 
and 
f ( z ) = r f f I ' r J , ( z r . / r J Y , ( z r , / r J - Y . ( z r , / r , ) J , ( z r , / r , ) l 
f^^^ ° o ^ M l r3 J I J , ( z r y r ^ ) Y , ( z r / r ^ ) - Y , ( z r / r ^) J , ( z r / r ^ ) J 
f J , ( z ) Y , ( z r , / r J - Y , ( 2 ) J , ( z r , / r , ) n 
l j . ( z ) Y ( z r / r ) - Y ( z ) J ( o r / r )J J 
2 2 , 2 2 . . 2 2 , 2 2 
r ^ ( r ; - r p ( r ^ -
The Bessel funct ions of the f i r s t and second kind Jn(z) and Yp(z) may 
be determined via the recursive r e l a t i o n def ined by ( 6 . 4 . 5 0 ) . 
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6 .6 . Complex modulus and argument f o r a^. 
For a l l geometries considered in t h i s chapter, the parameter a^ 
governs f l u i d i n e r t i a e f f e c t s . From equation ( 6 . 2 . 1 0 ) , t h i s complex 
quant i ty may be w r i t t e n in terms of i t s complex modulus and argument 
as f o l l o w s , 
a ° — ^ e , (6 .6 .1 ) 
\ r \ 
where tan(5) is def ined as the loss tangent (Ferry [16] ) and Is given 
by, 
t a n ( 6 ) - ^ ( 6 .6 .2 ) 
The loss tangent is a non-dimensional quan t i ty and is a measure 
of the r a t i o of the energy dissipated to the energy stored in a 
per iodic deformation. A purely viscous f low is represented by t a n ( 6 ) 
being equal to i n f i n i t y where as s e t t i n g t a n ( 5 ) to zero represents a 
purely e l a s t i c deformation. Consequently, the complex argument of a^ 
must l i e in the range, 
0 $ 6 ^ T / 2 (6 .6 .3 ) 
By varying o)p/177* i over t h i s range of 6 , we def ine a region in which 
t h e o r e t i c a l l y we are able to examine the e f f e c t of f l u i d i n e r t i a on 
the f low propert ies of any type of material undergoing a l inear 
viscoelast ic deformat ion. 
6 .7 . Theoret ical resul ts and discussion. 
In t h i s sect ion we discuss the e f f e c t o f f l u i d i n e r t i a on the 
complex v i s c o s i t y func t ion rj* fo r the p a r a l l e l p l a t e , cone and p l a t e , 
and concentric cy l inder geometries. At the present t ime, dynamic 
data taken from rheometrical instruments is usual ly not f u l l y 
corrected f o r f l u i d i n e r t i a e f f e c t s . In t h i s discussion theo re t i ca l 
resul ts w i l l be presented in a form which w i l l provide the 
experimental is t w i th an ind ica t ion of whether the rheometer dynamic 
data needs to be corrected for f l u i d i n e r t i a . 
We sha l l f i r s t discuss f l u i d i n e r t i a e f f e c t s f o r the p a r a l l e l 
plate system. In f igure (6.1) we p lo t the zero, f i r s t , and second 
order approximations to (ah)^ together w i th the exact value of t h i s 
•99 
quan t i ty . Except in the region of magnitudes (wph^/Hj*I^0.05) , large 
d i f fe rences occur i f f l u i d i n e r t i a e f f e c t s are not taken in to 
account. However, the f i r s t order approximation provides good 
agreement wi th the exact value of (ah)^ over the complete range o f 6 
f o r o jph^/ lTj*! less or equal to 1.0. The accuracy of the pe r tu rba t ion 
method is f u r t h e r improved i f we include second order f l u i d i n e r t i a 
terms in our ca lcu la t ions . In f igu re ( 6 . 2 ) , a wider range o f 
o j p h 2 / | i 7 * i is considered up to a value of 2 .0. In t h i s range 
d i f fe rences occur between the exact and f i r s t and second order 
approximat ions. 
In order to see the e f f e c t of f l u i d i n e r t i a on the complex 
magnitude and argument, we present f igures (6.3-11) i n c l u s i v e . In 
these f igures a region has been defined in which the area has been 
d iv ided in to eight equal segments in the 6 - d i r e c t i o n while o>ph^/\rj*\ 
has been div ided in increments of f i v e percent. The input gr ids f o r 
a l l o f these f igures represent the parameter (ah)^ in which f l u i d 
i n e r t i a e f f e c t s have been f u l l y taken in to account. 
In f igures (6.3) to (6.5) the output g r i d represents the 
s i t u a t i o n where f l u i d i n e r t i a e f f e c t s have been ignored. Hence any 
d i f fe rences between these resul ts demonstrates the f u l l e f f e c t o f 
f l u i d i n e r t i a on - ( ah )2 . We can immediately see that the deformation 
of the output g r i d wi th respect to the exact value of (ah)^ is 
dependent upon both wph^/lT^*! and 5. This deformation is greater as 
6 tends to zero. This is because f l u i d i n e r t i a has a f a r greater 
e f f e c t on the dynamic r i g i d i t y than on the dynamic v i s c o s i t y . I t can 
be seen from f igu re ( 6 . 4 ) , that the er ror incurred in w p h ^ / l T j * ! as a 
consequence of ignoring f l u i d i n e r t i a e f f e c t s is less than f i v e 
percent f o r a l l 6, provided wph^/ir;*! is less than 0.15. C lea r ly , as 
5 approaches ^ /2 , the range of uph^/\T}*\ f o r which we can ob ta in the 
f i v e percent accuracy is extended. 
I t should be noted from f igure ( 6 . 6 ) , that f o r a)ph^/|T;*i less or 
equal to 0.4, second and higher order f l u i d i n e r t i a e f f e c t s are 
n e g l i g i b l e . Hence we can assume that the d i f f e rences between the 
zero order and exact gr ids in f igures (6 .4) and ( 6 . 5 ) , are due to 
f i r s t order f l u i d i n e r t i a e f f e c t s . Since f i r s t order f l u i d i n e r t i a 
e f f e c t s do not influence the dynamic v i s c o s i t y f u n c t i o n , we can 
deduce that these d i f ferences are due to changes in the dynamic 
r i g i d i t y . The resul t of including f l u i d i n e r t i a in the theory f o r 
evaluat ing (ah)^, is to reduce the magnitude of the complex modulus 
100-
ojph^/lTj*! and to cause a s h i f t i n the complex argument 8 towards the 
real ax i s . Both of these observations are consistent w i t h an 
increase i n the dynamic r i g i d i t y f unc t i on as predic ted by equation 
(6 .2 .36 ) . 
Regions of the zero order g r i d f o r which 6 is greater than 7r/2 
may only be explained by negative values o f experimental dynamic 
r i g i d i t y data. Figures (6,3) to ( 6 . 5 ) , a l l show that t h i s type o f 
e r ror is corrected by including f l u i d i n e r t i a in the theory. 
In f igures (6.6) to ( 6 . 8 ) , the output g r i d has been obtained 
using the f i r s t order per turbat ion method described i n sect ion 
( 6 . 2 , 2 ) . As previously s tated, the f i r s t order expressions 
accurately describe f l u i d i n e r t i a e f f e c t s provided o3ph^/\rj*\ is less 
or equal to 0,4 . For values of o)ph'/li7*| greater than 0.4, the 
e f f e c t of f l u i d i n e r t i a is to decrease the magnitude o f w p h ^ / l T j * ! as 
6 approaches zero, but to increase t h i s quan t i ty as 6 approaches 
ir /2 . This is because second and higher order f l u i d i n e r t i a e f f e c t s 
influence both the dynamic v i s cos i t y and the dynamic r i g i d i t y . 
Figures (6 .7) and (6 .8) show large f l u i d i n e r t i a e f f e c t s 
occurr ing as t j p h ^ / l j ; * ! is increased to a value of 2.5, As 6 tends to 
e i the r of i t s l i m i t i n g values, the er ror in o iph^/ iTj*) increases. 
The output gr ids for f igures (6.9) to (6.11) have been 
calcula ted using the second order pe r tu rba t ion method. Figure (6 .9 ) 
shows that providing ojph^/\i)*\ is less than 0.8 then t h i r d and higher 
order f l u i d i n e r t i a e f f e c t s are neg l ig ib l e i r respec t ive of the value 
of 6. We see by comparing f igu re (6.9) w i th f i g u r e (6 .6) that as 
expected, f o r small f l u i d i n e r t i a e f f e c t s , the second order 
per turbat ion method provides a more accurate approximation of (ah) ^  
than the f i r s t order method. Figures (6.10) and (6.11) show that 
t h i s is not necessarily true fo r larger f l u i d i n e r t i a e f f e c t s . In 
f i g u r e (6 .11) , we see that i t is possible f o r at least two values o f 
(ah)2 to be mapped to a s ingle value of {a^h)^, and hence to s ingle 
values (a^h)^ and (a^h)^. This was predicted by equation (6 .2 .42) and 
shows how important i t is to provide the numerical scheme def ined by 
(6.2.45) w i t h an accurate i n i t i a l value. 
In the case of the cone and plate geometry we consider the 
e f f e c t of f l u i d i n e r t i a on the complex non-dimensional parameter 
(aa0o)2. The theore t ica l curves presented in f igures (6.12-13) 
inc lus ive , demonstrate f l u i d i n e r t i a e f f e c t s f o r the cone and p la te 
geometry. The discrepancies between the input and output curves in 
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f i g u r e s ( 6 . 1 2 - 1 3 ) , r e p r e s e n t t h e f u l l e f f e c t o f f l u i d i n e r t i a on 
( a a ^ Q ) 2 . These f i g u r e s c o n f i r m t h a t t h e e f f e c t o f f l u i d i n e r t i a on 
t h e s e q u a n t i t i e s f o l l o w s t h e same t r e n d as o b s e r v e d f o r t h e p a r a l l e l 
p l a t e g eometry. F i g u r e ( 6 . 1 4 ) shows t h e f i r s t o r d e r f l u i d i n e r t i a 
a p p r o x i m a t i o n f o r t h e cone and p l a t e g e o m e t r y . As e x p e c t e d , t h i s 
a p p r o x i m a t i o n i s i n b e t t e r agreement w i t h ( a a f i ^ ) ^ t h a n t h a t p r o v i d e d 
by t h e z e r o o r d e r a p p r o x i m a t i o n . I n t h e case o f t h e c o n c e n t r i c 
c y l i n d e r geometry, f i g u r e ( 6 . 1 5 ) shows a s i m i l a r e f f e c t o f f l u i d 
i n e r t i a on (CK( rQ-r j ) ) ^  . 
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Chapter 7 
F l u i d I n e r t i a E f f e c t s i n C o n t r o l l e d S t r e s s O s c i l l a t i o n ( E x p e r i m e n t s ) 
7.1 i n t r o d u c t i o n 
The a i m o f t h i s c h a p t e r i s t o show t h e e f f e c t s o f f l u i d i n e r t i a 
on e x p e r i m e n t a l dynamic d a t a t a k e n f r o m a C a r r i - M e d c o n t r o l l e d s t r e s s 
r h e o m e t e r . A f r e q u e n c y range o f up t o 40 Hz was used. The 
e x p e r i m e n t a l programme w i l l c o m p r i s e o f s m a l l a m p l i t u d e o s c i l l a t o r y 
s h e a r e x p e r i m e n t s c a r r i e d out on t h r e e d i f f e r e n t f l u i d s . These a r e 
as f o l l o w s ; a h i g h l y e l a s t i c 2% s o l u t i o n o f p o l y i s o b u t y l e n e i n 
d e k a l i n , s i l i c o n e (30 Ns/m^), w h i c h i s a s l i g h t l y e l a s t i c f l u i d , and 
p o l y b u t e n e , w h i c h has a s l i g h t l y n o n-Newtonian dynamic v i s c o s i t y and 
a s m a l l but measurable dynamic r i g i d i t y . 
I n c r e a s i n g t h e a n g u l a r f r e q u e n c y o f an o s c i l l a t o r y s h e a r 
e x p e r i m e n t , r e s u l t s i n an i n c r e a s e i n t h e m a g n i t u d e o f b o t h 
m e c h a n i c a l i n e r t i a and f l u i d i n e r t i a e f f e c t s . The m e c h a n i c a l i n e r t i a 
o f t h e r o t o r p l a t e n used must be known a c c u r a t e l y , o t h e r w i s e l a r g e 
e r r o r s can o c c u r p a r t i c u l a r l y i n t h e dynamic r i g i d i t y d a t a , s i n c e 
m e c h a n i c a l i n e r t i a e f f e c t s a r e p r o p o r t i o n a l t o t h e s q u a r e o f t h e 
a n g u l a r f r e q u e n c y . I n o r d e r t o a c c u r a t e l y p r e d i c t t h e m e c h a n i c a l 
i n e r t i a o f t h e s y s tem the c o n t r o l l e d s t r e s s r h e o m e t e r may be 
c a l i b r a t e d by c a r r y i n g out an o s c i l l a t o r y t e s t i n a i r . The f u l l 
e f f e c t o f f l u i d i n e r t i a on t h e dynamic p r o p e r t i e s o f t h e t e s t sample 
may be i n t e r p r e t e d u s i n g t h e t h e o r e t i c a l a n a l y s i s d e v e l o p e d i n 
C h a p t e r 6. 
A p r e v i o u s e x p e r i m e n t a l programme on t h e c o n t r o l l e d s t r e s s 
r h e o m e t e r , c a r r i e d out by, Jones e t a l [ 2 4 ] , was r e s t r i c t e d t o a 
f r e q u e n c y range o f 1 Hz t o 10 Hz. The e f f e c t o f f l u i d i n e r t i a on 
t h e i r dynamic d a t a , o b t a i n e d f o r a 2% s o l u t i o n o f p o l y i s o b u t y l e n e i n 
d e k a l i n , was i n t e r p r e t e d u s i n g f i r s t o r d e r f l u i d i n e r t i a 
c o r r e c t i o n s . The e x p e r i m e n t s were p e r f o r m e d u s i n g cone and p l a t e , 
p a r a l l e l p l a t e , and c o n c e n t r i c c y l i n d e r g e o m e t r i e s . These 
e x p e r i m e n t s showed t h a t , f o r t h e f r e q u e n c y range c o n s i d e r e d , a f i r s t 
o r d e r f l u i d i n e r t i a c o r r e c t i o n was c a p a b l e o f a d e q u a t e l y d e s c r i b i n g 
f l u i d i n e r t i a e f f e c t s f o r the cone and p l a t e and p a r a l l e l p l a t e 
g e o m e t r i e s . However, d i s c r e p a n c i e s between t h i s e x p e r i m e n t a l d a t a 
and d a t a sampled on the c o n c e n t r i c c y l i n d e r g e o m e t r y s u g g e s t e d t h a t 
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h i g h e r o r d e r f l u i d i n e r t i a c o r r e c t i o n s a r e r e q u i r e d f o r t h i s g e o m e t r y . 
The c u r r e n t e x p e r i m e n t a l programme w i l l a l s o c o n s i d e r a 2% 
s o l u t i o n o f p o l y i s o b u t y l e n e i n d e k a l i n . As p r e v i o u s l y m e n t i o n e d t h i s 
f l u i d i s a h i g h l y e l a s t i c m o b i l e f l u i d , and c o n s e q u e n t l y we w o u l d 
e x p e c t f l u i d i n e r t i a e f f e c t s t o be g r e a t e r f o r t h i s m a t e r i a l t h a n f o r 
e i t h e r t h e p o l y b u t e n e o r t h e s i l i c o n e when t e s t e d a t t h e same 
f r e q u e n c i e s o f o s c i l l a t i o n . Dynamic measurements w i l l be c a r r i e d o u t 
f o r a l l t h r e e o f t h e a f o r e m e n t i o n e d measurement s y s t e m g e o m e t r i e s . 
7.2 Ex p e r i m e n t a l Set Up and Procedure. 
The e x p e r i m e n t a l a p p a r a t u s , was e s s e n t i a l l y t h e same as t h a t 
d e s c r i b e d i n Ch a p t e r 5. A t o r q u e was a p p l i e d t o t h e r o t o r p l a t e n i n 
th e f o r m o f a d i g i t i s e d s i n u s o i d a l waveform, t h e f r e q u e n c y o f w h i c h 
was s e t by t h e use o f a t i m e r c a r d i n t h e m i c r o c o m p u t e r . The maximum 
r e s o l u t i o n o f t h e s i n u s o i d a l waveform was g o v e r n e d by t h e c o n d i t i o n 
t h a t t h e e l a p s e d t i m e between s u c c e s s i v e p o i n t s cannot be l e s s t h a n 
250 / I S . T h i s r e s u l t e d i n a mean r e s o l u t i o n o f 400 p o i n t s p e r c y c l e 
at 10 Hz and a mean r e s o l u t i o n o f 100 p o i n t s p e r c y c l e a t 40 Hz. 
The o u t p u t d i s p l a c e m e n t waveform was measured d i g i t a l l y u s i n g an 
o p t i c a l encoder m e a s u r i n g system. The d i s p l a c e m e n t a m p l i t u d e and 
phase l a g between t h e i n p u t and o u t p u t d i s p l a c e m e n t waveforms were 
o b t a i n e d f r o m t he s o f t w a r e by e v a l u a t i n g t h e f o u r i e r s e r i e s 
c o e f f i c i e n t s t h r o u g h a n u m e r i c a l i n t e g r a t i o n p r o c e d u r e . The d a t a was 
sampled o v e r a l a r g e number o f c y c l e s t o e n s u r e a c c u r a t e e v a l u a t i o n 
o f t h e d i s p l a c e m e n t a m p l i t u d e and phase l a g p a r t i c u l a r l y a t h i g h 
f r e q u e n c i e s o f o s c i l l a t i o n . The maximum number o f c y c l e s t h a t c o u l d 
be a p p l i e d , was g o v e r n e d by t h e s t o r a g e c a p a c i t y o f t h e m i c r o c o m p u t e r 
w h i c h a l l o w e d f o r t h e s t o r a g e o f a maximum o f 12000 d a t a p o i n t s . The 
s i n u s o i d a l t o r q u e was i n i t i a l l y a p p l i e d t o t h e r o t o r p l a t e n f o r a 
number o f ' s e t t l i n g ' c y c l e s b e f o r e s a m p l i n g t o o k p l a c e . T h i s was t o 
a l l o w t i m e f o r t h e f l o w f i e l d i n t h e f l u i d t o r e a c h a p e r i o d i c s t a t e . 
T h r o u g h o u t t h e e x p e r i m e n t a l programme, t h e r h e o m e t e r was 
o p e r a t e d i n a u t o s t r a i n mode. T h i s means t h a t f o r a f r e q u e n c y sweep 
e x p e r i m e n t t h e measured s t r a i n a m p l i t u d e was k e p t c o n s t a n t . The 
t o r q u e r e q u i r e d t o produce t h e r e q u i r e d s t r a i n a m p l i t u d e was 
a u t o m a t i c a l l y c a l c u l a t e d by t h e r h e o m e t e r s o f t w a r e . The t h e o r y 
d e v e l o p e d i n C h a p t e r 6 i s o n l y v a l i d p r o v i d e d t h e d a t a i s measured i n 
th e l i n e a r v i s c o e l a s t i c r e g i o n . T h i s i m p l i e s a r e s t r i c t i o n on t h e 
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s t r a i n o r t o r q u e a m p l i t u d e and i s dependent on t h e t y p e o f f l u i d 
c o n s i d e r e d . The dynamic p r o p e r t i e s o f t h e f l u i d s h o u l d be 
in d e p e n d e n t o f s t r a i n o r t o r q u e a m p l i t u d e . T h e r e f o r e a t o r q u e 
a m p l i t u d e sweep was c a r r i e d o ut b e f o r e each e x p e r i m e n t i n o r d e r t o 
d e t e r m i n e t h e s t r a i n a m p l i t u d e r e q u i r e d f o r t h e d a t a t o l i e i n t h e 
l i n e a r v i s c o e l a s t i c r e g i o n . The t h e o r y d e v e l o p e d i n C h a p t e r 6 i s 
a l s o based on t h e a s s u m p t i o n t h a t t h e f l u i d under c o n s i d e r a t i o n i s 
i n c o m p r e s s i b l e . Hence, c a r e was t a k e n t o e n s u r e t h a t no b u b b l e s were 
p r e s e n t i n t h e f l u i d b e f o r e s a m p l i n g commenced. 
The dynamic p r o p e r t i e s o f t h e s e f l u i d s s h o u l d be i n d e p e n d e n t o f 
the measurement system geometry. Hence, i n o r d e r t o v a l i d a t e t h e 
t h e o r e t i c a l e x p r e s s i o n s d e v e l o p e d i n C h a p t e r 6 ( e q u a t i o n s ( 6 . 2 . 4 2 ) , 
( 6 . 3 . 4 8 ) , and ( 6 . 4 . 4 6 ) ) , t h e e x p e r i m e n t s were c a r r i e d o u t on t h e cone 
and p l a t e , p a r a l l e l p l a t e , and c o n c e n t r i c c y l i n d e r g e o m e t r i e s . The 
cone and p l a t e geometry had a 2 gap a n g l e . The p l a t e n s f o r t h e 
p a r a l l e l p l a t e geometry were o f r a d i u s 2cm, and t h e gap between t h e 
p l a t e n s v a r i e d f r o m 250 fim t o lOOO/xm. Three d i f f e r e n t s e t - u p s were 
used f o r t h e c o n c e n t r i c c y l i n d e r g e o m e t r i e s . The r a d i u s o f t h e 
s t a t o r ( o u t e r ) c y l i n d e r was kept a t 20.75 mm t h r o u g h o u t t h e 
programme. The a n n u l a r gap was v a r i e d by c h a n g i n g t h e r o t o r ( i n n e r ) 
c y l i n d e r . Three d i f f e r e n t r o t o r c y l i n d e r s were used o f r a d i i 18.5mm, 
15.0 mm, and 12.5 mm. 
7.3 R e s u l t s and d i s c u s s i o n . 
7.3.1 A 2% s o l u t i o n o f p o l y i s o b u t y l e n e i n d e k a l i n . 
F i g u r e ( 7 . 1 ) shows t h e v a r i a t i o n o f dynamic v i s c o s i t y and 
dynamic r i g i d i t y w i t h f r e q u e n c y f o r a 2% s o l u t i o n o f p o l y i s o b u t y l e n e 
i n d e k a l i n up t o a f r e q u e n c y o f 30 Hz. A c o m p a r i s o n i s made between 
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dynamic d a t a o b t a i n e d f r o m a cone and p l a t e g e o m e t r y ( g a p angle='2 ) , 
a p a r a l l e l p l a t e geometry (gap=0.25 mm), and a c o n c e n t r i c c y l i n d e r 
g e o m e t r y (gap-2.25 mm). These c u r v e s were o b t a i n e d f r o m t h e raw 
d i s p l a c e m e n t a m p l i t u d e and phase d a t a u s i n g t h e e x a c t f l u i d i n e r t i a 
t h e o r y d e v e l o p e d i n Cha p t e r 6. The e x p e r i m e n t s were c a r r i e d o u t a t a 
c o n s t a n t t e m p e r a t u r e o f 20 C. 
The dynamic v i s c o s i t y shows e x c e l l e n t agreement between t h e 
t h r e e d i f f e r e n t g e o m e t r i e s f o r t h e f r e q u e n c y range c o n s i d e r e d . T h e r e 
i s l i t t l e d i f f e r e n c e between t h e dynamic r i g i d i t y d a t a o b t a i n e d f r o m 
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t h e cone and p l a t e g e o m e t r y and t h a t o b t a i n e d f r o m t h e p a r a l l e l p l a t e 
g e o m e t r y up t o 30 Hz. The c o n c e n t r i c c y l i n d e r dynamic r i g i d i t y d a t a 
i s i n good agreement w i t h t h e cone and p l a t e and p a r a l l e l p l a t e d a t a 
up t o 20 Hz. However, a t h i g h e r f r e q u e n c i e s , f r o m 20 Hz t o 30 Hz, 
t h e c o n c e n t r i c c y l i n d e r geometry p r e d i c t s a l o w e r v a l u e o f t h e 
dynamic r i g i d i t y f u n c t i o n t h a n t h a t o b t a i n e d f r o m t h e o t h e r two 
g e o m e t r i e s . The c o n c e n t r i c c y l i n d e r e x p e r i m e n t a l d a t a was f o u n d t o 
be r e p r o d u c i b l e when t h e e x p e r i m e n t was r e p e a t e d w i t h d i f f e r e n t 
b a t c h e s o f t h e f l u i d . Hence, i t i s u n l i k e l y t h a t t h e t r e n d o f t h e 
c o n c e n t r i c c y l i n d e r dynamic r i g i d i t y d a t a i s due t o e x p e r i m e n t a l 
s c a t t e r . 
The c o n c e n t r i c c y l i n d e r g e ometry e x p e r i m e n t was r e p e a t e d f o r t h e 
t h r e e d i f f e r e n t a n n u l a r gaps. I n f i g u r e ( 7 . 2 ) we see t h a t agreement 
i s o b t a i n e d f o r t h e dynamic v i s c o s i t y d a t a between t h e n a r r o w and 
medium gaps up t o 30 Hz. Reasonable agreement i s o b t a i n e d b etween 
t h e s e two g e o m e t r i e s and t h e l a r g e gap g e o m e t r y up t o 22 Hz. 
However, f r o m 22 Hz t o 30 Hz, t h e dynamic v i s c o s i t y f u n c t i o n 
p r e d i c t e d by t h e l a r g e gap geometry b e g i n s t o i n c r e a s e s l i g h t l y w i t h 
f r e q u e n c y . A c c o r d i n g t o t h e p a r a l l e l p l a t e and cone and p l a t e d a t a , 
t h e dynamic v i s c o s i t y s h o u l d be a m o n o t o n i c a l l y d e c r e a s i n g f u n c t i o n 
o f f r e q u e n c y . I t i s a l s o n o t e d t h a t a s m a l l s t e p i n t h e l a r g e gap 
dynamic v i s c o s i t y d a t a o c c u r s between 10 Hz and 11 Hz w h i c h i s 
p r o b a b l y due t o end e f f e c t s . 
The dynamic r i g i d i t y d a t a f r o m f i g u r e ( 7 . 2 ) shows t h a t agreement 
i s o b t a i n e d between a l l t h r e e a n n u l a r gaps up t o a f r e q u e n c y o f 9 Hz, 
and j u s t between t h e n a r r o w and medium gap g e o m e t r i e s up t o 13 Hz. 
I t s h o u l d be n o t e d t h a t t h e r e a r e two sudden s t e p s i n t h e dynamic 
r i g i d i t y f u n c t i o n p r e d i c t e d by t h e l a r g e gap g e o m e t r y . These o c c u r 
a t f r e q u e n c i e s o f 10 Hz and 23 Hz. There i s a l s o a k i n k i n t h e 
dynamic r i g i d i t y f u n c t i o n p r e d i c t e d by t h e medium gap g e o m e t r y . T h i s 
k i n k o c c u r s between 10 Hz and 20 Hz and i s much smoother t h a n t h e 
s t e p s i n t h e l a r g e gap dynamic r i g i d i t y f u n c t i o n . T h i s b e h a v i o u r 
p r o v e d t o be r e p r o d u c i b l e f o r d i f f e r e n t samples and f o r d i f f e r e n t 
s t r a i n a m p l i t u d e s r a n g i n g f r o m 1 t o 10 mi 1 I i r a d i a n s . 
A p o s s i b l e cause o f t h e d i s c r e p a n c i e s between t h e c o n c e n t r i c 
c y l i n d e r d a t a and t h a t o b t a i n e d f r o m t h e o t h e r two g e o m e t r i e s i n 
f i g u r e ( 7 . 1 ) , and between t h e d i f f e r e n t c o n c e n t r i c c y l i n d e r a n n u l a r 
gaps i n f i g u r e ( 7 . 2 ) , c o u l d be due t o end e f f e c t s . The l i n e a r 
v i s c o e l a s t i c t h e o r y d e v e l o p e d i n Chapter 6 assumes t h a t t h e 
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d i m e n s i o n s o f t h e s h e a r i n g s u r f a c e s a r e i n f i n i t e . However, when 
a p p l y i n g t h i s t h e o r y t o i n t e r p r e t e x p e r i m e n t a l d a t a , end e f f e c t s due 
t o t h e f i n i t e d i m e n s i o n s o f t h e measurement s y s t e m g e o m e t r y a r e 
i g n o r e d . 
The r o t o r c y l i n d e r i n t h e c o n c e n t r i c c y l i n d e r g e o m e t r y , has an 
a i r c a v i t y s i t u a t e d on t h e b o t t o m s u r f a c e i n o r d e r t o r e d u c e t h e a r e a 
o f t h i s b o t t o m s u r f a c e i n c o n t a c t w i t h t h e f l u i d . T h i s c a v i t y a l s o 
makes i t e a s i e r t o s e t up t h e e x p e r i m e n t w i t h o u t i n t r o d u c i n g b u b b l e s 
i n t o t h e sample. However, t h e r e i s s t i l l a s m a l l a r e a o f t h e b o t t o m 
s u r f a c e i n c o n t a c t w i t h t h e f l u i d . T h i s p a r t o f t h e c y l i n d e r 
s u b s e q u e n t l y forms a s h e a r i n g s u r f a c e t h a t i s n e g l e c t e d i n t h e 
t h e o r e t i c a l a n a l y s i s . I t I s a l s o p o s s i b l e f o r a s m a l l amount o f 
f l u i d t o e n t e r t h e a i r c a v i t y t h u s c r e a t i n g a n o t h e r s h e a r i n g s u r f a c e 
on t h e i n n e r w a l l o f t h i s c y l i n d e r . These s h e a r i n g s u r f a c e s e x e r t an 
e x t r a d r a g on t h e r o t o r c y l i n d e r r e s u l t i n g i n a r e d u c t i o n i n t h e 
d i s p l a c e m e n t a m p l i t u d e o f t h i s member. 
We must a l s o n o t e t h a t , the f l u i d i n c o n t a c t w i t h t h e b o t t o m 
s u r f a c e o f t h e r o t o r c y l i n d e r i s s u b j e c t t o f l u i d i n e r t i a e f f e c t s . 
As s t a t e d p r e v i o u s l y , t h i s s h e a r i n g s u r f a c e i s not t a k e n i n t o a c c o u n t 
i n t h e t h e o r y . T h e r e f o r e , any end c o r r e c t i o n must t a k e i n t o a c c o u n t 
f l u i d i n e r t i a e f f e c t s . 
A n o t h e r c o n t r i b u t i n g f a c t o r t o t h e d i s c r e p a n c i e s o b s e r v e d i n t h e 
c o n c e n t r i c c y l i n d e r dynamic d a t a , c o u l d be t e m p e r a t u r e e f f e c t s . The 
t e m p e r a t u r e o f t h e e x p e r i m e n t was c o n t r o l l e d by m a i n t a i n i n g t h e ram 
p l a t e (see f i g u r e ( 3 . 6 ) ) a t t h e r e q u i r e d s e t t i n g . I t was not 
p o s s i b l e t o o b t a i n a t e m p e r a t u r e j a c k e t f o r t h e p u r p o s e o f e n s u r i n g 
t h a t t h e t e m p e r a t u r e was c o n s t a n t t h r o u g h o u t t h e sample. Hence, a 
s m a l l t e m p e r a t u r e g r a d i e n t might e x i s t a c r o s s t h e p l a t e n gap, g i v i n g 
r i s e t o i n c o r r e c t dynamic d a t a . 
I n f i g u r e s ( 7 . 3 ) and ( 7 . 4 ) , we c o n s i d e r t h e e f f e c t o f f l u i d 
i n e r t i a on dynamic d a t a o b t a i n e d f r o m a l a r g e gap c o n c e n t r i c c y l i n d e r 
g e o m e t r y (gap-8.25 mm). F l u i d i n e r t i a e f f e c t s a r e c l e a r l y i m p o r t a n t 
f o r b o t h t h e dynamic v i s c o s i t y and dynamic r i g i d i t y c a l c u l a t i o n s . I t 
s h o u l d be n o t e d t h a t i f f l u i d i n e r t i a e f f e c t s a r e n o t t a k e n i n t o 
a c c o u n t i n f i g u r e ( 7 . 3 ) , t h e n t h e dynamic v i s c o s i t y d a t a show an 
a p p a r e n t s h e a r t h i c k e n i n g f o l l o w e d by a shear t h i n n i n g b e h a v i o u r as 
f r e q u e n c y i s i n c r e a s e d . S i m i l a r l y i n f i g u r e ( 7 . 4 ) , t h e dynamic 
r i g i d i t y d a t a show an a p p a r e n t s t r u c t u r e breakdown f o l l o w e d by a 
s t r u c t u r e r e c o v e r y as f r e q u e n c y i s i n c r e a s e d . S i m i l a r o b s e r v a t i o n s 
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can be made about t h e dynamic v i s c o s i t y and dynamic r i g i d i t y d a t a 
p r e s e n t e d i n f i g u r e s ( 7 . 5 ) and ( 7 . 6 ) f o r t h e medium gap c o n c e n t r i c 
c y l i n d e r geometry (gap-5.75 mm). 
We a g a i n draw a t t e n t i o n t o t h e d i s c r e p a n c i e s i n t h e e x a c t 
dynamic r i g i d i t y d a t a a t 10 Hz and 23 Hz f o r t h e l a r g e gap c o n c e n t r i c 
c y l i n d e r ( f i g u r e ( 7 . 5 ) ) , and a t 15 Hz f o r t h e medium gap c o n c e n t r i c 
c y l i n d e r ( f i g u r e ( 7 . 6 ) ) . The e q u a t i o n , ( 6 . 4 . 4 6 ) , used t o i n t e r p r e t 
t h e e f f e c t o f f l u i d i n e r t i a on dynamic d a t a c o n t a i n p e r i o d i c 
f u n c t i o n s w h i c h can l e a d t o m u l t i - v a l u e d s o l u t i o n s . I n o r d e r t o che c k 
t h a t t h e n u m e r i c a l scheme employed t o s o l v e t h e e q u a t i o n f o r t h e 
c o n c e n t r i c c y l i n d e r system, ( 6 . 4 . 4 7 ) , c o n v e r g e d t o t h e c o r r e c t 
s o l u t i o n , we s u b s t i t u t e d e x a c t v a l u e s o f t h e dynamic v i s c o s i t y and 
dynamic r i g i d i t y back i n t o e q u a t i o n ( 6 . 4 . 4 6 ) . T h i s e q u a t i o n was t h e n 
used t o p r e d i c t t h e u n c o r r e c t e d dynamic d a t a . 
The p r e d i c t i o n s f r o m t h i s t h e o r e t i c a l e x e r c i s e a r e p r e s e n t e d i n 
f i g u r e s ( 7 . 7 ) and ( 7 . 8 ) . The c o r r e c t e d dynamic d a t a was based on t h e 
a s s u m p t i o n t h a t dynamic v i s c o s i t y and dynamic r i g i d i t y p r e d i c t e d by 
t h e cone and p l a t e geometry i n F i g u r e ( 7 . 1 ) i s a c c u r a t e l y p r e d i c t e d . 
T h i s d a t a was t h e n f i t t e d w i t h a power law r e l a t i o n s h i p , ( s e e f i g u r e 
( 7 . 9 ) ) . 
The t h e o r e t i c a l c u r v e s p r e s e n t e d i n f i g u r e s ( 7 . 7 ) and ( 7 . 8 ) f o r 
medium and l a r g e c o n c e n t r i c c y l i n d e r gaps, c l e a r l y show t h e 
o s c i l l a t i n g n a t u r e o f t h e dynamic d a t a when f l u i d i n e r t i a e f f e c t s a r e 
not i n c l u d e d . I t s h o u l d be n o t e d t h a t t h e u n c o r r e c t e d dynamic c u r v e s 
a r e i n v e r y good agreement w i t h t h e u n c o r r e c t e d e x p e r i m e n t a l d a t a 
p r e s e n t e d i n f i g u r e s ( 7 . 3 ) t o ( 7 . 6 ) i n c l u s i v e , w h i c h c o n f i r m s t h a t 
o u r n u m e r i c a l scheme c o n v e r g e d t o t h e r i g h t s o l u t i o n f o r f l u i d 
i n e r t l a e f f e c t s . 
I n f i g u r e s ( 7 , 1 0 ) and ( 7 . 1 1 ) , we c o n s i d e r dynamic d a t a f r o m t h e 
n a r r o w gap c o n c e n t r i c c y l i n d e r g eometry. The u n c o r r e c t e d dynamic 
v i s c o s i t y and dynamic r i g i d i t y c u r v e s a r e i n v e r y good agreement w i t h 
t h e t h e o r e t i c a l p r e d i c t i o n s shown i n f i g u r e s ( 7 . 7 ) and ( 7 . 8 ) . A l s o 
d i s p l a y e d i n t h e s e f i g u r e s , a r e t h e f i r s t and second o r d e r f l u i d 
i n e r t i a c o r r e c t i o n s f o r t h e dynamic d a t a . I t s h o u l d be n o t e d t h a t 
t h e f i r s t o r d e r f l u i d i n e r t i a c o r r e c t i o n does not a f f e c t t h e dynamic 
v i s c o s i t y f u n c t i o n . F i g u r e ( 7 . 1 0 ) shows t h a t f l u i d i n e r t i a has a 
s m a l l e f f e c t on t h e the dynamic v i s c o s i t y d a t a up t o 30 Hz. The 
s m a l l d i s c r e p a n c i e s between t h e e x a c t and u n c o r r e c t e d d a t a i n t h e 
f r e q u e n c y range o f 25 Hz t o 30 Hz, a r e a d e q u a t e l y d e s c r i b e d by t h e 
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second o r d e r f l u i d i n e r t i a c o r r e c t i o n . I n f i g u r e ( 7 . 1 1 ) , we see t h a t 
t h e f i r s t o r d e r f l u i d i n e r t i a c o r r e c t i o n i s i n good agreement w i t h 
t h e e x a c t d a t a up t o 20 Hz. The second o r d e r f l u i d i n e r t i a 
c o r r e c t i o n i s now i n agreement w i t h t h e e x a c t d a t a up t o 24 Hz. 
I n f i g u r e ( 7 . 1 2 ) , good agreement i s o b t a i n e d b etween t h e dynamic 
v i s c o s i t y and dynamic r i g i d i t y f u n c t i o n s o b t a i n e d f r o m t h e 0.25 mm 
and 0.5 mm gap p a r a l l e l p l a t e g e o m e t r i e s . The e f f e c t o f f l u i d 
i n e r t i a on t h e dynamic d a t a f o r t h e 0.5 mm gap g e o m e t r y i s c o n s i d e r e d 
i n f i g u r e ( 7 . 1 3 ) . F l u i d i n e r t i a e f f e c t s up t o 30 Hz, may be 
a d e q u a t e l y d e s c r i b e d u s i n g t h e f i r s t o r d e r c o r r e c t i o n . S i m i l a r l y , 
f l u i d i n e r t i a e f f e c t s on t h e cone and p l a t e g e o m e t r y ( f i g u r e ( 7 . 1 4 ) ) , 
f o r t h e f r e q u e n c y range c o n s i d e r e d , may be a d e q u a t e l y d e s c r i b e d by 
t h e t h e f i r s t o r d e r c o r r e c t i o n . 
7.3.2. S i l i c o n e (30 Ns/m'^). 
F i g u r e s (7.15) t o ( 7 , 2 0 ) i n c l u s i v e show t h e v a r i a t i o n o f dynamic 
d a t a w i t h f r e q u e n c y f o r s i l i c o n e up t o a f r e q u e n c y o f 40 Hz. The 
f u l l e f f e c t o f f l u i d i n e r t i a on t h e dynamic d a t a has been t a k e n i n t o 
a c c o u n t . These e x p e r i m e n t s were c a r r i e d out a t a c o n s t a n t 
t e m p e r a t u r e o f 25 C. I n f i g u r e ( 7 . 1 5 ) , we compare dynamic d a t a 
o b t a i n e d f r o m t h e t h r e e t y p e s o f geometry c o n s i d e r e d i n t h i s work. 
The d i m e n s i o n s o f t h e g e o m e t r i e s used i n f i g u r e ( 7 . 1 5 ) a r e as d e f i n e d 
i n f i g u r e ( 7 , 1 ) . I t s h o u l d be n o t e d t h a t o v e r t h e f r e q u e n c y range 
c o n s i d e r e d , t h e dynamic d a t a shows v i r t u a l l y no e x p e r i m e n t a l 
s c a t t e r . E x c e l l e n t agreement i s o b t a i n e d between b o t h t h e dynamic 
v i s c o s i t y and t h e dynamic r i g i d i t y o b t a i n e d f r o m t h e cone and p l a t e 
and p a r a l l e l p l a t e g e o m e t r i e s . The c o n c e n t r i c c y l i n d e r r e s u l t s , 
however, do d i f f e r s l i g h t l y f r o m t h e p r e d i c t i o n s o f t h e o t h e r two 
g e o m e t r i e s . I n o r d e r t o c o n s i d e r t h e c o n c e n t r i c c y l i n d e r g e o m e t r y i n 
g r e a t e r d e t a i l , we v a r y t h e a n n u l a r gap, ( f i g u r e ( 7 . 1 6 ) ) . A g a i n we 
o b s e r v e d i s c r e p a n c i e s between t h e dynamic d a t a p r e d i c t e d by t h e t h r e e 
gaps. The v a l u e o f b o t h t h e dynamic v i s c o s i t y and t h e dynamic 
r i g i d i t y d a t a a t a g i v e n v a l u e o f t h e f r e q u e n c y , i n c r e a s e s as t h e 
a n n u l a r gap i n c r e a s e s . P o s s i b l e r e a s o n s f o r t h e d i s c r e p a n c i e s i n 
b o t h f i g u r e ( 7 . 1 5 ) and ( 7 . 1 6 ) were d i s c u s s e d e a r l i e r i n c o n n e c t i o n 
w i t h t h e 2% s o l u t i o n o f p o l y i s o b u t y l e n e i n d e k a l i n r e s u l t s . I n 
f i g u r e ( 7 . 1 7 ) , v e r y good agreement i s o b t a i n e d between t h e dynamic 
d a t a f r o m a 0.25 mm, 0.5 mm, and a 1 mm p a r a l l e l p l a t e gap. 
From f i g u r e s ( 7 . 1 8 ) t o ( 7 . 2 0 ) , we can c l e a r l y see t h a t , as 
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e x p e c t e d , f l u i d i n e r t i a e f f e c t s a r e s m a l l e r f o r s i l i c o n e t h a n f o r t h e 
2% s o l u t i o n o f p o l y i s o b u t y l e n e i n d e k a l i n . We see t h a t f o r t h e l a r g e 
gap c o n c e n t r i c c y l i n d e r g eometry ( f i g u r e ( 7 . 1 8 ) ) , and t h e 1 mm gap 
p a r a l l e l p l a t e geometry, ( f i g u r e ( 7 . 1 9 ) ) , t h e e f f e c t o f f l u i d i n e r t i a 
on t h e dynamic d a t a o v e r t h e f r e q u e n c y range c o n s i d e r e d , c a n be 
a d e q u a t e l y d e s c r i b e d by a f i r s t o r d e r c o r r e c t i o n . The cone and p l a t e 
r e s u l t s d i s p l a y e d i n f i g u r e ( 7 . 2 0 ) , show t h a t f l u i d i n e r t i a e f f e c t s 
a r e not i m p o r t a n t f o r t h i s g e o m e t r y o v e r t h e f r e q u e n c y r a n g e 
c o n s i d e r e d . 
7.3.3 Polybutene. 
I n f i g u r e s ( 7 . 2 1 ) t o ( 7 . 2 3 ) , we p r e s e n t dynamic d a t a f o r 
p o l y b u t e n e up t o a f r e q u e n c y o f 30 Hz. T h i s m a t e r i a l p o s s e s s e s a 
s l i g h t l y non-Newtonian dynamic v i s c o s i t y . These e x p e r i m e n t s were 
c a r r i e d out a t a c o n s t a n t t e m p e r a t u r e o f 20 C. The c o m p a r i s o n 
between e x a c t dynamic d a t a o b t a i n e d f r o m t h e cone and p l a t e g e o m e t r y , 
and t h e 0.5 mm and 1 mm p a r a l l e l p l a t e gap g e o m e t r i e s , shows good 
agreement f o r t h e dynamic v i s c o s i t y d a t a p r e d i c t e d by t h e t h r e e 
g e o m e t r i e s . However, f o r t h e dynamic r i g i d i t y , s l i g h t d i f f e r e n c e s 
b etween 1 mm gap p a r a l l e l p l a t e d a t a and t h a t o b t a i n e d f r o m t h e o t h e r 
two g e o m e t r i e s a r e o b s e r v e d a t f r e q u e n c i e s between 25 Hz and 30 Hz. 
As m e n t i o n e d p r e v i o u s l y , c o n t r i b u t a r y f a c t o r s t o t h i s d i s c r e p a n c y 
c o u l d be edge e f f e c t s o r t e m p e r a t u r e e f f e c t s . F i g u r e s ( 7 . 2 2 ) and 
( 7 . 2 3 ) show t h a t t h e e f f e c t o f f l u i d i n e r t i a on t h e dynamic 
p r o p e r t i e s o f p o l y b u t e n e a r e s m a l l f o r t h e p a r a l l e l p l a t e and cone 
and p l a t e g e o m e t r i e s c o n s i d e r e d i n t h i s work. 
7.4. Comments. 
I n t h i s e x p e r i m e n t a l programme a C a r r i - M e d c o n t r o l l e d s t r e s s 
r h e o m e t e r was used t o measure t h e dynamic p r o p e r t i e s o f t h r e e 
d i f f e r e n t f l u i d s o v e r a f r e q u e n c y range o f 0.01 Hz t o 30 Hz, ( u p t o 
40 Hz f o r s i l i c o n e (30 Ns/m^)). P r e v i o u s work by Jones e t a l [ 2 4 ] , 
was r e s t r i c t e d t o a maximum f r e q u e n c y o f 10 Hz and t h e r e f o r e f l u i d 
i n e r t i a e f f e c t s were not as l a r g e as t h o s e o b s e r v e d i n t h i s work. 
The l i n e a r v i s c o e l a s t i c a n a l y s i s c a r r i e d out i n C h a p t e r 6 was used t o 
i n t e r p r e t t h e e f f e c t o f f l u i d i n e r t i a on t h e dynamic d a t a o v e r t h e 
f r e q u e n c y range c o n s i d e r e d . T h i s a n a l y s i s s h o u l d p r e d i c t dynamic 
v i s c o s i t y and dynamic r i g i d i t y d a t a t h a t i s i n d e p e n d e n t o f t h e 
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measurement system geometry. I n g e n e r a l , good agreement was o b t a i n e d 
between t h e dynamic d a t a o b t a i n e d f r o m t h e d i f f e r e n t g e o m e t r i e s 
c o n s i d e r e d I n t h i s work, an e x c e p t i o n t o t h i s b e i n g , t h e c o n c e n t r i c 
c y l i n d e r dynamic r i g i d i t y d a t a measured a t f r e q u e n c i e s o f o s c i l l a t i o n 
g r e a t e r t h a n 25 Hz. 
D i s c r e p a n c i e s were o b s e r v e d between t h e dynamic r i g i d i t y d a t a 
p r e d i c t e d by t h e c o n c e n t r i c c y l i n d e r g e o m e t r i e s , and t h a t p r e d i c t e d 
by t h e p a r a l l e l p l a t e and cone and p l a t e g e o m e t r i e s f o r b o t h t h e 2% 
s o l u t i o n o f p o l y i s o b u t y l e n e i n d e k a l i n and t h e s i l i c o n e sample. 
D i s c r e p a n c i e s were a l s o o b s e r v e d i n t h e dynamic d a t a f o r t h e s e f l u i d s 
p r e d i c t e d by t h e d i f f e r e n t c o n c e n t r i c c y l i n d e r a n n u l a r gaps. I t i s 
p o s s i b l e , t h a t t h e s e d i s c r e p a n c i e s c o u l d be due t o end e f f e c t s o r 
t e m p e r a t u r e e f f e c t s . The i n f l u e n c e o f end e f f e c t s on t h e dynamic 
d a t a , c o u l d be reduced by t h e use o f a d o u b l e c o n c e n t r i c c y l i n d e r 
g e o m e t r y . As shown i n f i g u r e ( 3 . 7 ) , t h e r e i s o n l y a s m a l l a r e a o f 
t h e r o t o r p l a t e n i n c o n t a c t w i t h t h e f l u i d t h a t i s not i n c l u d e d i n 
t h e t h e o r e t i c a l a n a l y s i s f o r t h i s g e o m e t r y . 
As e x p e c t e d , t h e l a r g e s t f l u i d i n e r t i a e f f e c t s were o b s e r v e d i n 
e x p e r i m e n t s i n v o l v i n g t h e p o l y i s o b u t y l e n e s o l u t i o n . The dynamic d a t a 
f o r t h e 2% s o l u t i o n o f p o l y i s o b u t y l e n e i n d e k a l i n was s a m p l e d up t o a 
f r e q u e n c y o f 30 Hz.. The f I u i d . i n e r t i a e f f e c t s o b s e r v e d f o r t h e 
p a r a l l e l p l a t e (gap=>0.25 mm, 0.5 mm) and t h e cone and p l a t e ( g a p 
a n g l e = 2 ) g e o m e t r i e s were s m a l l and c o u l d be a d e q u a t e l y d e s c r i b e d by 
t h e f i r s t o r d e r f l u i d i n e r t i a t h e o r y . 
The dynamic d a t a o b t a i n e d f r o m t h e l a r g e and medium gap 
c o n c e n t r i c c y l i n d e r g e o m e t r i e s d e m o n s t r a t e d t h a t l a r g e f l u i d i n e r t i a 
e f f e c t s can cause the u n c o r r e c t e d dynamic v i s c o s i t y and dynamic 
r i g i d i t y d a t a t o o s c i l l a t e when p l o t t e d a g a i n s t f r e q u e n c y . We were 
a b l e t o p r e d i c t t h i s o s c i l l a t o r y b e h a v i o u r t h e o r e t i c a l l y u s i n g t h e 
a n a l y s i s d e v e l o p e d i n C h a p t e r 6. Good agreement was o b t a i n e d b etween 
t h e s e t h e o r e t i c a l p r e d i c t i o n s and t h e e x p e r i m e n t a l r e s u l t s . 
The work c o n t a i n e d i n t h i s c h a p t e r has been a c c e p t e d f o r 
p u b l i c a t i o n i n R e v i s t a P o r t u g u e s a de H emorreo1ogia. 
I l l -
Chapter 8 
Y i e l d s t r e s s e f f e c t s i n c o n t r o l l e d s t r e s s o s c i l l a t i o n . 
8.1. I n t r o d u c t I o n . 
I n t h i s f i n a l c h a p t e r , we a r e c o n c e r n e d w i t h t h e t h e o r e t i c a l 
d e s c r i p t i o n o f t h e n o n - l i n e a r e f f e c t o f y i e l d s t r e s s on v i s c o e l a s t i c 
dynamic b e h a v i o u r . As d i s c u s s e d p r e v i o u s l y i n C h a p t e r 2, a y i e l d 
s t r e s s model p r o v i d e s a u s e f u l a p p r o x i m a t i o n f o r t h e d e s c r i p t i o n o f 
t h e f l o w b e h a v i o u r o f many t y p e s o f m a t e r i a l e.g. g e l s , s l u r r i e s , 
p a s t e s , c o n c e n t r a t e d d i s p e r s i o n s . 
The y i e l d s t r e s s model p r e d i c t s an i n f i n i t e s h e a r v i s c o s i t y a t 
z e r o s h e a r r a t e s . Real m a t e r i a l s , however, have a F i n i t e z e r o s h e a r 
v i s c o s i t y and hence a N e w t o n i a n v i s c o s i t y r e g i o n . I t t h e r e f o r e 
f o l l o w s t h a t i t i s t h e o r e t i c a l l y p o s s i b l e t o o b t a i n dynamic d a t a i n 
t h e l i n e a r v i s c o e l a s t i c r e g i o n . I n p r a c t i c e t h i s i s not p o s s i b l e , 
s i n c e t h e s t r a i n a m p l i t u d e s r e q u i r e d f o r dynamic d a t a t o be t a k e n i n 
t h e l i n e a r v i s c o e l a s t i c r e g i o n , a r e t o o s m a l l t o be a c c u r a t e l y 
measured on r h e o m e t r i c a l i n s t r u m e n t s . 
The m o t i v a t i o n f o r t h e work c a r r i e d o u t i n t h i s c h a p t e r was 
p r o v i d e d by dynamic e x p e r i m e n t s i n w h i c h a C a r r i - M e d c o n t r o l l e d 
s t r e s s r h e o m e t e r was used t o a p p l y a s i n u s o i d a l t o r q u e t o a ' y i e l d 
s t r e s s * m a t e r i a l . A t y p i c a l d i s p l a c e m e n t waveform o b t a i n e d f r o m 
t h e s e e x p e r i m e n t s i s d i s p l a y e d i n f i g u r e ( 8 . 1 ) . The n o n - s i n u s o i d a l 
d i s p l a c e m e n t waveform shows ranges o f a p p l i e d s t r e s s o v e r w h i c h t h e 
change i n d i s p l a c e m e n t i s v e r y s m a l l ( < 10'^ r a d i a n s ) . T h i s 
o b s e r v a t i o n i s commonly known as ' f l a t t o p p i n g ' . T h i s w i l l o c c u r i n 
t h e r e g i o n where t h e a p p l i e d t o r q u e does not exceed t h e y i e l d s t r e s s 
o f t h e m a t e r i a l . F o l l o w i n g t h e id e a s o f Barnes and W a l t e r s [ 3 ] on t h e 
n o n - e x i s t e n c e o f y i e l d s t r e s s , an a l t e r n a t i v e e x p l a n a t i o n o f ' f l a t 
t o p p i n g ' can be a s c r i b e d t o t h e sh e a r t h i n n i n g p r o p e r t i e s o f t h e 
m a t e r i a l ( P e r k i n s [ 3 3 ] ) . I n f i g u r e ( 8 . 2 ) t h e complex v i s c o s i t y i s 
c l e a r l y t o r q u e a m p l i t u d e dependent. We t h e r e f o r e have a n o n - l i n e a r 
v i s c o e l a s t i c f l o w s i t u a t i o n . 
P r e v i o u s work r e l e v a n t t o t h e p r o b l e m o f d e s c r i b i n g t h e dynamic 
r e s p o n s e o f * y i e l d s t r e s s ' m a t e r i a l s has been c a r r i e d o u t by 
Yoshimura and Prud'homme [ 4 7 ] . These w o r k e r s m o d i f i e d t h e two 
p a r a m e t e r Bingham model ( B i r d e t a l [ 6 ] ) , t o i n c l u d e r e c o v e r a b l e 
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e l a s t i c s t r a i n below t h e y i e l d s t r e s s o r y i e l d s t r a i n . T h i s m o d i f i e d 
model i s c a l l e d t h e e l a s t i c Bingham model (see C h a p t e r 2 ) . The model 
d e s c r i b e s e l a s t i c d e f o r m a t i o n below t h e y i e l d s t r e s s . Above t h e 
y i e l d s t r e s s , t h e model d e s c r i b e s v i s c o u s f l o w c h a r a c t e r i s e d by a 
c o n s t a n t p l a s t i c v i s c o s i t y and a y i e l d s t r e s s . The f l o w s i t u a t i o n 
c o n s i d e r e d by Yoshimura and Prud'homme [ 4 7 ] was one i n w h i c h a 
s i n u s o i d a l s h e a r s t r a i n was a p p l i e d t o t h e f l u i d . 
The work c a r r i e d out i n t h i s c h a p t e r , makes use o f t h e c o n c e p t 
o f y i e l d s t r e s s t o d e s c r i b e t h e n o n - l i n e a r v i s c o e l a s t i c dynamic 
b e h a v i o u r d i s p l a y e d i n f i g u r e ( 8 . 1 ) . The model i s p r e s e n t e d i n f i g u r e 
( 8 . 3 ) and d i f f e r s f r o m t h a t o f Yoshimura and Prud'homme [ 4 7 ] i n t h a t 
i t i s n o t a b l e t o p r e d i c t e l a s t i c d e f o r m a t i o n below t h e y i e l d s t r e s s . 
However, t h e model has t h e a d vantage o f r e d u c i n g t o a g e n e r a l i s e d 
l i n e a r v i s c o e l a s t i c model when the y i e l d s t r e s s i s z e r o . 
I t i s c o n v e n i e n t t o c h a r a c t e r i s e t h e dynamic r e s p o n s e o f t h e s e 
so c a l l e d ' y i e l d s t r e s s ' m a t e r i a l s i n t e r m s o f a p l a s t i c complex 
v i s c o s i t y and t h e y i e l d s t r e s s . We can t h i n k o f t h e p l a s t i c complex 
v i s c o s i t y as b e i n g analagous t o t h e p l a s t i c s h e a r v i s c o s i t y i n s t e a d y 
shear f l o w . I t s h o u l d be n o t e d i n t h i s model t h a t t h e p l a s t i c complex 
v i s c o s i t y w i l l be independent o f o s c i l l a t o r y s t r e s s a m p l i t u d e . 
8.2. D e s c r i p t i o n o f the ooodel. 
The model i s shown d i a g r a m a t i c a l l y i n f i g u r e ( 8 . 3 ) . I t c o n s i s t s 
o f n M a x w e l l e l e m e n t s c o n n e c t e d i n p a r a l l e l w i t h a y i e l d s t r e s s 
component. The model w i l l not d e f o r m u n l e s s t h e a p p l i e d s t r e s s 
exceeds some c r i t i c a l s t r e s s v a l u e . The c o n d i t i o n f o r f l o w t o o c c u r 
i s t h a t t h e m a g n i t u d e o f t h e d i f f e r e n c e between t h e a p p l i e d s t r e s s . 
(T, and t h e sum o f t h e s t r e s s e s i n t h e Maxwell e l e m e n t s , J a j must be 
e q u a l t o t h e y i e l d s t r e s s CTQ. i . e . * 
n 
(T - Ja. I - ( T ^ ( 8 . 2 . 1 ) 
i - i 
The s t r e s s response o f t h e model i s made up o f t h e sum o f t h e 
s t r e s s e s i n t h e Maxwell e l e m e n t s , and t h e s t r e s s i n t h e y i e l d 
s t r e s s e l e m e n t ay. i . e . 
n 
<^  = I + % ( 8 , 2 . 2 ) 
i - i ' ^ 
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When a s t r e s s i s i n i t i a l l y a p p l i e d t o t h e model, t h e s t r e s s e s i n t h e 
Maxwell e l e m e n t s a r e c o m p l e t e l y r e l a x e d . Hence, t h e c o n d i t i o n f o r 
i n i t i a l f l o w t o o c c u r i s g i v e n by, 
a :> <T^ ( 8 . 2 . 3 ) 
( a ) . Response o f Maxwell elements. 
R e f e r r i n g t o s e c t i o n ( 2 . 2 ) , e q u a t i o n s ( 2 . 2 . 5 ) t o ( 2 . 2 . 1 0 ) 
i n c l u s i v e , we see t h a t i n t h e i ^ ^ M a x w e l l e l e m e n t , t h e s t r e s s i s 
r e l a t e d t o t h e shear r a t e by t h e f o l l o w i n g f i r s t o r d e r l i n e a r 
d i f f e r e n t i a l e q u a t i o n i n a j . 
cr. + - rj.y , i - 1 ,2, n . ( 8 . 2 . 4 ) 
where t h e dot d e n o t e s d i f f e r e n t i a t i o n w i t h r e s p e c t t o t i m e . 
By s o l v i n g t h i s d i f f e r e n t i a l e q u a t i o n we o b t a i n t h e shear s t r e s s 
ai i n terms o f t h e shear r a t e and i s g i v e n by 
t 7, - ( t - f ) / X 
<T. - J e 7 ( f ) d f ( 8 . 2 . 5 ) 
-co 
The t o t a l s t r e s s i n the n Maxwell e l e m e n t s i s t h e r e f o r e g i v e n by 
n t 
la. - I C ( t - f ) 7 ( f ) d f ( 8 . 2 . 6 ) 
i-»i 
where t h e r e l a x t l o n modulus C ( t - t ' ) f o r n M a x w e l l e l e m e n t s i s g i v e n by 
n Vi - ( t - f ) / X 
C ( t . f ) - I — ! - e ( 8 . 2 . 7 ) 
i - i X. 
When an o s c i l l a t o r y s t r e s s i s a p p l i e d t o t h e f l u i d , t h e r e w i l l be 
ranges o f a p p l i e d s t r e s s f o r w h i c h t h e f l o w c o n d i t i o n ( 8 . 2 . 1 ) i s not 
s a t i s f i e d and t h e sh e a r r a t e w i l l t h e r e f o r e be z e r o . D u r i n g t h i s 
p a r t o f t h e p e r i o d i c c y c l e , we see f r o m e q u a t i o n ( 8 . 2 . 4 ) t h a t i n t h e 
i ' ^ Maxwell element s t r e s s r e l a x a t i o n t a k e s p l a c e a c c o r d i n g t o t h e 
equat i o n 
A - t / X 
ff, = — ! - e , ^ = 0 . ( 8 . 2 . 8 ) 
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The t o t a l s t r e s s f o r n Maxwell e l e m e n t s i s 
n n A. - t / X 
1<^, - I — 
i - i i - i X. 
7 - 0 ( 8 . 2 . 9 ) 
where t h e A j ' s a r e a r b i t r a r y c o n s t a n t s w h i c h c a n be d e t e r m i n e d f r o m 
t h e c o n d i t i o n t h a t t h e s t r e s s e s must be c o n t i n u o u s f o r a l l t i m e t . 
( b ) . Response o f y i e l d s t r e s s element (<Ty), 
When t h e s h e a r r a t e i s n o n - z e r o , t h e n t h e s t r e s s i n t h e y i e l d 
s t r e s s element w i l l have one o f two v a l u e s , ^(JQ. i . e . 
y 
7 ( t ) 
7 ( t ) 
7 ( t ) * 0 ( 8 . 2 . 1 0 ) 
However, when t h e shear r a t e i s z e r o , t h e n CTy i s i n d e t e r m i n a t e b u t 
must s a t i s f y t h e c o n d i t i o n 
7 ( t ) - 0 ( 8 . 2 , 1 1 ) 
S u b s t i t u t i n g e q u a t i o n s ( 8 . 2 . 6 ) , ( 8 , 2 . 9 ) and ( 8 , 2 . 1 0 ) i n t o 
e q u a t i o n ( 8 . 2 . 2 ) , we o b t a i n t he e q u a t i o n o f s t a t e f o r t h e model 
p r e s e n t e d i n f i q u r e ( 8 . 3 ) and i s g i v e n by 
I G ( t - f ) 7 ( t ' ) d f + <T — 
7(0 
7 ( t ) 
n A. - t / X . 
1 1 
1 ^ e 
+ (T 
7 ( t ) ^ 0 
. 7 ( t ) = 0 
( 8 . 2 . 1 2 ) 
where C ( t - f ) i s g i v e n i n e q u a t i o n ( 8 . 2 . 7 ) , ay s a t i s f i e s t h e 
c o n d i t i o n ( 8 . 2 . 1 1 ) and A j , s are c o n s t a n t s w h i c h a r e d e t e r m i n e d f r o m 
s a t i s f y i n g t h e c o n d i t i o n t h a t t h e s t r e s s i n each M a x w e l l e l e m e n t i s 
c o n t i n u o u s . We s h a l l now use t h i s e q u a t i o n o f s t a t e i n t h e f l o w 
s i t u a t i o n e n c o u n t e r e d on t h e C a r r i - m e d c o n t r o l l e d s t r e s s r h e o m e t e r . 
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8.3. S o l u t i o n o f the eq u a t i o n o f motion. 
I n a c o n t r o l l e d s t r e s s r h e o m e t e r The f l u i d i s c o n t a i n e d b e t w e e n 
two p l a t e n s . One p l a t e n , t h e s t a t o r , i s f i x e d and t h e o t h e r p l a t e n , 
t h e r o t o r , i s f r e e t o r o t a t e under an a p p l i e d c o u p l e . The t h e o r y w i l l 
assume t h a t t h e shear r a t e t h r o u g h o u t t h e measurement s y s t e m gap i s 
c o n s t a n t . Hence, t h i s a n a l y s i s i s v a l i d f o r t h e s m a l l gap a n g l e cone 
and p l a t e g e o m e t r y and t h e na r r o w a n n u l a r gap c o n c e n t r i c c y l i n d e r 
g e ometry. I n o r d e r t o o b t a i n a b a s i c u n d e r s t a n d i n g o f t h e s o l u t i o n t o 
t h e t h e o r e t i c a l e q u a t i o n s we s h a l l o n l y be c o n c e r n e d w i t h t h e t h e o r y 
f o r t h e case when m e c h a n i c a l i n e r t i a o f t h e r o t o r i s i g n o r e d . 
C o n s i d e r a s i n u s o i d a l t o r q u e b e i n g a p p l i e d t o t h e upper r o t o r o f 
t h e f o r m 
C - CQ s i n ( o j t ) , t>0 ( 8 . 3 . 1 ) 
When t h e m e c h a n i c a l i n e r t i a o f the r o t o r i s i g n o r e d t h e n on a p p l y i n g 
t h e e q u a t i o n o f m o t i o n t o the upper p l a t e n , t h e s h e a r s t r e s s a p p l i e d 
t o t h e sample i s a l s o s i n u s o i d a l and i s g i v e n by 
<r - o-g s i n ( a ) t ) , t>0 ( 8 . 3 . 2 ) 
where <T^ i s t h e s t r e s s a m p l i t u d e and i s r e l a t e d t o t h e t o r q u e 
a m p l i t u d e by t h e f o r m u l a 
Co - F(r «^ a ( 8 . 3 . 3 ) 
F^ i s known as t h e p l a t e n geometry s h e a r s t r e s s f a c t o r . 
S u b s t i t u t i n g f o r the s t r e s s a f r o m e q u a t i o n ( 8 . 3 . 2 ) i n t o t h e 
e q u a t i o n o f s t a t e ( 8 . 2 . 1 2 ) we have f o r t h e case when 7 * 0 
\ 7 ( t ) 
a s i n ( a ) t ) - 1 C ( t - f ) 7 ( f ) d f + a , yit)^ 0 ( 8 . 3 . 4 ) 
-L ° l 7 ( t ) l 
I n o r d e r t o d e t e r m i n e t h e shear r a t e and s h e a r s t r a i n waveforms 
i t i s n e c e s s a r y t o f o r m u l a t e t h i s e q u a t i o n i n i t s d i f f e r e n t i a l f o r m . 
n 
T h i s i s o b t a i n e d by a p p l y i n g t h e d i f f e r e n t i a l o p e r a t o r . 0 ( 1 + X . d / d t ) 
t o e q u a t i o n ( 8 . 3 . 4 ) t o g i v e t h e f o l l o w i n g ( n - 1 ) ^ ^ * o r d e r l i n e a r 
d i f f e r e n t i a l e q u a t i o n i n 7 
" " r d ^ " r d 1 y^^^ 
J \ n [1 + N = .n [1 - \ dv*"(^ '> - % —— • ^ < ' > ^ o 
k - i i = i 1=1 7 ( t ) 
i=«^k ( 8 . 3 . 5 ) 
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T h i s e q u a t i o n can now be s o l v e d t o produc e t h e s h e a r r a t e and 
hence produce t h e shear s t r a i n . The s o l u t i o n t o t h i s e q u a t i o n i s 
d i s c u s s e d i n t h e f o l l o w i n g s e c t i o n . 
8.3.1. D e t e r m i n a t i o n o f the s h e a r r a t e f u n c t i o n 
E q u a t i o n ( 8 . 3 . 5 ) can be s o l v e d by c o n s i d e r i n g t h e s o l u t i o n as 
t h e sum o f two p a r t s ; t h e complementary f u n c t i o n (CF) and t h e 
p a r t i c u l a r i n t e g r a l ( P I ) . i . e . 
7 - 7 c F 7 p , ( 8 . 3 . 6 ) 
( a ) . The complementary f u n c t i o n . 
The complementary f u n c t i o n f o r e q u a t i o n ( 8 . 3 . 5 ) i s o b t a i n e d by 
s o l v i n g t h e homogeneous d i f f e r e n t i a l e q u a t i o n 
j \ .n ( » - ^ H F ] ^ = ° 
k-1 1=1 
We may assume 7^^. t o be o f t h e f o r m 
n m t 
ycr-l%^ ( 8 - 3 - 8 ) 
k=i 
where c^ ^ and m^^ a r e c o n s t a n t s . 
S u b s t i t u t i n g ( 8 . 3 . 8 ) i n t o ( 8 . 3 . 7 ) we have 
J , ( 1 ) 1 - ) = 0 . ( 8 . 3 . 9 ) 
n 
S i n c e t h e t e r m [] (1+X.m) * 0 t h e n e q u a t i o n ( 8 . 3 . 9 ) s i m p l i f i e s t o 
i - 1 ' 
\ 
^ ( 1 A m ) " ^ • k - / ' 
T h i s e q u a t i o n i s a ( n - l ) t h o r d e r p o l y n o m i a l i n m and c a n be s o l v e d t o 
produce t h e ( n - 1 ) r o o t s mj ( i=-l , 2 , . . , n-1) . 
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( b ) . The p a r t i c u l a r I n t e g r a l . 
To o b t a i n t h e p a r t i c u l a r i n t e g r a l t o e q u a t i o n ( 8 . 3 . 5 ) i t i s 
c o n v e n i e n t t o e x p r e s s t h i s e q u a t i o n i n complex number f o r r a . i . e . 
k - i i - i 1 - 1 7 ( t ) 
( 8 . 3 . 1 1 ) 
where Im d e n o t e s o f I m a g i n a r y p a r t o f t h e q u a n t i t y c o n t a i n e d w i t h i n 
t h e s q u a r e b r a c k e t s . 
We may assume a p a r t i c u l a r i n t e g r a l o f t h e f o r m 
7 p i - Im [ B eJ'"' ] + C ( 8 . 3 . 1 2 ) 
where B and C a r e c o n s t a n t s . 
S u b s t i t u t i n g e q u a t i o n ( 8 . 3 . 1 2 ) i n t o e q u a t i o n ( 8 . 3 . 1 1 ) and 
e q u a t i n g s i n u s o i d a l terms t h e complex c o n s t a n t B must s a t i s f y t h e 
equat i o n 
complex v i s c o s i t y ?;* by 
To s i m p l i f y t h i s e q u a t i o n i t i s c o n v e n i e n t t o d e f i n e t h e p l a s t i c 
^ 0) k= 1 ^ k ' 
T h i s d e f i n i t i o n i s n o r m a l l y a s s o c i a t e d w i t h t h e c o m p l e x 
v i s c o s i t y p r e d i c t e d by t h e G e n e r a l i s e d Maxwell l i n e a r v i s c o e l a s t i c 
model. However, we now have a y i e l d s t r e s s element i n c o r p o r a t e d i n t o 
t h e model and so the above q u a n t i t y can no l o n g e r be t h o u g h t o f as 
t h e complex v i s c o s i t y f u n c t i o n . 
U s i n g t h e above d e f i n i t i o n f o r p l a s t i c complex v i s c o s i t y we may 
r e w r i t e e q u a t i o n (8,3.13) f o r t h e c o n s t a n t B as 
B - — I - ( 8 . 3 . 1 5 ) 
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To o b t a i n t h e c o n s t a n t C i n e q u a t i o n ( 8 . 3 . 1 2 ) we s u b s t i t u t e e q u a t i o n 
( 8 . 3 . 1 2 ) i n t o e q u a t i o n (8.3.11) and e q u a t e t h e c o n s t a n t t e r m s t o g i v e 
( 8 . 3 . 1 6 ) 
where rj^. i s d e f i n e d by t h e e q u a t i o n 
n 
k-1 ^ 
( 8 . 3 . 1 7 ) 
S u b s t i t u t i n g f o r t h e c o n s t a n t s B and C f r o m e q u a t i o n s ( 8 . 3 . 1 5 ) and 
( 8 . 3 . 1 6 ) r e s p e c t i v e l y i n t o ( 8 . 3 . 1 2 ) t h e p a r t i c u l a r i n t e g r a l i s 
PI - Im 
\ y 
( 8 . 3 . 1 8 ) 
\ \y 
The g e n e r a l s o l u t i o n t o t h e d i f f e r e n t i a l e q u a t i o n ( 8 . 3 . 5 ) can now be 
o b t a i n e d by s u b s t i t u t i n g e q u a t i o n s ( 8 . 3 . 8 ) and ( 8 . 3 . 1 8 ) i n t o ( 8 . 3 . 6 ) 
t o g i v e 
n- 1 m. t 
I c.e * + Im a_ ^ja>t 
a y 
T : ^ - r - r . y ^ 0 ( 8 . 3 . 1 9 ) 
Over any one p a r t i c u l a r c y c l e o f o s c i l l a t i o n t h e r e w i l l be two 
r e g i o n s o f t i m e i n w h i c h i n w h i c h t h e s h e a r r a t e i s z e r o . i . e . 
t h e r e w i l l be a r e g i o n o f t i m e i n w h i c h 7 > 0 and a r e g i o n o f t i m e 
i n w h i c h 7 < 0. I f we denote t h e t i m e r e g i o n f o r t h e case 7 > 0 by 
t ^ < t < t 2 and t h e t i m e r e g i o n f o r t h e case 7 < 0 by t 3 < t < t 4 , t h e n t h e 
s h e a r r a t e i n e q u a t i o n (8.3.19) o v e r any one c y c l e o f o s c i l l a t i o n may 
be w r i t t e n as 
n - i 
1 
i - i 
m. t 
n - I m.t 





t - lir/u < t < t 
4 1 
t < t < t 
1 2 
t < t < t 
2 3 
t < t < t 
3 4 
( 8 . 3 . 2 0 ) 
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I t s h o u l d be n o t e d , t h a t t h e c o m p l e m e n t a r y f u n c t i o n ( 8 . 3 . 8 ) has 
t o be i n c l u d e d i n t h e g e n e r a l s o l u t i o n ( 8 . 3 . 2 0 ) . T h i s c o m p l e m e n t a r y 
f u n c t i o n i s u s u a l l y a s s o c i a t e d w i t h t r a n s i e n t t e r m s w h i c h a r e 
i m p o r t a n t i n s t a r t - u p f l o w , but w h i c h n o r m a l l y decay t o z e r o a f t e r a 
s u f f i c i e n t t i m e has e l a p s e d . However, f o r t h e f l o w p r o b l e m c o n s i d e r e d 
i n t h i s work, t h e complementary f u n c t i o n does n o t d i s a p p e a r , even 
when t h e f l o w has r e a c h e d i t s p e r i o d i c s t a t e . The e x c e p t i o n t o t h i s 
s i t u a t i o n , i s t h e case o f a s i n g l e M a x w e l l e l e m e n t , ( n - 1 ) . For t h i s 
c a se, t h e d i f f e r e n t i a l e q u a t i o n reduces t o an a n a l y t i c a l e x p r e s s i o n 
f o r t h e s h e a r r a t e and w i l l be d i s c u s s e d l a t e r . 
I n t h e e x p r e s s i o n f o r t h e shear r a t e i n e q u a t i o n ( 8 . 3 . 2 0 ) we 
s h a l l need t o o b t a i n t h e t h r e e s e t s o f c o n s t a n t s mj ^ Cj , 
( i = l , 2 , . . . , n-1) and t ^ j , , ( i n = l , 2 , 3 , 4) . The c o n s t a n t s mj have been 
d i s c u s s e d p r e v i o u s l y and a r e d e t e r m i n e d f r o m t h e r o o t s t o t h e ( n - 1 ) ' ^ 
o r d e r p o l y n o m i a l ( 8 . 3 . 1 0 ) . The d e r i v a t i o n o f t h e c o n s t a n t s Cj and t„j 
a r e d i s c u s s e d i n s e c t i o n ( 8 . 3 . 3 ) and a r e o b t a i n e d n u m e r i c a l l y by 
s a t i s f y i n g r e l e v a n t boundary c o n d i t i o n s . I n g e n e r a l t h e s e c o n s t a n t s 
w i l l be d i f f e r e n t i n v a l u e f o r each c y c l e o f o s c i l l a t i o n u n t i l t h e 
p e r i o d i c s t a t e has been reached. 
8.3.2. D e r i v a t i o n o f the fundamental s h e a r r a t e a m plitude 
I n o r d e r f o r us t o be a b l e t o c a l c u l a t e t h e c omplex v i s c o s i t y 
f u n c t i o n f o r o u r model shown i n f i g u r e ( 8 . 3 ) we s h a l l need t o 
e v a l u a t e t h e f u n d a m e n t a l a m p l i t u d e and phase o f t h e s h e a r r a t e 
waveform d e r i v e d i n e q u a t i o n ( 8 . 3 . 2 0 ) . 
We use a F o u r i e r s e r i e s a n a l y s i s t o d e t e r m i n e t h e f u n d a m e n t a l 
a m p l i t u d e and phase o f t h e shear r a t e e x p r e s s i o n p r e s e n t e d i n 
e q u a t i o n ( 8 . 3 . 2 0 ) . We show t h a t i t i s p o s s i b l e t o o b t a i n an 
a n a l y t i c a l e x p r e s s i o n f o r t h e f u n d a m e n t a l a m p l i t u d e and phase f o r t h e 
s h e a r r a t e waveform i n terms o f t h e c o r i t a n t s m j , c j , ( 1 = 1,2,...,n-1) 
and t j n , ( m = l , 2 , 3 , 4 ) w h i c h appear i n e q u a t i o n ( 8 . 3 . 2 0 ) . 
The F o u r i e r s e r i e s e x p a n s i o n f o r t h e s h e a r r a t e e x p r e s s i o n 
o b t a i n e d i n e q u a t i o n (8.3.20) may be w r i t t e n as 
1 
y ^ - a + 2 a . c o s ( a ) t ) + b . s i n ( a ) t ) ( 8 . 3 . 2 1 ) 
i - 1 * ' 
The f u n d a m e n t a l a m p l i t u d e f o r t h e shear r a t e i s t h e r e f o r e g i v e n by 
c^ - [ a' + b^ J , ( 8 . 3 . 2 2 ) 
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and t h e phase d i f f e r e n c e o between t h e a p p l i e d s t r e s s and t h e 
f u n d a m e n t a l harmonic o f t h e s h e a r r a t e w aveform i s g i v e n by 
b 
t a n ( a ) - — — ( 8 . 3 . 2 3 ) 
a 
I t f s c o n v e n i e n t t o r e w r i t e e q u a t i o n ( 8 . 3 . 2 1 ) i n complex f o r m t o g i v e 
7 - ^ d + i d . e j * ^ ' ( 8 . 3 . 2 4 ) 
where d^= a^, and " ^ complex a m p l i t u d e o f t h e 
i ' * ^ h a r m o n i c . Hence t h e f u n d a m e n t a l complex a m p l i t u d e d, f o r t h e 
sh e a r r a t e waveform may be o b t a i n e d f r o m e v a l u a t i n g t h e i n t e g r a l 
2ir/a) 
- ^ I 7 ( t ) eJ'^'dt ( 8 . 3 . 2 5 ) 
0 
where 7 i s g i v e n by e q u a t i o n ( 8 . 3 . 2 0 ) 
I n e q u a t i o n ( 8 . 3 . 2 0 ) we see t h a t .over any one p e r i o d o f 
o s c i l l a t i o n , t h e non z e r o shear r a t e t i m e s l i e i n t h e i n t e r v a l s 
t , < t < t 2 and t 3 < t < t 4 . Hence e q u a t i o n ( 8 . 3 . 2 5 ) become 
t t 
- fyCt) e^^'dt + ^ ] ' r ( t ) e j ^ ' d t . ( 8 . 3 . 2 6 ) 
t t 
1 3 
We s h a l l o n l y be i n t e r e s t e d i n t h e f u n d a m e n t a l a m p l i t u d e when a 
s u f f i c i e n t number o f c y c l e s o f o s c i l l a t i o n has o c u r r e d . i . e . when t h e 
s o l u t i o n has reached i t ' s p e r i o d i c s t a t e . When t h i s o c c u r s i t can be 
shown by symmetry t h a t t ^ and t ^ a r e r e l a t e d t o t , and by 
and 
t = t -H ^ 
3 1 O) 
4 2 0) 
( 8 . 3 . 2 7 ) 
On making t h e s u b s t i t u t i o n u - t -ir/o) i n t h e second i n t e g r a l i n 
e q u a t i o n ( 8 . 3 . 2 6 ) and u s i n g e q u a t i o n ( 8 . 3 . 2 7 ) t h e complex a m p l i t u d e 





^ I i(t) e j ' ^ ^ d t . ( 8 . 3 . 2 8 ) 
t 1 
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I c.e * + Im 
1 = 1 
a_ ^ j o j t e J ^ ^ d t . 
( 8 . 3 . 2 9 ) 
U s i n g t h e complex number r e s u l t 
Im [ 2 ] - [ z - z ( 8 . 3 . 3 0 ) 
where z i s t h e complex c o n j u g a t e o f z, t h e n e q u a t i o n ( 8 . 3 . 2 9 ) may be 
w r i t t e n as 
t 
2a> n - i (m.+ j a ) ) t a - . a 
y c.e + e -
a 
0 ^ j w t dt 
( 8 . 3 . 3 1 ) 
E v a l u a t i n g t h e i n t e g r a l i n e q u a t i o n ( 8 . 3 . 3 1 ) p r o d u c e s t h e a n a l y t i c a l 
e x p r e s s i o n , 
1 ir ^t^-,^ J-) ' " 4.,* ' " 2 j ? 
0 ^ j a ) t 
( 8 . 3 . 3 2 ) 
T a k i n g r e a l and i m a g i n a r y p a r t s o f d, p r o v i d e s a n a l y t i c a l e x p e s s i o n s 
f o r a, and b, r e s p e c t i v e l y . 
2a) a = 
1 IT 
n-1 c.cos(a)t - (3.) m.t 
I A - e • 
i - 1 (m. + o) ) 4o) 
2G't 
cos(2o)t + 6) 
— s i n ( a ) t ) 
and 
( 8 . 3 . 3 3 ) 
b 
1 T 
n-1 c . s i n(o)t - /3. ) m.t 
2 — ^ TT" ^ 
i - i (mj + w y 
4o) 77 
2T7't 
s i n ( 2 a ) t + 6) 
c o s ( a ) t ) 
0)17 
( 8 . 3 . 3 4 ) 
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where 
t a n (/3.) ( 8 . 3 . 3 5 ) 
and 
t a n ( 5 ) ( 8 . 3 . 3 6 ) 
The f u n d a m e n t a l a m p l i t u d e and phase f o r t h e sh e a r r a t e w a v e f o r m i s 
d e t e r m i n e d by s u b s t i t u t i n g e q u a t i o n s ( 8 . 3 . 3 3 ) and ( 8 . 3 . 3 4 ) i n t o 
e q u a t i o n s ( 8 . 3 . 2 2 ) and ( 8 . 3 . 2 3 ) . 
8.3.3. D e r i v a t i o n o f the c o n s t a n t s C| and t j i n e q u a t i o n ( 8 . 3.20) 
I n o r d e r t o d e t e r m i n e t h e c o n s t a n t s c j and t j we f i r s t c o n s i d e r 
th e s i m p l e s t case o f a s i n g l e Maxwell element i n p a r a l l e l w i t h a 
y i e l d s t r e s s component. I n t h i s c ase, t h e com p l e m e n t a r y f u n c t i o n i n 
e q u a t i o n ( 8 . 3 . 2 0 ) v a n i s h e s , and hence, we o n l y need t o d e t e r m i n e t h e 
c o n s t a n t s t j . We s h a l l t h e n d i s c u s s t h e more g e n e r a l case o f n 
Maxwell e l e m e n t s i n p a r a l l e l w i t h an y i e l d s t r e s s component. 
( a ) . S i n g l e Maxwell element. 
To f a c i l i t a t e t h e e x p l a n a t i o n c o n c e r n i n g t h e d e r i v a t i o n o f t h e 
c o n s t a n t s t j , we p r e s e n t t h e p e r i o d i c s h e a r r a t e w a v e f o r m ( f i g u r e 
( 8 . 4 ) ) , i n advance o f the d i s c u s s i o n c o n c e r n i n g t h e d e t e r m i n a t i o n o f 
t h e s e c o n s t a n t s . 
For t h e s i n g l e element model, e q u a t i o n ( 8 . 3 . 2 0 ) s i m p l i f i e s t o 
0 , t - 2ir/o) < t < t 
7 ° 




t < t < t 
• 1 2 
t < t < t 
2 3 
t < t < t 
3 4 
( 8 . 3 . 3 7 ) 
We s h a l l now d i s c u s s t he p r o c e d u r e t h a t i s c a r r i e d o u t t o o b t a i n 
t h e unknown c o n s t a n t s t j . As we p r o g r e s s f r o m one t i m e r e g i o n t o t h e 
next t i m e r e g i o n we s h a l l need t o m o n i t o r t h e s t r e s s i n t h e Maxwel l 
123 
e l e m e n t . T h i s s t r e s s has t o be c o n t i n u o u s f o r a l l t i m e t . T h i s 
i n f o r m a t i o n i s n e c e s s a r y i n t h e c a l c u l a t i o n o f t h e c o n s t a n t s t , and 
t g i n each c y c l e o f o s c i l l a t i o n . 
To c a l c u l a t e t h e t i m e s t j , we w i l l need t o c o n s i d e r t h e f o u r 
t i m e ranges i n t h e f i r s t c y c l e . However, t h e f i r s t t i m e range i n t h e 
i n i t i a l c y c l e o f o s c i l l a t i o n i s a s p e c i a l case i n t h a t t h e s t r e s s i n 
t h e M a x w e l l element i s z e r o . C o n s e q u e n t l y , i n o r d e r t o o b t a i n f o r a 
g e n e r a l c y c l e we s h a l l a l s o need t o d i s c u s s t h e f i r s t t i m e r a n g e i n 
t h e second c y c l e . We now c o n s i d e r t h e f i r s t c y c l e o f o s c i l l a t i o n ; 
( 1 ) . 0 < t < t , . 
I n t h i s t i m e r a n g e , the model w i l l n ot d e f o r m u n t i l t h e f l o w 
c o n d i t i o n ( 8 . 2 . 1 ) i s s a t i s f i e d . T h i s o c c u r s a t t i m e t , , w h i c h on t h e 
f i r s t c y c l e i s g i v e n a n a l y t i c a l l y by e q u a t i o n ( 8 . 2 . 3 ) . i . e . 
1 . -1 - s i n ( 8 . 3 . 3 8 ) 
( 1 1 ) . t , < t < t j . 
Over t h i s range o f t i m e s , t h e model d e f o r m s w i t h a s h e a r r a t e 
t h a t i s g r e a t e r t h a n z e r o . Hence f r o m e q u a t i o n ( 8 . 3 . 3 7 ) t h e s h e a r 
r a t e i s g i v e n by 
Im a__ ^ j o j t ( 8 . 3 . 3 9 ) 
T h r o u g h o u t t h i s d e f o r m a t i o n , t h e r e i s a n o n - z e r o s t r e s s i n t h e 
Maxwell e l e m e n t . The magnitude o f t h i s s t r e s s w h i l e t h e s h e a r r a t e 
i s p o s i t i v e , may be o b t a i n e d f r o m e q u a t i o n ( 8 . 2 . 1 ) . i . e . 
(7 = a s i n ( a ) t ) 1 a ( 8 . 3 . 4 0 ) 
D u r i n g t h i s p e r i o d , t h e a p p l i e d s t r e s s i n c r e a s e s t o i t s maximum v a l u e 
a t t» i r/2a}, b e f o r e d e c r e a s i n g as t h e t i m e t , i s a p p r o a c h e d . When t ^ 
i s r e a c h e d , t h e a p p l i e d s t r e s s has d e c r e a s e d by such an e x t e n t t h a t 
t h e f l o w c o n d i t i o n i s no l o n g e r s a t i s f i e d . At t h i s p o i n t , t h e s h e a r 
r a t e i s z e r o . The t i m e t j i s d e t e r m i n e d by s o l v i n g e q u a t i o n ( 8 . 3 . 3 9 ) 
w i t h 7 = 0. i . e . 
Im j c j t ( 8 . 3 . 4 1 ) 
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T h i s e q u a t i o n can be s o l v e d a n a l y t i c a l l y . 
( I I I ) . < t < tg. 
I n t h i s t i m e r a n g e , t h e f l o w c o n d i t i o n ( 8 . 2 . 1 ) i s n o t s a t i s f i e d 
and so no f u r t h e r d e f o r m a t i o n o f t h e model t a k e s p l a c e u n t i l t i m e T 3 
i s r e a c h e d . D u r i n g t h i s range, t h e a p p l i e d s t r e s s d e c r e a s e s t o z e r o 
a t t = i r / o ) , b u t t h e n I n c r e a s e s i n m a g n i t u d e as we a p p r o a c h t g . Time t g 
i s o b t a i n e d by s a t i s f y i n g t h e f l o w c o n d i t i o n ( 8 . 2 . 1 ) b e l o w 
o- s i n ( a j t ) - (T ( t ) - - a , ( 8 . 3 . 4 2 ) a 1 0 
where ^ ^ ( t ) i s t h e s t r e s s i n t h e Maxwell e l e m e n t w h i c h r e l a x e s 
a c c o r d i n g t o e q u a t i o n ( 8 . 2 . 8 ) and i s g i v e n by 
a^(t) - Ay^^^' ( 8 . 3 . 4 3 ) 
The c o n s t a n t A, i s d e t e r m i n e d by s a t i s f y i n g t h e c o n d i t i o n t h a t t h e 
s t r e s s cr, must be c o n t i n u o u s at a l . l t i m e s . At t i m e t j , a, i s g i v e n by 
(7 ( t ) - <J s i n ( c i ) t ) + a ( 8 . 3 . 4 4 ) 
1 3 a 2 0 
On s u b s t i t u t i o n o f e q u a t i o n (8.3.43) w i t h t - t^, i n t o e q u a t i o n 
( 8 . 3 . 4 4 ) , we o b t a i n A,. S u b s t i t u t i n g e q u a t i o n ( 8 . 3 . 4 3 ) i n t o e q u a t i o n 
( 8 . 3 . 4 2 ) , we o b t a i n an e q u a t i o n i n t w h i c h must be s o l v e d n u m e r i c a l l y 
t o g i v e t h e t ime 1 3 
( W ) tg < t < t ^ . 
Over t h i s range o f t i m e s , t h e model d e f o r m s a c c o r d i n g t o 
equat i o n ( 8 . 3 . 3 7 ) . i . e . 
=- Im 
a 
a ^ j o j t * e — ( 8 . 3 . 4 5 ) 
The s h e a r r a t e i s now n e g a t i v e , and hence, t h e s t r e s s <T, i s o b t a i n e d 
f r o m e q u a t i o n ( 8 . 2 . 1 ) , and g i v e n by, 
(T - a s i n ( a ) t ) - cr ( 8 . 3 . 4 6 ) 
1 a 0 
The m a g n i t u d e o f t h e a p p l i e d s t r e s s i n c r e a s e s t o a maximum v a l u e a t 
t= 3 i r/2ti), b e f o r e a g a i n d e c r e a s i n g t o z e r o a t t=2Tr/o> t o c o m p l e t e a f u l l 
c y c l e . However, a t t = t ^ , t he a p p l i e d s t r e s s f a l l s b e l o w t h e c r i t i c a l 
s t r e s s r e q u i r e d f o r t h e f l o w c o n d i t i o n t o be s a t i s f i e d . The t i m e a t 
w h i c h t h i s o c c u r s i s d e t e r m i n e d by s o l v i n g e q u a t i o n ( 8 . 3 . 4 5 ) w i t h t h e 
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s h e a r r a t e e q u a l t o z e r o , i . e 
Im ^a ^ j o ) t 
* 
12.^0 ( 8 . 3 . 4 7 ) 
P 
T h i s i s an e q u a t i o n i n t w h i c h can be s o l v e d a n a l y t i c a l l y t o p r o d u c e 
t h e t i m e t ^ . 
( V ) . < t < t , + 2 T / 6 ) . 
I n t h i s t i m e r a n g e , t h e f l o w c o n d i t i o n ( 8 . 2 . 1 ) i s n o t s a t i s f i e d 
and so no f u r t h e r d e f o r m a t i o n o f t h e model t a k e s p l a c e u n t i l t i m e 
t,+2ir/o) i s reached. D u r i n g t h i s r a n g e , t h e a p p l i e d s t r e s s d e c r e a s e s 
t o z e r o a t t - 2 i r / o ) , but t h e n i n c r e a s e s i n m a g n i t u d e as we a p p r o a c h 
t^+2ir/o). Time t,+2jr/a) i s o b t a i n e d by s a t i s f y i n g t h e f l o w c o n d i t i o n 
( 8 . 2 . 1 ) below 
<T s i n ( o ) t ) - (T ( t ) = 0- , ( 8 . 3 . 4 8 ) a 1 0 
where ( T ^ ( t ) i s t h e s t r e s s i n t h e Maxwell element w h i c h r e l a x e s 
a c c o r d i n g t o e q u a t i o n ( 8 . 2 . 8 ) and i s g i v e n by 
a^it) - A^e'^/'"' ( 8 . 3 . 4 9 ) 
The c o n s t a n t A, i s d e t e r m i n e d by s a t i s f y i n g t h e c o n d i t i o n t h a t t h e 
s t r e s s t r , must be c o n t i n u o u s a t a l l t i m e s . At t i m e t ^ , o", i s g i v e n by 
a ( t ) - a s i n ( o ) t ) - <r ( 8 . 3 . 5 0 ) 1 4 a 4 0 
On s u b s t i t u t i o n o f e q u a t i o n ( 8 . 3 . 4 9 ) w i t h t - t ^ , i n t o e q u a t i o n 
( 8 . 3 . 5 0 ) , we o b t a i n A,. S u b s t i t u t i n g e q u a t i o n ( 8 . 3 . 4 9 ) i n t o e q u a t i o n 
( 8 . 3 . 4 8 ) , we o b t a i n an e q u a t i o n i n t w h i c h must be s o l v e d n u m e r i c a l l y 
t o g i v e t h e t ime t , 
(b) The g e n e r a l i s e d model (n Maxwell e l e m e n t s ) . 
The p r o c e d u r e f o r d e t e r m i n i n g the shear r a t e w a v e f o r m i s s i m i l a r 
t o t h a t f o r t h e s i n g l e Maxwell element model. However, t h e 
c o m p l e m e n t a r y f u n c t i o n i s now p r e s e n t i n t h e e x p r e s s i o n f o r t h e s h e a r 
r a t e and so we have t o d e t e r m i n e t h e c o n s t a n t s mj and C j . The 
c o n s t a n t s mj a r e t h e r o o t s t o e q u a t i o n ( 8 . 3 . 1 0 ) as d i s c u s s e d e a r l i e r . 
B e f o r e we d i s c u s s t h e f o u r t i m e ranges s e p a r a t e l y we s h a l l need t o 
use a f o r m u l a w h i c h p r e d i c t s t h e m a g n i t u d e o f t h e d i s c o n t i n u i t y t h a t 
a r i s e s i n t h e shear r a t e p r e d i c t i o n s . T h i s f o r m u l a i s p r o d u c e d i n t h e 
f o l l o w i n g way. 
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S u b s t i t u t i n g e q u a t i o n ( 8 . 3 . 2 ) i n t o e q u a t i o n ( 8 . 2 . 1 ) we have 
n 
y (T. - (J s i n ( a ) t ) 
- 1 a + a 7 7i 0 ( 8 . 3 . 5 1 ) i - 1 
On d i f f e r e n t i a t i n g e q u a t i o n ( 8 . 3 . 5 1 ) w i t h r e s p e c t t o t we have 
n 
y 0- - (TO) c o s ( 6 ) t ) , 7 ?i 0 . ( 8 . 3 . 5 2 ) 
D i v i d i n g e q u a t i o n ( 8 . 2 . 4 ) t h r o u g h o u t by Xj and summing t e r m s we o b t a i n 
an e x p r e s s i o n f o r t h e shear r a t e g i v e n by 
n a n 
i - 1 
( 8 . 3 . 5 3 ) 
S u b s t i t u t i n g f o r e q u a t i o n ( 8 . 3 . 5 2 ) i n t o e q u a t i o n ( 8 . 3 . 5 3 ) we have 
( 8 . 3 . 5 4 ) 7 -
n i j . 
J — + o) (7 c o s ( a J t ) 
i - 1 ^ i ^ 
I f we m o n i t o r t h e s t r e s s e s i n t h e Maxwell e l e m e n t s i n each t i m e 
r a n g e , t h e n e q u a t i o n (8.3.54) can be used t o o b t a i n t h e m a g n i t u d e o f 
t h e d i s c o n t i n u i t y i n t h e shear r a t e at t i m e s t ^ and • o r d e r t o 
m o n i t o r t h e s t r e s s e s i n t h e Maxwell e l e m e n t s f o r t h e t i m e r a n g e s when 
7 ;^  0, we s h a l l need t o o b t a i n a f o r m u l a w h i c h e x p r e s s e s t h e s t r e s s 
i n t h e Maxwell element i n terms o f the shear r a t e f u n c t i o n . T h i s 
f o r m u l a can be o b t a i n e d by s o l v i n g t he d i f f e r e n t i a l e q u a t i o n ( 8 . 2 . 4 ) , 
t o g i v e 
^ i 
- t / X j 
X, * e^/^* 7 ( t ) dt + ( i - 1 . 2 , . . , n ) 
( 8 . 3 . 5 5 ) 
where Ej i s a c o n s t a n t o f i n t e g r a t i o n . 
To s i m p l i f y t h e d i s c u s s i o n we s h a l l o n l y c o n s i d e r two M a x w e l l 
e l e m e n t s i n t h e d e r i v a t i o n o f t h e c o n s t a n t s c j and t j .We now 
d i s c u s s t h e shear r a t e waveform f o r t h e d i f f e r e n t t i m e r e g i o n s . 
- 1 2 7 -
( i ) . 0 < t < t , . 
I n t h i s t i m e range, t h e model w i l l n ot d e f o r m u n t i l t h e f l o w 
c o n d i t i o n ( 8 . 2 . 1 ) i s s a t i s f i e d . T h i s o c c u r s a t t i m e t ^ , w h i c h on t h e 
f i r s t c y c l e o f o s c i l l a t i o n i s g i v e n by 





( 8 . 3 . 5 6 ) 
S i n c e t h e s h e a r r a t e i s z e r o i n t h i s r e g i o n t h e n t h e s t r e s s e s i n t h e 
two Maxwell e l e m e n t s a r e a l s o z e r o . 
i . e . (Tj - 0 . ( i - 1 , 2 ) f o r 7 = 0 (8.3.57) 
I n p a r t i c u l a r t h e s t r e s s e s i n t h e Maxwell e l e m e n t s w i l l be z e r o a t 
11 me t , 
( H ) . t , < t < t j . 
I n t h i s t i m e range t h e model deforms w i t h a s h e a r r a t e w h i c h i s 
g r e a t e r t h a n z e r o . Hence f r o m e q u a t i o n (8.3.20) t h e s h e a r r a t e i s 
g i v e n by 
m t 
1 c e + Im 
1 
a ^ j w t 
* 
. ( 8 . 3 . 5 8 ) 
S i n c e t h e s t r e s s e s i n t h e Maxwell e l e m e n t s i s known t o be z e r o a t 
t i m e t , , t h e n t he shear r a t e a t t i m e t , can be d e t e r m i n e d f r o m 
e q u a t i o n ( 8 . 3 . 5 4 ) . Hence, 7 ( t , ) i s now known and t h e c o n s t a n t c^ can 
be d e t e r m i n e d f r o m e q u a t i o n ( 8 . 3 . 5 8 ) . The s h e a r r a t e f o r t h i s t i m e 
range i s t h e n known f r o m e q u a t i o n ( 8 , 3 . 5 8 ) f o r a l l t i m e t . The t i m e 
t j c an now be o b t a i n e d s o l v i n g e q u a t i o n ( 8 . 3 . 5 8 ) f o r t h e case when 
7 » 0 t o o b t a i n an e q u a t i o n i n t i m e t . T h i s e q u a t i o n has t o be s o l v e d 
n u m e r i c a l l y t o o b t a i n t h e t i m e t ^ . 
To m o n i t o r t he s t r e s s e s i n t h e Maxwell e l e m e n t s , i n t h i s t i m e 
r e g i o n , we can o b t a i n an a n a l y t i c a l s o l u t i o n f o r t h e s e s t r e s s e s by 
s u b s t i t u t i n g f o r e q u a t i o n ( 8 . 3 . 5 8 ) i n t o e q u a t i o n ( 8 . 3 . 5 5 ) . I n 
e q u a t i o n ( 8 . 3 . 5 5 ) t h e c o n s t a n t Ej w o u l d be known by s a t i s f y i n g t h e 
s t r e s s c o n t i n u i t y a t t i m e t , . Hence, t h e Maxwell e l e m e n t s t r e s s e s 
a r e known, i n t h i s t i m e r e g i o n , f o r a l l t i m e t . 
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( i i i ) . < t < t g . 
I n t h i s t i m e r a n g e , t h e f l o w c o n d i t i o n ( 8 . 2 . 1 ) i s n o t s a t i s f i e d , 
and so no f u r t h e r d e f o r m a t i o n o f t h e model t a k e s p l a c e u n t i l t i m e t g 
i s r e a c h e d . The s t r e s s e s i n t h e Maxwell e l e m e n t s r e l a x a c c o r d i n g t o 
e q u a t i o n ( 8 . 2 . 8 ) , The c o n s t a n t s Aj a r e d e t e r m i n e d by s a t i s f y i n g t h e 
c o n d i t i o n t h a t t h e s t r e s s e s 0*1 a r e c o n t i n u o u s a t t i m e t ^ - On 
s u b s t i t u t i n g e q u a t i o n ( 8 . 2 . 8 ) i n t o t h e e q u a t i o n 
c s i n ( a ) t ) " a + a - a . ( 8 . 3 . 5 9 ) a 1 2 0 
we o b t a i n an e q u a t i o n i n t w h i c h can be s o l v e d t o o b t a i n t h e t i m e t g . 
U s i n g symmetry arguments t h e p r o c e d u r e f o r d e t e r m i n i n g t h e 
c o n s t a n t s C j and t j , i n t h e r e m a i n i n g t i m e r a n g e s , a r e s i m i l a r t o 
t h o s e d i s c u s s e d above. 
8.4. E f f e c t o f y i e l d s t r e s s on dynamic d a t a . 
The f u n d a m e n t a l a m p l i t u d e and phase o f t h e s h e a r s t r a i n waveform 
p r e d i c t e d by t h e m o d i f i e d g e n e r a l i s e d Maxwell model may be d e t e r m i n e d 
u s i n g a F o u r i e r s e r i e s a n a l y s i s . By s u b s t i t u t i n g t h e s e q u a n t i t i e s 
i n t o t h e normal e x p r e s s i o n s f o r t h e complex v i s c o s i t y f u n c t i o n f r o m 
t h e l i n e a r v i s c o e l a s t i c t h e o r y , t h i s model may be used t o 
t h e o r e t i c a l l y show t h e e f f e c t o f y i e l d s t r e s s on t h e c o m p l e x 
v i s c o s i t y f u n c t i o n 17*. C o n s i d e r t h e shear r a t e and s h e a r s t r a i n 
waveforms shown i n f i g u r e s ( 8 . 4 ) and ( 8 . 5 ) r e s p e c t i v e l y . The s h e a r 
s t r a i n c u r v e p r e d i c t e d by the model i s o f t h e same g e n e r a l shape as 
t h e e x p e r i m e n t a l waveform p r e s e n t e d i n f i g u r e ( 8 , 1 ) . However, one 
d i f f e r e n c e between t h e s e waveforms, i s t h e p r e s e n c e o f 
d i s c o n t i n u i t i e s i n t h e s l o p e o f t h e o r e t i c a l c u r v e a t t i m e s t , and t g 
w h i c h a r e not p r e s e n t i n t h e e x p e r i m e n t a l d i s p l a c e m e n t w a v e f o r m . 
T h i s d i f f e r e n c e i s due t o t h e i n f l u e n c e o f m e c h a n i c a l i n e r t i a e f f e c t s 
i n t h e e x p e r i m e n t a l f l o w s i t u a t i o n . These e f f e c t s have been i g n o r e d 
i n t h e t h e o r e t i c a l a n a l y s i s . The f u n d a m e n t a l a m p l i t u d e and phase 
a n g l e f o r t h e t h e o r e t i c a l c u r v e s may be d e t e r m i n e d by a F o u r i e r 
s e r i e s a n a l y s i s as d e s c r i b e d i n s e c t i o n ( 8 . 3 ) . T h i s i n f o r m a t i o n may 
t h e n be used t o p r e d i c t t h e complex v i s c o s i t y b e h a v i o u r t h a t w o u l d be 
o b t a i n e d f r o m a v i s c o e l a s t i c m a t e r i a l p o s s e s s i n g a Bingham y i e l d 
s t r e s s . The f o l l o w i n g c u r v e s were d e t e r m i n e d u s i n g a s i n g l e M a x w e l l 
e l e m e n t . 
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F i g u r e s ( 8 . 6 ) a n d ( 8 . 7 ) show t h e v a r i a t i o n o f n o r m a l i s e d d y n a m i c 
v i s c o s i t y a n d n o r m a l i s e d d y n a m i c r i g i d i t y w i t h r e s p e c t t o n o r m a l i s e d 
a n g u l a r f r e q u e n c y . The d y n a m i c v i s c o s i t y was n o r m a l i s e d w i t h r e s p e c t 
t o t h e z e r o f r e q u e n c y v a l u e o f t h e p l a s t i c d y n a m i c v i s c o s i t y , a n d 
s i m i l a r l y , t h e d y n a m i c r i g i d i t y w i t h r e s p e c t t o t h e z e r o f r e q u e n c y 
v a l u e o f t h e p l a s t i c d y n a m i c r i g i d i t y . I n f i g u r e ( 8 . 6 ) , t h e ^^=0 
c u r v e , r e p r e s e n t s t h e v a r i a t i o n o f p l a s t i c d y n a m i c v i s c o s i t y w i t h 
f r e q u e n c y . T h i s c u r v e i s t h e same a s t h e d y n a m i c v i s c o s i t y p r e d i c t e d 
by t h e g e n e r a l i s e d M a x w e l l m o d e l . ( i . e . (ro=0 i n t h e m o d i f i e d 
g e n e r a l i s e d M a x w e l l m o d e l ) . The e f f e c t o f y i e l d s t r e s s i s t o 
i n c r e a s e t h e p r e d i c t e d v a l u e / o f t h e d y n a m i c v i s c o s i t y . T h e l a r g e r 
t h e y i e l d s t r e s s , t h e l a r g e r t h e e f f e c t . We c a n make s i m i l a r 
comments a b o u t t h e e f f e c t o f y i e l d s t r e s s o f d y n a m i c r i g i d i t y 
b e h a v i o u r . i . e . t h e e f f e c t o f y i e l d s t r e s s i s t o i n c r e a s e t h e v a l u e 
o f t h e d y n a m i c r i g i d i t y . 
F i g u r e s ( 8 . 8 ) a n d ( 8 . 9 ) , show t h e v a r i a t i o n o f n o r m a l i s e d 
d y n a m i c v i s c o s i t y a n d n o r m a l i s e d d y n a m i c r i g i d i t y a g a i n s t n o r m a l i s e d 
t o r q u e a m p l i t u d e . The t o r q u e a m p l i t u d e i s n o r m a l i s e d w i t h r e s p e c t t o 
y i e l d s t r e s s . Hence, t h e e f f e c t o f y i e l d s t r e s s on t h e s e d y n a m i c 
p r o p e r t i e s s h o u l d d e c r e a s e a s n o r m a l i s e d t o r q u e a m p l i t u d e i n c r e a s e s . 
T h e h o r i z o n t a l c u r v e a t T J ' / T ' " 1» r e p r e s e n t s t h e p l a s t i c d y n a m i c 
v i s c o s i t y f u n c t i o n w h i c h i s i n d e p e n d e n t o f t o r q u e a m p l i t u d e , by 
d e f i n i t i o n . T h i s q u a n t i t y c a n a l s o be t h o u g h t o f a s r e p r e s e n t i n g 
l i n e a r v i s c o e l a s t i c b e h a v i o u r . The n o n - l i n e a r v i s c o e l a s t i c b e h a v i o u r 
o f t h e n o r m a l i s e d d y n a m i c v i s c o s i t y i s c l e a r l y shown i n i t s 
d e p e n d e n c e upon t h e t o r q u e a m p l i t u d e . The same o b s e r v a t i o n i s f o u n d 
i n f i g u r e ( 8 . 9 ) w i t h t h e norma 1 i s e d ' d y n a m i c r i g i d i t y b e h a v i o u r . I t 
s h o u l d be n o t e d t h a t t h e m o d i f i e d g e n e r a l i s e d M a x w e l l model d o e s 
p r e d i c t t h e c o r r e c t t r e n d r e g a r d i n g t h e t o r q u e a m p l i t u d e d e p e n d e n c e 
o f t h e d y n a m i c v i s c o s i t y a n d d y n a m i c r i g i d i t y a s was o b s e r v e d 
e x p e r i m e n t a l l y i n f i g u r e ( 8 . 2 ) . 
8.5. Comments. 
The a i m o f t h i s c h a p t e r was t o d e s c r i b e t h e n o n - l i n e a r e f f e c t o f 
y i e l d s t r e s s on v i s c o e l a s t i c d y n a m i c b e h a v i o u r . T h e m o d i f i e d 
g e n e r a l i s e d M a x w e l l model c o n s i d e r e d i n t h i s work, i s a b l e t o 
c h a r a c t e r i s e t h i s n o n - l i n e a r v i s c o e l a s t i c b e h a v i o u r i n t e r m s o f a 
p l a s t i c c o m p l e x v i s c o s i t y a n d a y i e l d s t r e s s . T h e p l a s t i c c o m p l e x 
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v i s c o s i t y has t h e p r o p e r t y o f b e i n g i n d e p e n d e n t o f s t r a i n a m p l i t u d e 
p r o v i d e d t h e s t r a i n a m p l i t u d e i s s u f f i c i e n t l y s m a l l . F o r s i t u a t i o n s 
when t h e y i e l d s t r e s s component i n t h e m o d i f i e d g e n e r a l i s e d M a x w e l l 
model i s z e r o , t h e n t h e p l a s t i c complex v i s c o s i t y i s e q u a l t o t h e 
complex v i s c o s i t y . 
I t has been shown, t h a t t h e model does p r e d i c t t h e c o r r e c t t r e n d 
r e g a r d i n g t h e t o r q u e a m p l i t u d e dependence o f dynamic d a t a as o b s e r v e d 
u s i n g a C a r r i - M e d c o n t r o l l e d s t r e s s r h e o r a e t e r . ( s e e f i g u r e s ( 8 . 2 ) , 
( 8 . 1 0 ) , and ( 8 . 1 1 ) ) . However, i t s h o u l d be n o t e d , t h a t no d i r e c t 
c o m p a r i s o n between t h e t h e o r e t i c a l p r e d i c t i o n s o f t h i s model and 
e x p e r i m e n t a l d a t a has as y e t been u n d e r t a k e n . Such a c o m p a r i s o n 
w o u l d r e q u i r e c u r v e f i t t i n g t h e t h e o r e t i c a l e x p r e s s i o n ( 8 . 3 . 2 0 ) t o 
th e e x p e r i m e n t a l shear r a t e d a t a i n o r d e r t o d e t e r m i n e t h e model 
c o n s t a n t s T^J , X j , and <Tq. C u r r e n t work b e i n g c a r r i e d o u t a t P l y m o u t h 
P o l y t e c h n i c South West, i s c o n c e r n e d w i t h d e t e r m i n i n g a s u i t a b l e 
c u r v e f i t t i n g t e c h n i q u e f o r w o r k i n g out t h e v a l u e o f t h e s e c o n s t a n t s . 
I t s h o u l d be n o t e d t h a t , m e c h a n i c a l i n e r t i a e f f e c t s have been i g n o r e d 
i n t h e a n a l y s i s p r e s e n t e d i n t h i s c h a p t e r . I t i s not d i f f i c u l t t o 
show t h a t i t i s p o s s i b l e t o o b t a i n a n a l y t i c a l e x p r e s s i o n s f o r t h e 
s h e a r r a t e and shear s t r a i n waveforms when m e c h a n i c a l i n e r t i a e f f e c t s 
a r e i n c l u d e d i n t h e t h e o r y . However, t h e c o n s t a n t s C j , t j , and mj 
a r e now l i k e l y t o be more d i f f i c u l t t o o b t a i n . 
P a r t o f t h e work c a r r i e d o u t i n t h i s c h a p t e r , has been p u b l i s h e d by 
D a v i e s , Golden, and Jones ( 1 3 ) . 
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Appendix A. 
D e r i v a t i o n o f the c o r o t a t i n g r a t e o f s t r a i n s e n s o r P ( B i r d e t a l [ S ] ) 
The aim o f t h i s s e c t i o n i s t o p r e s e n t t h e t h e o r y f o r e v a l u a t i n g 
t h e components o f t h e c o r o t a t i n g r a t e o f s t r a i n t e n s o r P f o r t h e 
f l o w p r o b l e m d i s c u s s e d i n C h a p t e r 4- A l l q u a n t i t i e s a r e r e f e r r e d t o 
a c y l i n d r i c a l p o l a r c o o r d i n a t e s y s t e m ( r , e , z ) - From B i r d e t a l [ 5 ] , 
( e q u a t i o n - 7 - 3 - 5 ) , F i s g i v e n by t h e r e l a t i o n 
r ( r . t . t ' ) - [ n ( t , f ) - i ( f ) - n t ( t , t ' ) ] . (A. d 
where fl ( t , t ' ) d e s c r i b e s t h e l o c a l r o t a t i o n o f a f l u i d p a r t i c l e as i t 
moves a l o n g i t s p a t h f r o m t i m e t ' t o t . t d e n o t e s t h e t r a n s p o s e . 
T h i s s e c t i o n w i l l be c o n s i d e r e d i n two p a r t s . The f i r s t p a r t 
w i l l c o n s i d e r t h e d e t e r m i n a t i o n o f t h e r o t a t i o n t e n s o r Q ( t . t * ) . The 
second p a r t w i l l c o n s i d e r the d e r i v a t i o n o f t h e r a t e o f s t r a i n t e n s o r 
2 ( t ' ) at some past t i m e t * . The p r o b l e m o f f o r m u l a t i n g e q u a t i o n s 
o f s t a t e i n c u r v i l i n e a r c o o r d i n a t e s w i l l be d i s c u s s e d . 
( i ) D e t e r m i n a t i o n o f the R o t a t i o n Tensor fl ( t , t ' ) 
The r o t a t i o n t e n s o r Q ( t , t ' ) d e s c r i b e s t h e o r i e n t a t i o n o f t h e 
c o r o t a t i n g r e f e r e n c e frame e j w i t h r e s p e c t t o t h e f i x e d frame e j . 
The c o r o t a t i n g frame i s chosen so t h a t a t t i m e t ' = t , t h e two frames 
c o i n c i d e . We may w r i t e 
e i (t») - [ e j . n ( t , t ' ) ] (A.2) 
The components o f t h e r o t a t i o n t e n s o r n ( t , t ' ) w i l l be e v a l u a t e d 
f o r t h e u n i d i r e c t i o n a l shear f l o w o f an e 1 a s t i c o - v i s c o u s f l u i d 
c o n t a i n e d i n t h e a n n u l a r gap o f a c o n c e n t r i c c y l i n d e r g e o m e t r y w i t h 
i n n e r c y l i n d e r r a d i u s r j and o u t e r c y l i n d e r r a d i u s r ^ . The c y l i n d e r 
h e i g h t i s h. The v e l o c i t y d i s t r i b u t i o n i n t h e f l u i d i s d e f i n e d by, 
Vr - 0 ; Vg - r F ( r , f ) ; - 0 (A.3) 
At t i m e t ' , the r a t e o f s t r a i n t e n s o r j C^') and t h e v o r t i c i t y 
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t e n s o r o) ( t ' ) a r e g i v e n by 
i ( f ) - V y ( t ' ) + [ v y ( f ) ] ^ 
r i t 0) ( f ) - V y ( f ) - y ( f ) J and 
( A . 4 ) 
( A . 5 ) 
r e s p e c t i v e l y . To e v a l u a t e t h e components o f t h e s e two t e n s o r s i n 
c y l i n d r i c a l p o l a r c o o r d i n a t e s , we r e f e r t o B i r d e t a l [ 5 ] ( A p p e n d i x 
A ) , We see f r o m e q u a t i o n (A.3) t h a t t h e o n l y n o n - z e r o components o f 
t h e r a t e o f s t r a i n and v o r t i c i t y t e n s o r s , r a t e o f s t r a i n t e n s o r a r e 
t h e 0r and rd components. 
d F ( r , f ) 




r d r 
[ r 2 F ( r , t ' ) ] ( A . 7 ) 
The r o t a t i o n o f t h e e| frame depends on t h e l o c a l a n g u l a r 
v e l o c i t y W o f t h e p a r t i c l e . From B i r d e t a l [ 5 ] , ( e q n . 7 . 1 - 4 ) , 
w - J [7 X y ] 
For t h e v e l o c i t y f i e l d (A.3) 
W - J ( 0 , 0, Wr0) 
( A . 8 ) 
( A . 9 ) 
Hence, we have a r o t a t i o n o f t h e f l u i d about t h e z - a x i s . L e t a 
be t h e a n g l e o f r o t a t i o n o f t h e f l u i d p a r t i c l e about t h e z - a x i s s uch 
t h a t a t t i m e t ' = t , the c o r o t a t i n g frame c o i n c i d e s w i t h t h e f i x e d 
f r a m e. By making use o f e l e m e n t a r y g e o m e t r i c a r g u m e n t s ( B i r d e t a l 
[ 5 ] , s e c t i o n ( 7 . 6 ) ) , t o g e t h e r w i t h t h e e q u a t i o n A.2, t h e r o t a t i o n 
t e n s o r fl ( t . t ' ) f o r t h i s f l o w p r o b l e m i s . 
' cos ( a ) - s i n ( a ) 0 
n ( t f ) » s i n ( a ) cos ( a ) 0 (A.10) 
• 0 0 1 . 
when a - 0, i .e a t t ime t - t , t h e above mat r i X r e d u c e s t o 
1 0 0 
n ( t t ' ) - 0 1 0 (A.11) 
0 0 1 . 
t h u s s a t i s f y i n g e q u a t i o n (A.2) 
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The l o c a l angular v e l o c i t y o f the f l u i d p a r t i c l e about the z - a x i s 
i s i <^re- Hence, a the angle, through which the z - a x i s i s r o t a t e d 
from time t ' t o t i s . given by the d i f f e r e n t i a l e q u a t i o n 
^ = - i a . r < ? (A.12) 
I n t e g r a t i n g the above equation w i t h respect t o t " , and s a t i s f y i n g the 
c o n d i t i o n t h a t when t ' = t then a - 0, we o b t a i n an expression f o r 
the angle o f r o t a t i o n as f o l l o w s , 
a ( t , f ) - i I ( t " ) d t " (A.13) 
t • 
( 1 1 ) . Derivation of the rate of s t r a i n tensor ( t * ) -
( a ) . The c u r v i l i n e a r co-ordinate System ( r , a , z ) . 
Due to the geometries considered, we s h a l l need t o f o r m u l a t e our 
equations o f s t a t e i n c u r v i l i n e a r c o o r d i n a t e s . T h e r e f o r e , the t h e o r y 
must take i n t o account the change i n o r i e n t a t i o n o f the c u r v i l i n e a r 
c o o r d i n a t e system as the f l u i d moves along i t s path from time t ' t o 
t . We describe the c u r v i l i n e a r c o o r d i n a t e system by an orthogonal 
set o f u n i t v e c t o r s e j . The e j frame changes i t s o r i e n t a t i o n as the 
f l u i d p a r t i c l e P t r a v e l s along i t s path from time t ' t o t . This 
a f f e c t s the components o f the r a t e o f s t r a i n tensor (t*) which has 
to be w r i t t e n i n terms o f the f i x e d frame C j . When we e v a l u a t e the 
r a t e o f s t r a i n tensor from equation (A.4), we o b t a i n i t i n terms o f 
the e j frame. We choose the e j frame so th a t at time t ' = t , the e j 
and ej frames c o i n c i d e . 
At time t ' , the two reference frames are r e l a t e d by the e q u a t i o n 
below ( B i r d et a l [ 5 ] , eqn ( 7 . 6 . 2 ) ) , 
e j - [ e j . A ( t . f ) ] (A.14) 
The change i n o r i e n t a t i o n o f the c u r v i l i n e a r c o o r d i n a t e system i s 
t h e r e f o r e described by the A tensor. 
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( b ) . Determination of the rate of s t r a i n tensor ^ 
From equa t i o n (A. 4) we may w r i t e down the components o f the r a t e 
o f s t r a i n tensor j (^*) at some past time t ' r e f e r r e d t o the e| frame 
i . e . 
± ( f ) 
r 1 
0 re (A.15) 
where i s given by equation (A.6). 
The equations o f f l u i d motion and c o n t i n u i t y are w r i t t e n i n a 
f i x e d frame. We must t h e r e f o r e t r a n s f o r m the equations o f s t a t e from 
the c o r o t a t i n g reference frame t o a f i x e d frame. Before we can w r i t e 
the r a t e o f ' s t r a i n tensor i n terms o f the f i x e d frame, we must 
determine the components o f the A tensor. From time t ' t o time t , 
the e j frame r o t a t e s through an angle f?. Using elementary geometric 
arguments, we can show that 
cos (P) - s i n (^) 0 
A ( t , t ' ) - s i n (/?) cos (/?) 0 (A.16) 
0 0 1 . 
The ej frame r o t a t e s w i t h angular v e l o c i t y F ( r , t ' ) from time 
t ' t o t . Therefore, the r a t e o f change o f /3 w i t h respect t o t ' i s 
given by 
- - F ( r , t ' ) (A.17) 
S a t i s f y i n g the c o n d i t i o n that when f = t then 0 =• 0, and 
i n t e g r a t i n g equation (A.17) w i t h respect t o t ' , we o b t a i n an 
expression f o r 0 ( t , t ' ) . 
0 ( t , f ) - I F ( r , t " ) d t " 
t ' 
Equation (A.15) may be r e w r i t t e n i n terms o f the u n i t v e c t o r s 
(A.18) 
e « , e ) . 
-e ' - z I . e . 
i ( f ) = (k/e^+ k^k ^) y re (A.19) 
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Using equation (A. 14), the r a t e o f s t r a i n tensor may be expressed 
i n terms o f the f i x e d frame, i . e . 
j (t») - [ (ep . A (t,t')){ee . A ( t . f ) ) 
+ ( e ^ . A ( t . t ' ) ) ( e r . A ( t . f ) ) ] ( f ) (A.20) 
which provides the r e s u l t 
s i n (2^3) cos (2/3) 0 
i ( f ) - cos (2/3) - s i n (2(3) 0 ( f ) (A.21) 
0 0 0 . 
On s u b s t i t u t i o n o f equations (A.10) and (A.21) i n t o e q u a t i o n ( A . l ) we 
o b t a i n the components o f the c o r o t a t i n g r a t e o f s t r a i n t ensor. 
r ( r . t . f ) 
cos(a) - s i n ( a ) 0 ^ 
s i n ( a ) cos(a) 0 
0 0 0 
r sin(2/3) cos(2/3) 0 1 
cos(2/3) -sin(2/3) 0 
0 0 0 
cos(a) s i n ( a ) 0 
•sin(a) cos(a) 0 
0 0 0 
i ( f ) (A.22) 
I . e . 
r ( r . t . f ) 
• s i n ( 2 ( a - ^ ) ) cos(2(a-/3)) 0 1 
cos(2(a-^3)) sin(2(a-0)) 0 
0 0 0 
7 r 0 ( f ) (A.23) 
Now, equations (A. 13) and (A. 14) can be used t o y i e l d an expression 
f o r (a-/5). i . e . 
t ' 
- i r d F ( r , t " ) 
dr d t " (A.24) 
Hence 
7 i . 9 ( r . t " ) d t " (A.25) 
The c o r o t a t i n g r a t e o f s t r a i n tensor V ( r , t , t ' ) i s t h e r e f o r e g i v e n by 
r ( r . t . f ) 
s i n ( ^ ( r , t " ) ) c o s ( ^ ( r . t " ) ) 0 
cos(vc>(r,t")) sin(s£)(r,t")) 0 
0 0 0 
7 r 0 ( f ) , (A.26) 
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where t • 
^ ( r , t " ) 7 r 0 ( r , t " ) d t " (A.27) 
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HOMEWCIATURE 
( x ^ , X 2 i X ^ ) 
( r , e , z ) 
( r . e , ^ ) 
a 
an 

















G ( t - t ' ) 
C 
c a r t e s i a n c o o r i n a t e s 
c y l i n d r i c a l coordinates 
s p h e r i c a l coordinates 
convected coordinates 
cone r a d i u s , p l a t e n r a d i u s 
f o u r i e r s e r i e s c o e f f i c i e n t s o f cos(na)t) 
magnitude o f a 
f o u r i e r c o e f f i c i e n t s o f si n ( n a ) t ) 
phase angle 
constant i n mod i f i e d g e n e r a l i s e d Maxwell model t h e o r y 
Couple/Torque 
Couple a c t i n g on r o t o r p l a t e n due to f l u i d 
Couple/Torque amplitude 
r i g h t Cauchy-Creen tensor 
t o t a l d e r i v a t i v e 
p a r t i a l d e r i v a t i v e 
ma t e r i a 1 d e r i v a t i v e 
Jaumann d e r i v a t i v e 
Oldroyd d e r i v a t i v e 
orthogonal u n i t v e c t o r s ( f i x e d frame) 
orthogonal u n i t v e c t o r s ( c o r o t a t i n g frame) 
mean shear s t r e s s r e d u c t i o n 
t o t a l body force vector 
p l a t e n geometry shear s t r e s s f a c t o r 
m e t r i c tensor ( f i x e d frame) 
r e l a x a t i o n f u n c t i o n 














r\ , r o , r , , r 2 , r 3 . r 4 
Re[ ] 
dynamic r i g i d i t y (combined steady and o s c i l l a t o r y 
shear) 
p l a s t i c dynamic r i g i d i t y 
dynamic r i g i d i t y from f l u i d i n e r t i a p e r t u r b a t i o n t h e o r y 
(zero, f i r s t , and second order f l u i d i n e r t i a e f f e c t s ) 
r i g i d i t y c o e f f i c i e n t (Maxwell element) 
p a r a l l e l p l a t e gap, c y l i n d e r height 
y(-i) 
imaginary part o f complex number 
mechanical i n e r t i a o f r o t o r 
nth order Bessel f u n c t i o n o f the f i r s t k i n d 
nth order m o d i f i e d Bessel f u n c t i o n 
naper i an 1ogar i t hm 
constant (power law model) 
constant ( m o d i f i e d g e n e r a l i s e d Maxwell model) 
power law index 
i s o t r o p i c pressure 
Legendre f u n c t i o n o f the second k i n d (degree n) 
Legendre f u n c t i o n o f the f i r s t k i n d (degree n) 
c y l i n d e r r a d i i 
r e a l part o f complex number 
t ime 
t ime 
time constant ( m o d i f i e d g e n e r a l i s e d Maxwell model) 
c o r o t a t i n g s t r e s s tensor ( f i x e d frame) 
displacement vector components 
v e l o c i t y v e c t o r components 








7 i k 
7m 
7s 




t a n ( 5 ) 
6 




angle o f r o t a t i o n 
f l u i d i n e r t i a parameter 
f l u i d i n e r t i a paramers from p e r t u r b a t i o n t h e o r y 
(zero, f i r s t , and second o r d e r ) 
y i e l d s t r a i n 
e l a s t i c s t r a i n 
r a t e o f s t r a i n tensor ( f i x e d frame) 
mean shear r a t e 
steady shear r a t e 
r a t e o f s t r a i n tensor ( f i x e d frame) 
complex shear r a t e amplitude 
o s c i l l a t o r y shear r a t e amplitude 
loss tangent 
r a t i o between fundamental o s c i l l a t o r y shear s t r e s s 
amplitude and mean shear s t r e s s 
kronecker d e l t a 
r a t i o between y i e l d s t r e s s and shear s t r e s s amplitude 
o s c i l l a t o r y s t r a i n amplitude (Chapter 2) 
r a t i o between fundamental o s c i l l a t o r y shear r a t e 
amplitude and mean shear r a t e 
s t r a i n tensor (convected frame) 
shear v i s c o s i t y 
zero shear v i s c o s i t y 
i n f i n i t e shear v i s c o s i t y 
p l a s t i c shear v i s c o s i t y 
v i s c o s i t y c o e f f i c i e n t ( g e n e r a l i s e d Maxwell model) 
dynamic v i s c o s i t y (pure o s c i l l a t o r y shear) 
dynamic v i s c o s i t y (combined steady and o s c i l l a t o r y 
shear) 
p l a s t i c dynamic v i s c o s i t y 
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«* «* «* 
n n 
i - 1 
i k 
i k 
0"' i k 
i k 
m 
" a i 
n 
L 
i = l 
" i k 
n 
dynamic v i s c o s i t y from p e r t u r b a t i o n t h e o r y 
complex v i s c o s i t y (pure o s c i l l a t o r y shear) 
p l a s t i c complex v i s c o s i t y 
complex v i s c o s i t y from p e r t u r b a t i o n t h e o r y 
( z e r o , f i r s t , s e c o n d o r d e r ) 
cone angle 
gap angle 
r e l a x a t i o n time (Carreau model) 
r e l a x a t i o n time (Maxwell element) 
r e l a x a t i o n time (Segalman model) 
r e l a x a t i o n time (Oldroyd models) 
r o t a t ion m a t r i x 
Oldroyd model constants 
f i r s t normal s t r e s s d i f f e r e n c e i n steady simple shear 
second normal s t r e s s d i f f e r e n c e i n steady simple shear 
product s i g n 
e x t r a s t r e s s tensor (convected frame) 
f l u i d dens i t y 
t o t a l s t r e s s tensor 
e x t r a s t r e s s tenssor 
e x t r a s t r e s s tenssor ( c o r o t a i n g frame) 
complex shear s t r e s s amplitude 
mean shear s t r e s s 
y i e l d s t r e s s value 
s t r e s s i n y i e l d s t r e s s element 
fundamental o s c i l l a t o r y shear s t r e s s amplitude 
summat ion s i g n 
v o r t i c i t y tensor 
angular v e l o c i t y 





second i n v a r i a n t o f r a t e o f s t r a i n t ensor 
del operator 
f a c t o r i a l s i g n 
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FIGURE (2.1) 
The Generalised Maxwell Model 
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FIGURE (2.2) 
V a r i a t i o n o f normalised v i s c o s i t y w i t h normalised 
shear r a t e (X7) f o r d i f f e r e n t v i s c o s i t y models (n = 0.3). 
( i ) , Power Law Model. 
( i i ) . Sega I man Model. 
( i i i ) . Carreau Model. 
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POWER LAW CARREAU — SEGALMAN NEWTONIAN 
FIGURE ( 2 . 3 ) 
V a r i a t i o n o f shear s t r e s s w i t h s h e a r r a t e f o r 
( i ) . The Bingham Model. 
( i i ) . The H e r s c h e I - B u i k l e y Model. 
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FIGURE ( 3 . 1 ) 




Low friction bearing 





FIGURE ( 3 . 2 ) 






FIGURE ( 3 . 3 ) 
The C a r r i - M e d C o n t o l l e d S t r e s s Rheometer. 
1. S t a n d base. 
2. B e a r i n g s u p p o r t p i l l a r . 
3. A i r b e a r i n g h o u s i n g . 
4. A i r b e a r i n g - l o c a t e d a x i a l l y and r a d i a l l y . 
5. M o t o r d r i v e s p i n d l e . 
6. Upper measurement member-cone & p l a t e o r p a r a l l e l p l a t e o r 
c o n c e n t r i c c y l i n d e r . 
7. D r i v e motor s t a t o r . 
8. O p t i c a l encoder measurement system. 
9. I.E.E.E. i n t e r f a c e . 
10. A u t o m a t i c sample p r e s e n t a t i o n s ystem. 
1 1 . Mains s w i t c h . 
12. Draw r o d - r e t a i n s measurement s y s t e m . 
13. Moveable t o p c o v e r . 
14. L.E.D. D i s p l a y . 
15. A d j u s t a b l e l e v e l l i n g f e e t . 
16. H e i g h t a d j u s t i n g m i c r o m e t e r s c a l e . 
17. Cap s e t t i n g m i c r o m e t e r s c a l e . 
18. Bottom p l a t e o f measurement system - r a i s e d o r l o w e r e d on a d r y 
b e a r i n g - t e m p e r a t u r e c o n t r o l l e d by a P e l t i e r s y s t e m . 
19. D i g i t a l i n p u t / o u t p u t o p t i c a l e n c o d e r i n t e r f a c e . 
20. Cap s e t t i n g i n d i c a t o r l i g h t and l e a d . 
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FIGURE ( 3 . 4 ) 
The cone and p l a t e s y s tem on t h e C a r r i - M e d 
c o n t r o l l e d s t r e s s r h e o m e t e r . 
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Torque 
C. ^ CO rods/sec 
Truncation 
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FIGURE ( 3 . 5 ) 
The p a r a l l e l p l a t e s y s tem on t h e C a r r i - M e d 
c o n t r o l l e d s t r e s s r h e o m e t e r . 
160 
Torque 
cu ra d s / s e c 
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FIGURE ( 3 . 6 ) 
The c o n c e n t r i c c y l i n d e r s y s tem on t h e C a r r i - M e d 
c o n t r o l l e d s t r e s s r h e o m e t e r . 
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Torque 
C. ^ ^ rads/sec 
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FIGURE ( 3 . 7 ) 
The d o u b l e c o n c e n t r i c c y l i n d e r s y s t e m on t h e C a r r i - M e d 
c o n t r o l l e d s t r e s s r h eometer. 
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FIGURE (4.1) 
Combined Steady and O s c i l l a t o r y Shear Flow. 
V a r i a t i o n o f mean shear s t r e s s r e d u c t i o n (a^ - <^m)/t^s w i t h 
7n/G) f o r a power law model ( n - 0.3, 0.6. 0.9; e - 0.2). 
( i ) . Goddard-Mi1ler Model ( v i s c o e 1 a s t i c ) . 
( i i ) . Generalised Newtonian Model ( i n e l a s t i c ) . 
-166-







• n - 0.3 
n - 0.6 
0 n - 0.9 
INELASTIC 
FIGURE (4.2) 
Combined Steady and O s c i l l a t o r y Shear Flow. 
V a r i a t i o n o f mean shear s t r e s s r e d u c t i o n (<j^ - ffm^/^s 
7n/a) f o r a power law model ( n -> 0.3, 0.6, 0.9; e - 0.8). 
( i ) . Coddard-MiIler Model ( v i s c o e 1 a s t i c ) . 
( i i ) . Generalised Newtonian Model ( i n e l a s t i c ) . 
168 
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• n - 0.3 
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Combined Steady and O s c i l l a t o r y Shear Flow, 
V a r i a t i o n o f mean shear s t r e s s r e d u c t i o n ( a ^ - (^in)/<^s 
7m/o) f o r a power law model (n = 0.3, 0.6, 0.9; e - 1.0). 
( i ) . Goddard-Mi1ler Model ( v i s c o e 1 a s t i c ) . 
( i i ) . Generalised Newtonian Model ( i n e l a s t i c ) . 
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EFFECT OF OSCILLATION ON THE STEADY FLOW PROPERTIES OF 










D n = 0.3 
A n - 0.6 
O n_=0i.9_ _ _ 
a INELASTIC 
FIGURE (4.4) 
Combined Steady and O s c i l l a t o r y Shear Flow. 
V a r i a t i o n o f mean shear s t r e s s r e d u c t i o n (cTg - w i t h 
7nj/o) f o r a power law model ( n = 0.3, 0.6, 0.9; e = 1.4). 
( i ) . Goddard-Mi1ler Model ( v i s c o e l a s t i c ) . 









Combined Steady and O s c i l l a t o r y Shear Flow. 
V a r i a t i o n o f mean shear s t r e s s r e d u c t i o n (a^ - cr^J^)/<T^ w i t h 
-Vn/ax f o r a power law model (n =• 0.3, 0.6, 0.9; e = 2.0). 
( i ) . Coddard-Mi1ler Model ( v i s c o e 1 a s t i c ) . 

















Combined Steady and O s c i l l a t o r y Shear Flow. 
V a r i a t i o n o f mean shear s t r e s s r e d u c t i o n ((Tg - (Tn,)/^^ w i t h 
7n/o) f o r a Carreau model (Xo) - 1.0. 2.0. 5.0, 10.0; n - 0.3 
f - 0.8). 
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V Xw=l0.0 
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FIGURE (4.7) 
Combined Steady and O s c i l l a t o r y Shear Flow. 
V a r i a t i o n o f mean shear s t r e s s r e d u c t i o n (Cg - (T^)/(TS w i t h . 
7n/a) f o r a Carreau model (Xo) = 1.0. 2.0. 5.0, 10.0; n - 0.3 
e - 1.2). 
( i ) . Goddard-Mi1ler Model ( v i s c o e l a s t i c ) . 
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O Xw«5..0_ _ _ 
FIGURE (4.8) 
Combined Steady and O s c i l l a t o r y Shear Flow. 
V a r i a t i o n o f mean shear s t r e s s r e d u c t i o n ( a ^ - 0'mV<^s wi^h 
7n/cj f o r a Carreau model (Xo) = 5.0; n = 0.2. 0.4, 0.6, 0.8 
£ = 1.5). 
( i ) . Goddard-Mi1ler Model ( v i s c o e I a s t i c ) . 












D P. = .0.-2. 
A n = 0.4 
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FIGURE (4.9) 
Combined Steady and O s c i l l a t o r y Shear Flow. 
V a r i a t i o n of mean shear s t r e s s r e d u c t i o n ( a ^ - <ri^)/(Js w i t h 
7n/aj f o r a C a r r e a u model (Xw - 5.0; n - 0.2, 0.4, 0.6, 0.8; 
e - 3 . 0 ) . 
( i ) . Coddard-Mi1ler Model ( v i s c o e l a s t i c ) . 
( i i ) . G e n e r a l i s e d Newtonian Model ( i n e l a s t i c ) . 
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FIGURE (4.10) 
Combined Steady and O s c i l l a t o r y Shear Flow. 
V a r i a t i o n o f mean shear s t r e s s r e d u c t i o n (cTg - (yy^)/<7^ w i t h 
7in/a) for a C a r r e a u model ( X w - 5 . 0 ; e - 0 . 2 , 0.5, 0.8, 1.0 
n » 0 . 3 ) . 
( i ) . Goddard-Mi1ler Model ( v i s c o e 1 a s t i c ) . 
( i i ) . G e n e r a l i s e d Newtonian Model ( i n e l a s t i c ) . 
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FIGURE (4.11) 
Combined Steady and O s c i l l a t o r y Shear Flow. 
V a r i a t i o n of mean shear s t r e s s r e d u c t i o n (cr^ - <T^)/0^ w i t h 
7n/ci) f o r a C a r r e a u model ( X o ) - 5 . 0 ; e - 1 . 0 , 1.5, 2.0, 2.5; 
n - 0 . 3 ) . 
( i ) . Goddard-Mi1ler Model ( v i s c o e l a s t i c ) . 
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FIGURE (4.12) 
Combined Steady and O s c i l l a t o r y Shear Flow. 
V a r i a t i o n of mean shear s t r e s s r e d u c t i o n ((Tg - 0'm)/o's w'^h 
7n/oj f o r a Coddar.d-Mi I l e r Model ( v i s c o e I a s t i c ) , (n - 0.3; 
e = 1 .5; Xo) - 5.0) . 
( i ) . Power Law Model 
( i i ) . C a r r e a u Mode 1. 
( i i i ) . Segalman Model. 
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FIGURE (4.13) 
Combined Steady and O s c i l l a t o r y Shear Flow. 
V a r i a t i o n of mean shear s t r e s s r e d u c t i o n ((Tg - w i t h 
7[,j/ci) f o r a G e n e r a l i s e d Newtonian Model ( i n e l a s t i c ) , (n - 0.2; 
e - 1.5; Xcx) - 5 . 0 ) . 
( i ) . Power Law Model. 
( i i ) . C a r r e a u Mode 1. 
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0 0 - f f i r 
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FIGURE (5.1) 
V i s c o s i t y behaviour of a 2% s o l u t i o n of p o l y i s o b u t y l e n e 
i n d e k a l i n . 
( i ) . Experimental s h e a r v i s c o s i t y d a t a . 
( i i ) . Experimental dynamic v i s c o s i t y d a t a . 
( i i i ) . Magnitude of complex v i s c o s i t y . 
( i v ) . C a r r e a u f i t to shear v i s c o s i t y d a t a . 
(77(j - 28 Ns/m2; n - 0.35; X -4.5 s ' M -
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FIGURE (5.2) 
Combined Steady and O s c i l l a t o r y Shear Flow. 
V a r i a t i o n of mean shear s t r e s s r e d u c t i o n (a^ - o'm)/fs w i t h 
7n/oj, (e - 0.8; f r e q - 2 Hz) . 
( i ) . E xperimental data ( c o n c e n t r i c c y l i n d e r 
geometry, r j = 18.5 mm, r ^ - 20.75 mm). 
( i i ) . Coddard-Mi1ler model ( v i s c o e l a s t i c ) . 
( i i i ) . G e n e r a l i s e d Newtonian model ( i n e l a s t i c ) . 
( i v ) . C o n t r o l l e d s t r e s s i n e l a s t i c c o r r e c t i o n . 
Model c o n s t a n t s (based on C a r r e a u f i t to s h e a r v i s c o s i t y c u r v e ) 
(n=0.35; X -4.5 s ' M -
-194-






















Combined Steady and O s c i l l a t o r y Shear Flow. 
V a r i a t i o n of mean shear s t r e s s r e d u c t i o n (ffg - <T^)/(T^ w i t h 
7n,/a), (e - 1.2; f r e q - 2 Hz). 
( i ) . Experimental data ( c o n c e n t r i c c y l i n d e r 
geometry, r j = 18.5 mm, rQ = 20.75 mm). 
( i i ) . Goddard-Mi1ler model ( v i s c o e l a s t i c ) . 
( i i i ) . G e n e r a l i s e d Newtonian model ( i n e l a s t i c ) . 
( i v ) . C o n t r o l l e d s t r e s s i n e l a s t i c c o r r e c t i o n . 
Model c o n s t a n t s (based on C a r r e a u f i t to shear v i s c o s i t y c u r v e ) , 
(n-0.35; X -4.5 s ' ^ . 
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Combined Steady and O s c i l l a t o r y Shear Flow. 
V a r i a t i o n of mean shear s t r e s s r e d u c t i o n ((Tg - <Jm)/<^s ^'^^ 
7n^/o), (e - 1.5; f r e q = 2 Hz) . 
( i ) . Experimental d a t a ( c o n c e n t r i c c y l i n d e r 
geometry, r j => 18.5 mm, r Q - 20.75 mm). 
( i i ) . Coddard-Mi1ler model ( v i s c o e 1 a s t i c ) . 
( i i i ) . G e n e r a l i s e d Newtonian model ( i n e l a s t i c ) , 
( i v ) . C o n t r o l l e d s t r e s s i n e l a s t i c c o r r e c t i o n . 
Model c o n s t a n t s (based on C a r r e a u F i t to shear v i s c o s i t y c u r v e ) , 
(n-0.35; X - 4.5 s " ' ) . 
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° V I S C O E L A S T I C M O D E L 
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S H E A R - R A T E / F R E Q 
FIGURE (5.5) 
Combined Steady and O s c i l l a t o r y Shear Flow. 
V a r i a t i o n of mean s h e a r s t r e s s r e d u c t i o n ((jg - <y^)/(^s 
7 ^ 0 ) , (e - 2.0; f r e q - 2 Hz). 
( i ) . Experimental data (cone and p l a t e 
geometry, 5g - 1 , a = 2 cm). 
( i i ) . Experimental data ( D a v i e s et a l [ 1 2 ] , cone 
• 
and p l a t e geometry, fl^ =» 2 , a = 2 cm, 
f r e q - 4 Hz). 
( i i i ) C oddard-MiIler model ( v i s c o e l a s t i c ) . 
( i v ) . G e n e r a l i s e d Newtonian model ( i n e l a s t i c ) . 
( v ) . C o n t r o l l e d s t r e s s i n e l a s t i c c o r r e c t i o n . 
Model c o n s t a n t s (based on C a r r e a u f i t to s h e a r v i s c o s i t y c u r v e ) , 
(n=0.35; X - 4.5 s ' M -
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Combined Steady and O s c i l l a t o r y Shear Flow. 
V a r i a t i o n of mean shear s t r e s s r e d u c t i o n (ffg - ffm)/<7s w i t h 
7 ^ o ) , (e - 2.0; f r e q - 1 Hz). 
( i ) . Experimental data (cone and p l a t e 
• 
geometry, SQ " \ , a = 2 cm). 
( i i ) . Coddard-MiIler model ( v i s c o e l a s t i c ) . 
( i i i ) . G e n e r a l i s e d Newtonian model ( i n e l a s t i c ) . 
( i v ) . C o n t r o l l e d s t r e s s i n e l a s t i c c o r r e c t i o n . 
Model c o n s t a n t s (based on Ca r r e a u f i t to s h e a r v i s c o s i t y c u r v e ) , 
(n-0.35; \ - 4.5 s " ^ ) . 
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X " V I S C O E L A S T I C M O D E L 
• I N E L A S T I C M O D E L 
a X E X P E R I M E N T A L DATA 
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FIGURE (5.7) 
Combined Steady and O s c i l l a t o r y Shear Flow. 
V a r i a t i o n of mean shear s t r e s s r e d u c t i o n (<j^ - <Jfn^/<Ts w i t h 
e, (7nj - 6.28 s " * ; f r e q - 1 Hz) . 
( i ) . Experimental data (cone and p l a t e 
geometry, 6Q = \ , a = 2 cm). 
( i i ) . Coddard-Mi1ler model ( v i s c o e 1 a s t i c ) . 
( i l l ) . G e n e r a l i s e d Newtonian mode 1 ( i n e l a s t i c ) . 
Model c o n s t a n t s (based on C a r r e a u f i t to s h e a r v i s c o s i t y c u r v e ) , 
(n-0.35: X - 4.5 s ' M • 
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» V I S C O E L A S T I C M O D E L 
• I N E L A S T I C M O D E L 
X E X P E R I M E N T A L DATA 
EPSILON 
FIGURE (5.8) 
Combined Steady and O s c i l l a t o r y Shear Flow. 
V a r i a t i o n of mean shear s t r e s s r e d u c t i o n {a^ - <TJJ^)/<JS w i t h 
(y^ - 6.28 s - ^ f r e q = 1 Hz) . 
( i ) . I n e l a s t i c power law model ( f o r s m a l l e [ ]) 
( i i ) . C o n t r o l l e d s t r a i n i n e l a s t i c model. 
( i i i ) . C o n t r o l l e d s t r e s s i n e l a s t i c model. 
Model c o n s t a n t s (based on C a r r e a u f i t to s h e a r v i s c o s i t y c u r v e ) , 
(n-0.35; X - 4.5 s " ' ) . 
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Small eps i lon theory — Contro l led Stra in Contro l led S t r e s s 
FIGURE (5.9) 
Combined Steady and O s c i l l a t o r y Shear. 
Shear r a t e waveform f o r an i n e l a s t i c power law f l u i d ( n - 0.35) 
s u b j e c t e d to a combined s t e a d y and o s c i l l a t o r y s h e a r s t r e s s . 
( i ) . 5 - 2 . 8 8 5 . 
( i i ) . e - 2.0 
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Shear Stress Strain Rate 
FIGURE (6.1) 
F l u i d i n e r t i a e f f e c t s on the p a r a l l e l p l a t e geometry. 
T h i s f i g u r e shows a p l o t of the complex f l u i d i n e r t i a 
parameter ( a h ) ^ . 
( i ) . X - a x i s : i ? e ( a h ) 2 , Reia^h)^, Reiah)^, Re(a^h)^ 
( i i ) . Y - a x i s ; / m ( a h ) ^ Im(ah)^, /m(a h ) 2 , /m(a h) 2 
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F l u i d i n e r t i a e f f e c t s on the p a r a l l e l p l a t e geometry. 
T h i s f i g u r e shows a plot of the complex f l u i d i n e r t i a 
parameter ( a h ) 2 . 
( i ) . X - a x i s ; Re{ah)^, Re{a^h)^, Reia^h)^. 
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Rei-upU^/rj*) 
F I G U R E ( 6 . 3 - 5 ) 
F l u i d i n e r t i a e f f e c t s on t h e p a r a l l e l p l a t e g e o m e t r y . 
T h e s e f i g u r e s show t h e e f f e c t o f f l u i d i n e r t i a o n t h e 
c o m p l e x f l u i d i n e r t i a p a r a m e t e r ( a h ) 2 . 
( i ) . X - a x i s ; R e ( a h ) 2 , R e ( a h ) 2 . 
0 
( i i ) . Y - a x i s ; / m ( a h ) 2 , / / n ( a h ) 2 . 
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- 0 - 0 5 0 - 3 0 
Rei-upU^/m*) 
. . . NO F L U I D I N E R T I A 
— EXACT . 0 - 6 H 
F I G U R E S ( 6 . 6 - 8 ) 
F l u i d i n e r t i a e f f e c t s o n t h e p a r a l l e l p l a t e g e o m e t r y 
T h e s e f i g u r e s c o m p a r e t h e f i r s t o r d e r f l u i d i n e r t i a 
p a r a m e t e r ( o f ^ h ) ' w i t h ( Q h ) ^ . 
( i ) . X - a x i s ; Re(oiU)^, Re(oih)^. 
( i i ) . Y - a x i s ; / m ( a h ) 2 , Imiah)^. 
2 1 8 
I 
0-8 
. . . F I R S T ORDER 
— EXACT . 
7 * 




R e ( - o ) p h ' / T / * ) 
M 
F I R S T ORDER . 
— EXACT . 
2-5 
F I G U R E S ( 6 . 9 - 1 1 ) 
F l u i d i n e r t i a e f f e c t s on t h e p a r a l l e l p l a t e g e o m e t r y 
T h e s e f i g u r e s c o m p a r e t h e s e c o n d o r d e r f l u i d i n e r t i a 
p a r a m e t e r ( a ^ h ) ^ w i t h ( a h ) ^ . 
( i ) . X - a x i s ; Re(ah)^, Re(a^h)^, 
( i i ) . Y - a x i s ; Im(ah)^, / m ( a ^ h ) 2 . 





SECOND ORDER . 
— EXACT . 








- 0 - 5 
0-5 
F I G U R E S ( 6 . 1 2 - 1 3 ) 
F l u i d i n e r t i a e f f e c t s o n t h e c o n e a n d p l a t e g e o m e t r y . 
T h e s e f i g u r e s show t h e e f f e c t o f f l u i d i n e r t i a o n t h e 
c o m p l e x f l u i d i n e r t i a p a r a m e t e r (of^Qa)^. 
( i ) , X - a x i s ; Reiad^a)^. Re{a^0^,a)2. 
( i i ) , Y - a x i s ; / m ( a 0 o a ) 2 . lm{a ^ o ^ ) ^ -
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F I G U R E ( 6 , 1 4 ) 
F l u i d i n e r t i a e f f e c t s o n t h e c o n e a n d p l a t e g e o m e t r y . 
T h i s f i g u r e c o m p a r e s t h e f i r s t o r d e r f l u i d i n e r t i a 
p a r a m e t e r (a^e^a)^ w i t h ( a ^ g a ) ' . 
( i ) . X - a x i s ; R e ( a 0 o 3 ) ^ ReCQ^d^a)^, 
( i i ) , Y - a x i s ; 101(06^^)^, ImiaJ^a)^. 







FIGURE ( 6 . 1 5 ) 
F l u i d i n e r t i a e f f e c t s on t h e c o n c e n t r i c c y l i n d e r g e o m e t r y 
These f i g u r e s show t h e e f f e c t o f f l u i d i n e r t i a on t h e 
complex f l u i d i n e r t i a p a r a m e t e r ( a ( r ^ - r . ) ) ^ . 
( i ) . X - a x i s ; Re(ah)2, Re{a ( r - r . ) ) 2 . 
0 o 1 
( i i ) . Y - a x i s ; /m(ah)2, /m(a ( r - r . ) ) ^ . 
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FIGURE ( 7 . 1 ) 
O s c i l l a t o r y Shear E x p e r i m e n t s . 
Dynamic d a t a f o r a 2% s o l u t i o n o f p o l y i s o b u t y l e n e i n d e k a l i n . 
E x p e r i m e n t a l c o n d i t i o n s (Temp - 20 C; p - 0.88 gm/cm^) . 
Measurement system; 
( i ) . Cone and p l a t e (gap a n g l e = 2 ; 
cone r a d i u s = 2 cm) 
( i i ) . P a r a l l e l p l a t e (gap=0.25 mm; r a d i u s - 2 cm) 
( i i i ) . C o n c e n t r i c c y l i n d e r ( r j - l S - S mm, ro=20.75 mm 
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X C O N E AND P L A T E • P A R A L L E L P L A T E 0 C O N C C Y L 
FIGURE ( 7 . 2 ) 
O s c i l l a t o r y Shear E x p e r i m e n t s . 
Dynamic d a t a f o r a 2% s o l u t i o n o f p o l y i s o b u t y l e n e i n d e k a l i n . 
E x p e r i m e n t a l c o n d i t i o n s (Temp = 20 C; p 0.88 gm/cm^), 
Measurement system; c o n c e n t r i c c y l i n d e r g e o m e t r y (rQ=20,75 mm, 
c y l i n d e r h e i g h t = 50mm). 
( i ) . r j - l S . S mm. 
( i i ) . r j - 1 5 . 0 mm. 

















D Y N A M I C V ISCOSITY 
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Q 0 B El 0 0 








X 18.5 mm • 15.0 mm 0 12.5 mm 
FIGURE ( 7 . 3 ) 
O s c i l l a t o r y Shear E x p e r i m e n t s . 
E f f e c t o f f l u i d i n e r t i a on dynamic v i s c o s i t y o f a 2% s o l u t i o n 
o f p o l y i s o b u t y l e n e i n d e k a l i n . 
E x p e r i m e n t a l c o n d i t i o n s (Temp = 20 C; p •=» 0.88 gm/cm^ ) . 
Measurement system; c o n c e n t r i c c y l i n d e r g e o m e t r y (rQ=20.75 mm; 
rj=-12.5 mm; c y l i n d e r h e i g h t = 5 0 mm). 
( i ) . E x a c t . 
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FIGURE ( 7 . 4 ) 
O s c i l l a t o r y Shear E x p e r i m e n t s . 
E f f e c t o f f l u i d i n e r t i a on dynamic r i g i d i t y o f a 2% s o l u t i o n 
o f p o l y i s o b u t y l e n e i n d e k a l i n . 
E x p e r i m e n t a l c o n d i t i o n s (Temp = 20 C; p = 0.88 gm/cm^ ) . 
Measurement system; c o n c e n t r i c c y l i n d e r g e o m e t r y (rQ='20.75 mm; 
r j = 1 2 . 5 mm; c y l i n d e r h e i g h t = 5 0 mm). 
( i ) . E x a c t . 
( i i ) . F l u i d i n e r t i a i g n o r e d . 
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FIGURE ( 7 . 5 ) 
O s c i l l a t o r y Shear E x p e r i m e n t s . 
E f f e c t o f f l u i d i n e r t i a on dynamic v i s c o s i t y o f a 2% s o l u t i o n 
o f p o l y i s o b u t y l e n e i n d e k a l i n . 
E x p e r i m e n t a l c o n d i t i o n s (Temp - 20 C; p - 0.88 gm/cm^). 
Measurement system; c o n c e n t r i c c y l i n d e r g e o m e t r y (rQ-20.75 mm; 
r j = l S . O mm; c y l i n d e r h e i g h t - 5 0 mm). 
( i ) . E x a c t . 
( i i ) . F l u i d i n e r t i a i g n o r e d . 
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FIGURE ( 7 . 6 ) 
O s c i l l a t o r y Shear E x p e r i m e n t s . 
E f f e c t o f f l u i d i n e r t i a on dynamic r i g i d i t y o f a 2% s o l u t i o n 
o f p o l y i s o b u t y l e n e i n d e k a l i n . 
E x p e r i m e n t a l c o n d i t i o n s (Temp - 20 C; p = 0.88 gm/cm^ ) . 
Measurement system; c o n c e n t r i c c y l i n d e r g e o m e t r y (rQ=20.75 mm; 
r j - l S . O mm; c y l i n d e r h e i g h t = 5 0 mm). 
( i ) . E x a c t . 
( i i ) . F l u i d i n e r t i a i g n o r e d . 
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FIGURE ( 7 . 7 ) 
T h e o r e t i c a l p r e d i c t i o n o f t h e e f f e c t o f f l u i d i n e r t i a on 
t h e dynamic v i s c o s i t y o f a 2% s o l u t i o n o f p o l y i s o b u t y l e n e i n d e k a l i n , 
(p-0.88 gm/cm3). 
Measurement system; c o n c e n t r i c c y l i n d e r (rQ=20.75 mm, 
c y l i n d e r h e i g h t - 50mm). 
( i ) . r i - 1 8 . 5 mm. 
( i i ) . r j - l S . O mm. 








4 ... NO FLUID INERTIA Id 5 mm) . 
V . . . NO FLUID INERTIA IS 0 mm) . 
• • - • NO FLUID INERTIA 12 5 mm) . 
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FREQUENCY (Hz) 
FIGURE (7.8) 
T h e o r e t i c a l p r e d i c t i o n o f the e f f e c t o f f l u i d i n e r t i a on 
the dynamic r i g i d i t y o f a 2% s o l u t i o n o f p o l y i s o b u t y l e n e i n d e k a l l n 
(p-0.88 gm/cm3). 
Measurement system; c o n c e n t r i c c y l i n d e r (rQ=20.75 mm, 
c y l i n d e r height = 50mm). 
( i ) . r i - 1 8 . 5 mm. 
( i i ) . r j - I 5 . 0 mm. 
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FIGURE (7.9) 
Power law f i t t o dynamic data f o r a 2% s o l u t i o n o f 
p o l y i s o b u t y l e n e i n d e k a l i n . Model con s t a n t s , 
( i ) . Dynamic v i s c o s i t y (n-0.269; m=6.355) 
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FIGURE (7.10) 
O s c i l l a t o r y Shear Experiments. 
E f f e c t o f f l u i d i n e r t i a on dynamic v i s c o s i t y o f a 2% s o l u t i o n 
o f p o l y i s o b u t y l e n e i n d e k a l i n . 
Experimental c o n d i t i o n s (Temp - 20 C; p = 0.88 gm/cm^ ) . 
Measurement system; c o n c e n t r i c c y l i n d e r geometry (rQ=20.75 mm; 
r j = l 8 . 5 mm; c y l i n d e r height«50 mm). 
( i ) . Exact. 
( i i ) . F l u i d i n e r t i a ignored. 
( i i i ) . F i r s t order f l u i d i n e r t i a c o r r e c t i o n . 










B S B B B S S B B 0 
0 10 15 20 
FREQUENCY (Hz) 
25 30 
X EXACT ° NO FLUID INERTIA 2ND ORDER 
FIGURE (7.11) 
O s c i l l a t o r y Shear Experiments. 
E f f e c t o f f l u i d i n e r t i a on dynamic r i g i d i t y o f a 2% s o l u t i o n 
o f p o l y i s o b u t y l e n e i n d e k a l i n . 
Experimental c o n d i t i o n s (Temp - 20 C; p = 0.88 gm/cnP ) . 
Measurement system; c o n c e n t r i c c y l i n d e r geometry (rQ-20.75 mm; 
r j - 1 8 . 5 mm; c y l i n d e r height-50 mm). 
( i ) . Exact. 
( i i ) . F l u i d i n e r t i a ignored. 
( i i i ) . F i r s t order f l u i d i n e r t i a c o r r e c t i o n . 
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FIGURE (7.12) 
O s c i l l a t o r y Shear Experiments. 
Dynamic data f o r a 2% s o l u t i o n o f p o l y i s o b u t y l e n e i n d e k a l i n . 
Experimental c o n d i t i o n s (Temp - 20 C; p - 0.88 gm/cm^) , 
Measurement system; p a r a l l e l p l a t e geometry ( r a d i u s - 2 cm) 
( i ) . gap - 0.25 mm. 
( i i ) . gap « 0.5 mm. 
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FIGURE (7.13) 
O s c i l l a t o r y Shear Experiments. 
E f f e c t o f f l u i d i n e r t i a on dynamic data f o r a 2% s o l u t i o n o f 
p o l y i s o b u t y l e n e i n d e k a l i n . 
Experimental c o n d i t i o n s (Temp = 20 C; p =• 0.88 gm/cm^), 
Measurement system; p a r a l l e l p l a t e geometry ( r a d i u s = 2 cm; 
gap - 0 . 5 mm). 
( i ) . Exact. 
( i i ) . F l u i d i n e r t i a ignored. 
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FIGURE (7.14) 
O s c i l l a t o r y Shear Experiments. 
E f f e c t o f f l u i d i n e r t i a on dynamic data f o r a 2% s o l u t i o n o f 
p o l y i s o b u t y l e n e i n d e k a l i n . 
Experimental c o n d i t i o n s (Temp = 20 C; p =• 0.88 gm/cm^), 
Measurement system; cone and p l a t e geometry (gap angle-2 
cone rad i us=2cm). 
( i ) . gap =- 0.25 mm. 
( i i ) . gap = 0.5 mm. 
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FIGURE (7.15) 
O s c i l l a t o r y Shear Experiments. 
Dynamic data f o r s i l i c o n e (30 Ns/m^). 
Experimental c o n d i t i o n s (Temp «- 25 C; p = 0.9 gm/cm^ ) . 
Measurement system; 
( i ) . Cone and p l a t e (gap angle<>2 ; 
cone radius=2 cm) 
( H ) . P a r a l l e l p l a t e (gap=0.25 mm; radius=2 cm) 
( i i i ) . C oncentric c y l i n d e r ( r j - l S . S mm, rQ-20.75 mm, 
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X C O N E AND P L A T E • P A R A L L E L P L A T E 0 C O N C C Y L 
FIGURE (7.16) 
O s c i l l a t o r y Shear Experiments. 
Dynamic data f o r s i l i c o n e (30 Ns/m^). 
Experimental c o n d i t i o n s (Temp = 25 C; p = 0.9 gm/cnP ), 
Measurement system; c o n c e n t r i c c y l i n d e r geometry (rQ=20.75 mm, 
c y l i n d e r height - 50mm). 
( i ) . r j - l S . S mm. 
( i i ) . r j - l S . O mm. 
( i i i ) . r i - 1 2 . 5 mm. 
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X 18.5 mm D 15 mm ^ 12.5mm 
FIGURE (7.17) 
O s c i l l a t o r y Shear Experiments. 
Dynamic data f o r s i l i c o n e (30 N s / m 2 ) . 
Exper imenta r condi t ions (Temp - 25 C; p — 0.9 gm/cm^ ) , 
Measurement system; p a r a l l e l p l a t e geometry ( r a d i u s - 2 cm). 
( i ) . gap - 0.25 mm. 
( i i ) . gap =• 0.5 mm. 
( i i i ) . gap - 1.0 mm. 
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FIGURE (7.18) 
O s c i l l a t o r y Shear Experiments. 
E f f e c t o f f l u i d i n e r t i a on dynamic data f o r s i l i c o n e (30 Ns/m^). 
Experimental c o n d i t i o n s (Temp = 25 C; p = 0.9 gm/cm^). 
Measurement system; c o n c e n t r i c c y l i n d e r geometry (ro=20.75 mm; 
ri=12.5 mm; c y l i n d e r height=50 mm). 
( i ) . Exact. 
( i i ) . F l u i d i n e r t i a ignored. 
( i i i ) . F i r s t order f l u i d i n e r t i a c o r r e c t i o n . 
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FIGURE (7.19) 
O s c i l l a t o r y Shear Experiments. 
E f f e c t o f f l u i d i n e r t i a on dynamic data f o r s i l i c o n e (30 Ns/m^) 
Experimental c o n d i t i o n s (Temp « 25 C; p = 0.9 gm/cm^ ) . 
Measurement system; p a r a l l e l p l a t e geometry ( r a d i u s = 2 cm; 
gap =• 1 mm) . 
( i ) . Exact. 
( i i ) . F l u i d i n e r t i a ignored. 
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FIGURE (7.20) 
O s c i l l a t o r y Shear Experiments. 
E f f e c t o f f l u i d i n e r t i a on dynamic data f o r s i l i c o n e (30 Ns/m^) 
Experimental c o n d i t i o n s (Temp = 25 C; p = 0.9 gm/cm^). 
Measurement system; cone and p l a t e geometry (gap angle = 2 
cone r a d i u s = 2 cm ) . 
( i ) . Exact. 
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FIGURE (7.21) 
O s c i l l a t o r y Shear Experiments. 
Dynamic data f o r polybutene. 
Experimental c o n d i t i o n s (Temp = 20 C; p - 0.9 gm/cm^). 
Measurement system; 
• 
( i ) . Cone and p l a t e (gap angle = 2 ; 
cone radius = 2 cm). 
( i i ) . P a r a l l e l p l a t e ( r a d i u s = 2 cm; gap = 1 mm). 
( i i i ) . P a r a l l e l p l a t e ( r a d i u s - 2 cm; gap - 0.5 mm) 
273-
DYNAMIC VISCOSITY (Ns/m'2) DYNAMIC RIGIDITY (N/m''2) 





DYNAMIC V I S C O S I T Y -
0 
0 
r . • ^ 
n 5 0 
n ^ 0 ^ 
• § 0 
• DYNAMIC R IGID ITY 
0 0 
X 






- 8 0 
60 




X CONE AND PLATE ° 0.5 mm GAP 0 1 mm GAP 
FIGURE (7.22) 
O s c i l l a t o r y Shear Experiments. 
E f f e c t o f f l u i d i n e r t i a on dynamic data f o r polybutene. 
Experimental c o n d i t i o n s (Temp = 20 C; p ° 0.9 gm/cm^). 
Measurement system; p a r a l l e l p l a t e geometry ( r a d i u s = 2 cm; 
gap = 0.5 mm) 
( i ) . Exact. 
( i i ) . F l u i d i n e r t i a ignored. 
( i i i ) . F i r s t order f l u i d i n e r t i a c o r r e c t i o n . 
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FIGURE (7.23) 
O s c i l l a t o r y Shear Experiments. 
E f f e c t o f f l u i d i n e r t i a on dynamic data f o r polybutene. 
Experimental c o n d i t i o n s (Temp = 20 C; p - 0.9 gm/cm^). 
Measurement system; cone and p l a t e geometry (gap angle = 2 
cone radius = 2 cm; ) . 
( i ) . Exact. 
( i i ) . F l u i d i n e r t i a ignored. 
( i i i ) . F i r s t order f l u i d i n e r t i a c o r r e c t i o n . 
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FIGURE (8.1) 
T y p i c a l experimental s t r a i n waveform f o r a * y i e l d s t r e s s ' 
m a t e r i a l undergoing a s i n u s o i d a l o s c i l l a t o r y s t r e s s . Test 
f l u i d i s a water absorbant gel (Sanwet 2500) w i t h a 1% 
c o n c e n t r a t i o n by weight. 
Measurement system, cone and p l a t e geometry (gap angle = 2 ; 




V a r i a t i o n o f complex v i s c o s i t y data w i t h torque amplitude 
f o r a water absorbant gel (Sanwet 2500) w i t h a 1 % 
c o n c e n t r a t i o n by weight. 
Measurement system, cone and p l a t e geometry (gap angle - 2 
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FIGURE (8.3) 
M o d i f i e d Generalised Maxwell Model 
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FIGURE (8.4) 
T y p i c a l s t r a i n r a t e response o f a s i n g l e element 
m o d i f i e d Maxwell model to an a p p l i e d s i n u s o i d a l 
o s c i l l a t o r y s t r e s s . 
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FIGURE (8.5) 
T y p i c a l s t r a i n response o f a s i n g l e element m o d i f i e d 
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FIGURE (8.6) 
V a r i a t i o n o f normalised dynamic v i s c o s i t y w i t h 
normalised frequency f o r a range o f values o f 
^ (0. 0.2. 0.5). 
where, 
(J 
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V a r i a t i o n o f normalised dynamic r i g i d i t y w i t h 
normalised Frequency f o r a range o f values o f 
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V a r i a t i o n o f normalised dynamic v i s c o s i t y w i t h 
normalised s t r e s s amplitude f o r a range o f values 
o f values o f Xo) (0, 2.0, 5.0) 
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FIGURE ( 8 . 9 ) 
V a r i a t i o n o f n o r m a l i s e d dynamic r i g i d i t y w i t h 
n o r m a l i s e d f requency fo r a range o f v a l u e s o f 
( 0 . 0 . 2 , 0 . 5 ) . 
where , 
a 
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